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PREFACE 


The course in advanced calculus contained in this book has for 
many years been given by the author to students in the Massa¬ 
chusetts Institute of Technology. The choice of the subject matter 
and the arrangement of the material are the result of the expe¬ 
rience thus gained. The students to whom the course has been 
given have been chiefly interested iri the applications of the calculus 
and have felt the need of a more extensive knowledge than that 
gained in the elementary courses, but they have not been prima¬ 
rily concerned with theoretical questions. Hence there is no 
attempt to make this course one in analysis. However, some 
knowledge of theory is certainly necessary if correct use is to be 
made of the science; therefore the author has endeavored to in¬ 
troduce the students to theoretical questions and possibly to incite 
in some a desire for more thorough study. As an example of the 
method used, a proof of the existence of the definite integral in one 
variable has been given; for the multiple integral the proof has 
been omitted and simply the result stated. The student who has 
mastered the simpler case is in a position to read the more difficult 
case in easily accessible texts. 

Existence proofs have also been given for the simpler cases of 
implicit functions and of differential equations. In these proofs 
the author has preferred to make the assumption that the func¬ 
tions involved may be expanded into Taylor series. This, of 
course, restricts the*proof; but the somewhat immature student 
gets a clearer idea of the meaning of the theorems when he sees 
an actual series as the solution. The more abstract concept of 
a function may well come later. Furthermore, the student is 
likely to apply his results only to functions which can be expanded 
into series. 

.Because of this constant use of the power series that subject is 
taken up first, after certain introductory matter. Here again, fol¬ 
lowing the line of simplicity, the author has not discussed series in 
general. The gain in concreteness for the student justifies this, but 
the teacher who desires to discuss series of a more general type 
may do so with the aid of the exercises given for the student. 

iii 
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The Fourier series are introduced later as tools for solving certain 
partial differential equations, but no attempt has been made to 
develop their theory. 

The subjects treated in the book may be. most easily seen by 
examining the table of contents. Experience has shown that the 
book may be covered in a year’s course. 

FREDERICK S. WOODS 


Note for the 1982 Printing. In this impression of the book certain improvements 
have been made. In particular, Osgood’s theorem has been inserted in Chapter I, the 
discussion of uniform convergence in Chapter II has been improved, and the treatment 
of the plane in Chapter V has been changed. 


PREFACE TO THE NEW EDITION 

In this edition additional exercises have been inserted at the 
end of most chapters. Also, in Chapter VI, certain proofs have 
been made more rigorous; namely, that for the existence of the* 
definite integral and that for the possibility of differentiating under 
the integral sign a definite integral with upper limit infinity. All 
the typographical errors that have been discovered have been 
corrected. 


FREDERICK S. WOODS 
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ADVANCED CALCULUS 


CHAPTER I 

PRELIMINARY 

1. Functions. A quantity y is said to be a function of a quan¬ 
tity x if the value of y is determined when the value of x is given. 

Elementary examples are the familiar algebraic, trigonometric, 
logarithmic, and exponential functions by means of which y is 
explicitly given in terms of x. Such explicit formulation, how ¬ 
ever, is not necessary to the idea of a function. 

For example, y may be the number of cents of postage on a 
letter and x the number of ounces in its weight, or y may be defined 
as the largest prime number which is smaller than any number 
x, or y may be defined as equal to 0 if x is a rational number and 
equal to 1 if x is an irrational number. 

It should be noticed, moreover, that even when an explicit 
formulation in elementary functions is possible, y need not be 
defined by the same formula for all values of x. 

For example, consider a spherical shell of inner radius a and 
outer radius b composed of matter of density p. Let x be the dis¬ 
tance of a point from the center of the shell and y the gravita¬ 
tional potential due to the shell. Then y is a function of x with 
the following formulation: 

y = 2 7rp(6 2 — a 2 ) when x s a, 

y — 2 t p ^ b 2 — ^ « 3 when a m x m b, (1) 

V — (b 3 — a 3 ) when x > b. 

o x 

So we may at pleasure build up an arbitrary function of x. 

For example, let y—fix), where 

fix) = § x 2 when 0 < x < 1, 
fix) — 2 when x = 1, 

fix) = | x + 1 when x > 1, 

1 


(2) 
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We shall say that values of x which lie between a and b deter¬ 
mine an interval (a, b ). The interval may or may not include the 
values a and b, according to the con¬ 
text. In general, however, the inter¬ 
vals (a, b) will mean the values of x 
defined by the statement a^x^b. 

The student is supposed to be fa¬ 
miliar with the representation of a 
function by a graph. Such a repre¬ 
sentation is usually possible for the 
functions we shall handle in this book, 
although it is impossible for the func¬ 
tion mentioned in the third example of this section. The in¬ 
terval (a, b) appears in the graph as the portion of the axis of x 
betweeikx = a and x — b, and it will be v 
convenient to speak of a point of the 
interval, meaning a value of x in the 
interval. Then x — a and x = b are 
the end-points of the interval. As men¬ 
tioned above, the interval may or may 
not have end-points. 

The graph of the potential function in 
(1) is the curve of Fig. 1. The graph has 
no breaks and the function is continuous 
(§2), but the character of the curve 
and of the function is different in the three intervals considered. 

The graph of the function in (2) is the curve of Fig. 2. This 
graph has a break at the point for which x = 1. 

2. Continuity. A function/(x) is continuous when x = a for which 
/(a) is defined if 


O 


X 


Fig. 2 


Lim [/(a + h ) - /(a)] = 0, 


h~* 0 


or, otherwise expressed, if 


Lim /(a + h ) 

h~* o 


=/(«), 


(i) 


( 2 ) 


where in either formula the limit is independent of the manner in 
which h approaches 0. 

Since h is an increment added to a, and f(a -f h) — f(a) is the 
corresponding increment of /(a), we may express this definition 
as follows: 


A function of % is continuous for a given value of x if the increment 
of the function approaches zero as the increment of x approaches zero . 
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A more cumbersome definition, but one which brings out the 
full meaning of equation (1), is as follows: f(x) is continuous for 
x — a when if e is any assigned positive quantity, no matter how 
small, it is possible to determine another positive quantity 8 so-that 
the difference in absolute value between f(a + h) and /(a) shall be 
less than e for all values of h numerically less than 8; that is, 

| /(a -f h) —f(a) | < e when | h | < 8. (3) 



Graphically, e having been given, there can be found an interval 
(a + h, a — h) in which | f{x) — f(a) | < e at all points of the 
interval. v 

Consider the function defined by the 
equations 

10 

J(x ) =- i when x =£ 0, 

l + e* 

/(0) = 0, (4) 

the graph of which is shown in Fig. 3. 

Here /(0 + h) —*/(0) when h ap¬ 
proaches zero through positive values, 
and /(0 + h) —*■ 10 =£/(0) when h ap¬ 
proaches zero through negative values. Hence the function is 
not continuous when x = 0. There is no interval (— h, h) in which 
| fix) — /(0) | < e. Furthermore, while v 

the definition of f(0) in (4) is arbi¬ 
trary, it is not possible to define f(0) 
so that the function is continuous. 

It is to be noticed that f(x) is not 
continuous for x = a if f(a) is "infi¬ 
nite.” This expression means that 
f(a + h) can be made numerically 
larger than any assigned positive 
quantity by taking h sufficiently small; 
or, more precisely, if M is a positive 
number no matter how large, then a 
number 5 can be determined so that 
| f(q + h) | > M for | h ] < 8. The definition of continuity cannot 
then be satisfied for x = a. ^ 1 

For example, the functions - (Fig. 4) and —^ (Fig. 5) are each 

X X 

discontinuous for x = 0. as is shown by the break in e*eh of the 
curves representing the functions. 


o 





Fig. 4 
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The following theorems are of fundamental importance in 
handling continuous functions: 


I. Jf fix) is continuous at all points of 
an interval (a, b), it is possible to find a 
positive number 8 such that in all subin¬ 
tervals of (a, h) less than 5 the absolute 
value of the difference between any two 
values of f(;x) is less than e when e is a 
positive quantity given in advance. 

We shall not give a formal proof. It 
is not difficult to see that if these theo¬ 
rems were not true* definition (3) for 
continuity must fail for at least one 
point of (a, b). Because of the property 
stated in the theorem, fix) is said to be 
uniformly continuous in (a, b). 



II. If fix) is continuous for all values of x between a and b inclu- 
Y sive, iff(a) = A and f(b) = B, and if N is any valu% between A 



III. If f(x) is continuous for all values of x between a and b inclu¬ 
sive, then f{x) has a largest value M 
for at least one value of x between a Y 
and b and a smallest value m for at 
least some other value of x between a 
and b. 

These theorems seem to be inherent 
in the very nature of continuity and 
are graphically evident from Figs. 

6, 7, and 8. As a matter of fact, how- q 
ever, they are not self-evident and 



Pig. 8 
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are capable of rigorous proof. These proofs lie outside the range 
of this book and will not be given here. 

The difference between the maximum and minimum values of 
fix) in the interval (a, b) is called the oscillation of f(x). We can 
say from I, 

IV. If f(x) is continuous in (a, b), it is possible to find a positive 
number S so that in every interval in (a, b ) less than d the oscillation 
of fix) is less than e. 


8. The derivative. A function fix) is said to have a derivative for 


x = a if the expression 


f(a + h) -/(o) 


( 1 ) 


approaches a limit as h approaches zero in any manner whatever. 
This limit is called the derivative for x = a and is denoted by 
f'ia). We write ,, , ... . 

u m ^ a + h l~ m =/-(«). (£) 

h-+ o rl 


In order that the derivative should exist it is necessary that f(x) 
should be continuous when x = a, for otherwise the fraction (1) 
would not approach a limit. This condition is not sufficient, as 
may be seen by considering the function defined by the equations 

7T 

fix) — x sin — when 

x w 

/( 0 )= 0 . 

T ' 

As x —► 0, sin - oscillates infinitely often between 4- 1 and — 1 , 

_ x 

TV 

but x sin-► 0. Hence the function is continuous for x = 0. 

x 

Using this function in the fraction (1) with a — 0, we have 

h sin £ - 0 

h . t 

--= sm ~r> 

h k 

7T 

and sin -- does not approach a limit as h —^ 0. Hence the func- 

fb 

tion has no derivative when x — 0. 

In 1872 Weierstrass gave the explicit statement of a function 

which has for all values of x the property which x sin - has for 

x = 0, so that it is known now that a continuous function does 
not necessarily possess a derivative. Hence when a new function 
appears in analysis it is necessary to inquire first whether it is 
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continuous and, secondly, whether it has a derivative. It is 
only functions which possess these two properties that are of 
interest in this book. 

We have discussed the derivative of f(x) for a value a of x. If 
/(*) has a derivative at each point of an interval, there is thus 
defined a new function f'(x) by the formula 


/'(*) = Lim fS Z + JthzM . 

h~* 0 h 


(4) 


Similarly, we define /"(or) as the derivative of f(x) or the second 
derivative of f(x), as the derivative of f"(x), and so on. 

It is assumed from this point that the student is familiar with 
the elementary process of differentiation. The proof of these ele¬ 
mentary processea involves implicitly the proof of the continuity 
of the function and the existence of the derivative. The student 
is also assumed to be familiar with the fact that if a function is 
represented by a graph the derivative gives the slope of the tan¬ 
gent line to the graph. 

The graph of the function 

. 7r 

y = x sin — 
x 

is given in Fig. 9 for positive values of x, For negative values of 
x the curve is reflected on the line OY> It is of course impossible 
to draw the curve in the close 
neighborhood of the point O; but 
it is clear that if O be joined to 
any other point P of the curve, 
the line OP oscillates through an 
angle of 90 c . The curve there¬ 
fore has no tangent line at 0, 

Th3 Weierstrass function men¬ 
tioned above is represented by a 
curve which has no breaks, but 
has no tangent (that is, no definite 
direction) at any point. 

These examples illustrate the 
fact that a graph is at best merely 
a rough way to represent a function, and that conclusions drawn 
merely from the graph may be erroneous. The graphs are helpful 
in understanding or formulating a theorem, but an analytic proof 
is always necessary for rigor. 
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4. Composite functions. Let y = fix) be a function of x and let 
x — Then, by definition of a function y = Fit). Let/be given 
an increment h and let the corresponding increment of x be k. 

^ en k — <f>(t + h) — 4>(t). 

If 4>{t) is a continuous function of /, k —► 0 as h —*■ 0. Now 

m = y=m, 

F{t + h)=f(x + k), 

sinoe h and k are corresponding increments of t and x. Therefore 
F(t + h)~ F(t) = f{x + k)~ fix ); 
whence Lim [F(f + h) — ,E\t) 1 = Lim [fix + k) — fix) 1 

' fc- o .~ ' • 

Therefore, if fix) is a continuous function, 

Lim [Fit + h)~ Fit)} = 0. 

h ->0 

Hence if y is a continuous function of x and a? is a continuous 
function of t, then y is a continuous function of t. 

Let us now form the quotients 

Fit + h) - m _ fix -f A;) — fix) 
h h 

_ /(£ + k) —fjx) <j>(t + K) - </>(/) 
k ' h ; 

whence, by § 3, on taking the limit, 

F'{t) — S’ (x) • 4>’it). (1) 


5. Rolle’s theorem-. If f(a) = 0, and f(b)= 0, then there is some value 
% between a and b for which f'(f) = 0, provided fix) is continuous in 
the interval a s x a 6 and has a deriva- Y 

live for all values of x between a and b. I 


By theorem III, § 2, f(x) has a 
maximum M and a minimum m in 
the interval (a, b). If both M and 

m are zero, fix) is always zero, its ___ 

derivative is zero (by (2), § 3), and 0 a & 

the theorem is proved. FlG - 10 

Suppose that M is not zero, as in Fig. 10, and let /(£) 



M. 


Then 

is negative. Hence 
a 


M+h)-m 

f(t+h)-m 


h 


X 
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, is positive when h is negative, and is negative when h is positive. 
But, by hypothesis, ^ + h)~ /(£) 


approaches a limit /'(£), which is independent of the sign of h. 
lienee = 0. 


Again if M = 0 but m < 0, as in Fig. 11, the same argument 
applies. y 

The student should notice that the 
condition that fix) should have a deriva¬ 
tive rules out such graphs as shown in 
Figs. 12 and 13, for in neither case is 
there a derivative in the strict sense of 
the definition when x = c. It is true that 
in Fig. 12 we may speak of a left-hand 
derivative and a right-hand derivative, 
but in so doing we modify the defini- fig. n 

tion by first restricting h to negative 

values and afterwards restricting h to positive values. In Fig. 13 

we may write /'(c) = oo, but again the limit of — —-y — 
does not exist in the sense of having a definite value. 4 





6. Theorem of the mean. /. If f(x ) is continuous in the interval 
alisli and, has a derivative between x — a and x = 6, then 


/(&)-/(«) = (&-«)/'(£), 


where a < ^ < b. 

Graphically the theorem is very obvious. In Fig. 14, f(a) — AP, 
m — BQ, b — a = AB, f(b) —f(a) = CQ, and ^ = ^ = 

the slope of the chord PQ. The* slope of the tangent when x = £ 
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is /'(£)• The theorem asserts that there is a point R for which 
the tangent is parallel to the chord. 

To prove the theorem analytically construct the auxiliary 
function 


F(x) =f(x) — fia) - (x-a) 


m-m 


Then 


F{x + h) — F(x ) = fix + h) — f(x) — h 


fib) -fia) 


b — a 

Then, if |/(a; + h) — fix) | —► 0 as h —► 0, so does 
— Fix) | —► 0, and 

F'ix) =f'ix) - MtzM . 

b — a 

Now Fia) = 0 and F(b) = 0, 
as is seen by direct substitu¬ 
tion. Hence, by Rolle’s theorem, 

F'i%) = 0 for some ^ between a 
and b. That is, 

fib)-fia) 



/'(£) 


b — a 


ia<£<b) 


Fig. 14 


From this it follows at once that 

fib) = fia) + ib- a)fiZ), ia<Z<b) (1) 

which is the theorem to be proved. 

In (1) we may write £ — a + d(b — a), where 6 is an unknown 
proper fraction, and have 

f{b) — fia) + ib- a)f'[a + 0(6 - a)]. (0 < 6 < 1) (2) 

Still another form of the same result may be obtained by placing 
6 = a +' h in (2). 

Then fia + h)= fia) + hf(a + Oh). (0 < d < 1) (3) 


Two consequences of this theorem are as follows: 

II. If the derivative of a function is zero for all values of x in an 
interval, the function is a constant in that interval. 

In formula (1) replace b by any value of x between a and b and 
we have /( x ) = /(«) + (x — a)/'(£). (o < £ < x) 


But, by hypothesis, /'(£) = 0, hence 

fix) =/(a), 


as was to be proved. 
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III . If two functions have the same derivative in an interval (a, b), 
they differ by an additive constant. 

Let f(x) and <p(x) be two functions such that 
fix) = </>'(*), 


and let 
Then 

whence, by II, 
That is, 


F(x) — f{x) - 4>(x). 
F'(x)=f (*)-$'(*) = <>; 
F{x) = C. 
f(x) = <t>(x) -f C. 


This theorem has its important application to the process of 
integration, with which the student is assumed to be familiar. 
For let r 

I f(x)dx 

represent the function whose derivative is f(x). Then if F(x) is 
any one function satisfying this condition, the most general func¬ 
tion is F{x) + C, and we write 

Jf{x)dx — Fix) + C. 


The discussion of the definite integral is postponed to Chap¬ 
ter VI. In the meantime we shail assume elementary knowledge 
when necessary. 

7. Taylor’s series with a remainder. The theorem of the mean 
is the simplest case of a more general theorem which we shall now 
prove. For that purpose let us write 2 

f(b) = f{a) + (6 - a)f'(a ) + (6 -~ a) f"( a ) + ■■■ 

+ ~f~f M (a) + R. ( 1 ) 


This is always possible if f(x) possesses the derivatives which occur 
in (1), since (1) itself defines R. We wash to determine the value 
of R as far as may be possible. 

For that purpose let us define P by the relation 


R = 


(fr-ar + 1 
(« + l)! ' 


( 2 ) 


and write down the auxiliary function 
F(x) = f{b) - fix) - (b - x)f'(x) - 


(b — x) n 


n: 


f M (x) 


(b 


(fi ~ a:) 5 
2! 

x) n+l 


f'{x) - 


(n-flf! 


P, 


( 3 ) 



TAYLOR’S SERIES II 


which is formed from (1) by changing a to x in all the terms 
except P. 

Now Fib) = 0, as is at once apparent from (3), and F{a) — 0 by 
virtue of (1). Hence, by Rolle's theorem, F'{£) — 0, where £ lies 
between a and b. 

Differentiate (3) with respect to x. All the terms obtained 
cancel, except the last two, and we have 

—' ( 4 ) 

tl' 

Substituting in (4) the value x = £, for which JF'(£) = 0, we 
obtain / (n+1) (£) — P 

and therefore R = —— T~rrr / Cn * 1} (£)♦ (5) 

(n + 1)! 


This is the value of R in (1). It measures the difference be¬ 
tween the value of fib) and the sum of the first n -j- 1 terms in 
the right-hand member of (1). It may therefore be called the 
remainder after n+ 1 terms. 

The formula has great theoretical value. In addition it may 
be used in calculation as follows: 

If we know the values of J(x) and its derivatives for x — a, we 
may compute the value of f(x) for x = b by use of the first n ~f 1 
terms of (1). The quantity R as given in (5) will then measure 
the error made in taking the result of this calculation for the 
value of /(&). It is true that the value of R will not be exactly 
known, since £ is unknown, but it may frequently be possible to 
determine a numerical quantity which R cannot exceed in absolute 
value. 

For example, consider sin x. The values of sin x and cos x are 


assumed to be known for x ~ a = 


3 


We wish to find the value 


of sin x for x = b 


7T TV 61 

Expressed in degrees we 

o 1oO IoO 


need to find sin 61° knowing the sine and cosine of 6CF 
•From (1) we have 


. 61 t r 

. 7T T 

TT 1 

/ TV \ 2 . • 

sm —r 

= sm ~ 

cos — — — 
3 2 

--i sm 

180 

3 180 

! \180/ : 

where 

& 

II 

TT \ 4 . 

m) sm 1 

E. (f<{ 



61 7t\ 
180 / 
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Since we know that the sine of any angle is less than unity, we 

havc I/jlV. 


R < 


4!\180 




000000004. 


As another example let us attempt to find how many terms of 
(1) must be taken to compute sin 12° to the nearest sixth decimal 

12 'jf 'jf 

place. In (1) we place a — 0, h — —— = — • Then 

180 15 


7r t 1 / 7T 

Sln 15 = 15 “ §1\15 


+ 


KXt—. 


5!\15/ 


± ^ 


1 / TT \ n 


nl \15 


+ R- (6) 


Here R is ± 
sure that '* 


-— (-) n+ \ 


7r 


sin £, with 0 <• $ < —> and we are 
15 


R I < 


(n + 

and we wish to determine n so that 


1 / 7T 

MiTVlfi 


n +1 


1 / 7r\ n+1 

c^y < • ooooo ° 6 - 

By trial we find that n + 1 = 7, « = 6, and hence the first 
three terms of (6) are to be taken. This value of n is sufficient for 
the purpose, but in this case it is not necessary. From the 
manner in which n was obtained it is clear that a smaller 
value of n may do. 

Since we have used Rolle’s theorem in deriving (1), the hypoth¬ 
eses underlying that theorem must be met; that is, F(x) in (2) 
should be continuous and possess a derivative in the interval 
(a, b). This means that f(x) and its first n + 1 derivatives 
should each exist and be continuous in the same interval. Then 
if x is any value in that interval, the same conditions exist in the 
interval (a, x), and we may write in place of (1) 

m =/(«) + (* - a)f(a) + • • • + - ( * ~y) n - f n) (a) 

nl 

+ ^T?jf /(n+1>(a («<£<*) < 7 > 

Equations (1) and (7) are two forms of Taylor’s series with the 
remainder. 
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In the particular case in which a = G, we have Maclaurin’s 
aeries with the remainder; namely, , 


/(*)=/(0)+x/'(0)+|j/"(0) + 
+ 1 

+ —- f (n+l) (£). 

(0 < £ < x) 




( 8 ) 


The student has probably met in his elementary course the 
infinite series known as Taylor’s and Maclaurin’s series. He 
should therefore note carefully that we have to do here not with 
infinite series, but with finite polynomials, although the last 
term is not definitely known. The infinite series arise from (7) 
or (8) if n ean be taken indefinitely great and if the value of R 
approaches zero as n increases without limit. The discussion of 
this case, however, leads to questions of convergence and the 
like, and will be postponed. As a matter of fact, the finite series 
(7) and (8) are sufficient for most practical purposes. 

For example, we find from (8) 


Therefore 


sin x = x - 

= x ■ 

COS X — 1 
= 1 


7*3 /y»7 

ij + W + Ti'"’® 

7*3 /y* 5 

. — 4_ JL_ _L Px 7 
6 ^ 120 ‘ ™ ’ 

/y*2 /y»4 -y.6 

■ —4- —+ — /«)(£) 
2! 4! 6! ^ 

X?" 


tan x ■ 


sm x 
cos x 


x 3 x 6 7 

X ~6 + ^0 + Pj: 
7* 2 7*4 

1 -2+24 + <5 * S 


x 3 2 x 5 


Sx 7 , 


where S is determined in terms of P and Q by the usual process of 
division. This is a much simpler way to expand tan x than by 
direct use of (8). 
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J (* x (%/£ 

——- — tan 
o 1 + x“ 


l x. 


We may write 
1 

1 + x 2 ~~ 
Therefore 


1 — X 2 X* — X 6 -\- X s — ■ • ■ ± X 2k ^ X 


r 2k + 2j 


X X A'Y 'T^ /y»5 'Y^ 'Y ^ A+l f*X 

r^?-*-y+T-7+7—■ ± n+i :F Jf*** t,i,fc 


+ 

Now P = 


by direct division. Therefore 


1 + x 2 > 2 

P < 1 and f x 2h+2 Pdx < ( x 2k+2 dx < ~~ 
J o «/o 2 A: 

We have, therefore, 


2k + 3 


+ 3 


tan -1 x — x 


where 


^<3 /^5 j,2A + t 

. _ + _ ± 2 Y +1 

x 2k f 3 

1 B 1 < 2 F+ 3 " 


P, 


Other forms of the remainder besides that given in (5) are also 
useful. If we apply Rolle's theorem to the function 


G(x)^m-m-(b-x)f(x) 


(b ~ x) n 


f M (x) 


n! b-a 

which vanishes when x — a and when x — b, we find that 

(6 _ a) (6 -*)• 


R, 


R = 


n\ 


-f n+v (t), 


or, writing £ = a -f- 6(b — a), where 0 < 8 < 1, 
(! b— a) n+1 (l — 0) n 


R 


n\ 


•/' fr 


(€). 


(9) 


m 


Again, if we start with the identity 

/(*)-/(«)= “fix - t)dt 
Jo 

and integrate by parts, we have 

/(*) - Kfi) = (* - «)/'(<*) + J" (f"(* - <)<*<• 
Again integrating by parts, we have 


/(*) ~ /(«) = (* ~ «)/'(a) + —Jf “/"(«) +jf 


2l 


/"'(sc - «)*. 



INDETERMINATE FORMS 


16 


Proceeding in this way, we have, finally 


-/ ;,HI) (x - l)dl. 


In particular for Maclaurin’s series, where a — 0, 

«= r~:f u+1) (x-t)di. 

Jo nl 

8. The form 2* Consider the fraction 

fix) 


and let there be a number a for which /(or) = 0 and 9(a) — 0 
The substitution of x — a in the fraction produces the meaningless 

symbol so that the value of the fraction is not defined for x — c 

It is customary, however, to extend the definition of the fraction 
by defining its value for x — a as the hunt, approached by its value 
as x approaches a. For example, consider 


For all values of x except x — a the value of this fraction is 
x 4- a. As x —► a, x a—>■ 2 a; therefore we say, by definition, 

'jC f 2 _ 

that the value of —-when x = a is 2 a. 

x — a 

To obtain a general method for finding this limit we begin by 
applying Rolle’s theorem to the function 

[(Kx) _ ^ (a)] _ [/(*) _ /(a)], 

<f>{b) - <p K a) 

which obviously vanishes when x — a and when x = b. 

Hence —-—rr = — 77 : • (« < s < &> (i, 

9(b) - 4>(a) <j >'(0 

In (1) let /(a) — 0, <b(a) — 0, and b — x. 'We have 

® = A|. (•<{<*) (2, 

9 ( 1 ;) 4>'{0 ' 

Now as x — a, £ — a, and therefore 


[<£(*) - /.(a)] - [/(x) - /(a)], 


(a < £ < b) 


(a < £ < x) 


f . /(x) T . /'(£> 

Lim /-/t = Lim ■ 
$(x) f-a <J> (4) 
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Now unless /'(a) = 0 and <b'{a) - Owe have the result 

T . fix) f(a) 

Lim —- = ——• (4) 

a 4>{x) <t>\a) 

If, however, /'(a) = 0 and 4>'(a) = 0, we must apply (3) again 
with the result ^ f{x) < m f/(a) 

4>(x) ~ V™ *'(*) 

unless /"( a) ~ 0 and 0"(a) == 0. In the latter case formula (3) 
must be applied again. 

We may sum up in a rule known as UHospital's rule . 

To find the value of a fraction which takes the form jj when x = a, 
replace the numerator and the denominator each by its derivative and 
substitute x = a. If the new fraction is also repeat the process . 
For example, 

e x —2cosx+e~ x T . e*+2sinx-~-e~ x jV+2cosx+e~ x ] 

Lim-r—-==Lim —-= -——r— =2. 

o xsmx x-* q sm x x cos x L2cosx-~.r smx>=o 


9. The form 


x-* o sinx + xcosx L2cos:r ~£sin£j*-o 
Consider the fraction 


and let /(a) = oo and 0(a) = oo by hypothesis. The value of 
the fraction for x = a is then defined as the limit approached by 
the value of the fraction as x increases without limit. 

We shall prove that UHospital's rule holds also for a fraction 
which takes the form . 

We shall first take the case in which a ~ oo. 

Prom (1), § 3, we may write 


M-gL (£<l<x) („ 

<i>{.X)~4>(c) <£'(£> 

where c is a. large but finite value of x. From (1) we derive, by 
simple algebra, 

Six) _ f(f) 1 <j>(x) 

<Kx) <t>'(9 . m ‘ 
m 


(2) 
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We shall now assume that —— has a limit A as £ oo, 

4> (?) //( C ) 

We may consequently take c so large that and therefore 

re?) ■ 

• differs from A by less than any assigned positive quantity a. 

0 (?) 

This fixes c. Then /(c) and 0(c) are finite, and x may be taken so 
large that ^( c ) 

0(a) 

1 /(c) 

m 

differs .from unity by less than any assigned positive quantity € 2 . 
We then itave, from (2), 


where 


0(r) 

I i?i r < ci, 


(A + rji)(l + yz), 


Vi i < C2- 


From this it is apparent that 

r • /(*) . ... r; 


= ,3) 

X-* oc <£{(£) 00 <j£> (5) X —> ao cf) .T; 

This justifies I/HospitaTs rule for the case a = oo. ‘We need now 

J ('xfs 

to extend this result to the case in which —~ becomes fo rx — a 

0(x) 00 j 

when a is not infinite. For that purpose place x = a + - so that 
when x = a, y — . Then , ” 

/(*) \ r Vi _ (A\ 

0(a) ,/_ , 1\ $(V)’ ^ 


LimM 

x-»a 4>(X) 


4>[a + 


Lim 

y -* <*> &(y) 


Lim 

*-» $ (y) 


__ 1 

But F'(y) = /'(x) — = —j- /'(x), 

ay y 2 

(Inf _ 1 

id 0'(y) = <t>'(x) ~ — —— 0 / (x). 

dy y 2 

Therefore (5) gives 'Lim ~~ = Lim 

z-«. <p(x) X-B 0 (x) 

From results (3) and (6) L’Hospital’s rule follows. 



18 


PRELIMINARY 


10. Other indeterminate forms. A product 

f(x) • </>(x) (1) 

may give rise for a value of x = a to a form 

0 • oo, * 

and a difference f(x) — 4>(x) (2) 

may give rise when x = a to a form 
. 00 — 00 . 


In such cases it is usually possible by an elementary operation 
to transform the product (1) or the difference (2) to a fraction 

which takes the form - or ^ when x = a, and apply L’Hospital’s 
rule. U 

For example,- the product x n e~ x2 

when n is positive becomes oo ■ 0 ’for x = oo. 


x n 

We have, however, x n e~ x2 = -p- 

Then, by L’Hospital’s rule, 


T . x n T . nx n 2 _. 

Lim -5 = Lim —r = Lim 

X-+ cc z-* oo 4 tZ X-* 00 


n(n — 2)x n ~* 

4 ^ 


Proceeding in this way it appears that eventually x will dis¬ 
appear from the numerator of the fraction, no matter what n is, 
and therefore LimxV^O. 

X~* 00 

TT 

Again, the difference sec x — tan x becomes oo — oo when x = — • 

_ , 1 — sin x 

But sec x — tan x =-> 

cos x 

0 TT 

which becomes ~ when x = —• Therefore 

Lim (sec x — tan x) = Lim -— —— = 0. 

V TT COS X 


An expression of the type 

[j{x)Y x) 

may, when x = a, give rise to forms 

0°, <x°, 1*. 
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and the like. Such an expression may be reduced to a type - or ~ 
by the use of logarithms. Thus, we write u 

u = [/(x)]* fe) . 

Then log u — <}>(x) • log f(x). 

If Lim 4>(x) • log f(x) can be found by the previous methods, the 

x~* a 

limit approached by u can be found. 

1 

Consider as an example (1 — x) x 


when x — 0. A plausible procedure would be to place x — 0 and, 
obtaining 1°°, to say that this is 1 since any power of 1 is 1. But 
this would ignore the fact that we are interested in the limit of 
£ 

(1 — x) x as x approaches 0, which we have defined as the value of 
• the function when x — 0. We therefore write 

i 

u = (1 — x) x , 


log u — ~ log (1 “ *) 


log (1 — x) 

X 


By L’Hospital’s rule, 

Lim 

x-* 0 


log (1 - x) 

X 


1 . 


Therefore Lim log u — — 1, 

x~*0 

and Lim u = e~~ l . 

x-* 0 


11. Infinitesimals. An infinitesimal is defined as a variable which 
apvroackes zero as a limit . When two or more infinitesimals ap¬ 
proach zero at the same time, they may be compared by consider¬ 
ing their ratios. 

We say an infinitesimal (3 is of the same order as an infinitesimal 

a if £ 

Lim ~ = k, (1) 

a 

where k is a finite quantity different from zero. 

An infinitesimal (3 is of higher order than an infinitesimal a if 

Lim — = 0. 
a 


(2) 
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As an example, consider an infinitesimal angle a (represented in 
Fig. 15) and describe an arc of a circle PQ of radius unity. Let 


j 8 = PN = sin a, 

7 = NQ — 1 — cos a. 

By a well-known theorem which is 
used in deriving the formula for the 
derivative of sin x, 

Lim — = 1. 

a 


P 



Therefore PN is of the same order as a. 


Also 


Urn - = Lim = o. 


a 


a 


Hence 7 is of higher order than a . 

A measure of an order of an infinitesimal may be given as fol¬ 
lows. If a is taken as an infinitesimal of the first order, then 
a 2 , a 3 , a 4 , • • • are called infinitesimals of the second, third, and 
fourth orders, respectively, and 8 is an infinitesimal of nth order 
with respect to a , where n is positive, if 

Lim ~ = k, (3) 

a -* Q Gl 


where & is a finite quantity not zero. 

For example, consider 7 = NQ of Fig. 15. We have 


_ . 1 — cos a 

Lim-- 

0 or 


1 

2 * 


Therefore NQ is of the second order with respect to a. 

Equations ( 1 ) and (3) lead to the forms 

(4) 

(5) 


8 = ka + ae, 

8 = ka n + a n 6 , 


respectively, where e is another infinitesimal. In each case the 
first term on the right of the equation is called the principal part 
of the infinitesimal. An infinitesimal and its principal part are 
obviously of the same order and differ by an infinitesimal of higher 
order than either of them. 

If we denote by 81 the principal part of 81 formulas (4) and (5) 
become e 

8^81 + 81^81 + 81*1- ( 6 ) 
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Ther6 are two convenient ways to determine the order of an 
infinitesimal 0 with respect to a: One is to evaluate 


Lim 


0 - 


. 0 a." 


by L’Hospital’s rule, so choosing n that the limit is finite and not 
zero. A more expeditious way, when 0 can be placed equal to a 
function of a, is to expand 0 — f(a) by Maclaurin’s series; then, if 


we have 
and 


0 = ka n + kia n+1 + R = ka n + k ia n+1 + a n+2 P, 

0 _ 

a n 


k + kia + oc 2 P 


Lim — = k, 
«-.o a 




i 

fe 


which shows that the degree of the first term in the expansion 
of 0 determines the order of 0. c 

We shall illustrate these methods 
by inquiring by what order of infini¬ 
tesimals an infinitesimal arc of a 
circle exceeds its chord. In a circle 
of radius a and center 0 (Fig. 16) 
let AB be an infinitesimal arc and 
AB its infinitesimal chord. Draw 
the radii OA and OB, and draw ODC 
perpendicular to AB. Let the angle 
BOC = $. 

Then AB = 2ad, 

^ AB — 2 o sin 6, 

and AB — AB = 2 ad — 2 a sin 6. 

Take AB as the a of our general discussion, and let 
0 = AB — AB. 

2 a sin 6 


Fig. 16 


We have Lim - = Lim —^ — —— 

0 -> o 2 du 

Hence 0 is of higher order than a. 


0 . 


Similarly, 


Lim A; = 0, 

a - a a“ 


Lim 


0 


. o a" 24 a 2 

and therefore* 0 is of the third 1 order with respect to a. 
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The second method is to place 

0 = 2 ad — 2 a sin 6 


2 ad - 
2 ad 3 


3! 

a 3 


2a\d 
h R' 


( 9 “51 + b ) 


24 a 2 


R'. 


We have accordingly shown in two ways that the difference 
between an infinitesimal arc of a circle and its chord is an infini¬ 
tesimal of the third order with respect to the arc. 

12 . Fundamental theorems on infinitesimals. There are two im¬ 
portant theorems involving infinitesimals; namely, 

I. If the quotient of two infinitesimals has a limit , that limit is 
unaltered by replacing either infinitesimal by its principal part . 

To prove this let us place 

“ ft + ft Ci* a — aj + <*162, 
in accordance with (6), § 11. Then 


a 


Hi "T 


ft* ] 


whence 


ai + 0:162 

0 


Lim ■ 


Lim 


0i 1 j c , . 
ai 1 + e 2 
01 


a 


a 1 


( 1 ) 


II. If the sum of n positive infinitesimals has a limit as n increases 
indefinitely and each infinitesimal approaches zero, that limit is 
unaltered b.y replacing each infinitesimal by its principal part. 

Let 0x, 02, • • •, 0 n be a set of n positive infinitesimals, and let 
a 1 , a. 2 , • ■ a„ be their principal parts, also positive. Then 

0i — OLi + Oii€i, 

and -f (2) 

Let y be a positive quantity which is equal to the largest 
absolute value of ,, Then, for any i, 

-7 = e,- m 7, 

and — 7 a, = 6-c; s= yen,, 

the multiplication being allowable since a, is positive. 

Then - 7]>p 5 m y 


(3) 
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By hypothesis, as n increases indefinitely, 2a, approaches a finite 
limit and 7 approaches zero. Therefore, from (3), 

Lim 2}a,e, — 0, 

and therefore, from (2), Lim =*Lim ^a,-. 


The theorem stated is known as Duhamel's theorem. 

The proof assumes that all the infinitesimals are positive. The 
theorem is obviously also true if all infinitesimals are negative 
but is not necessarily true if the infinitesimals are not all of the 
same sign. The proof also assumes that Lim e, = 0 no matter 
how i depends upon n. 

For the important applications to definite integrals the theorem 
may be replaced by Osgood’s theorem, as follows : 

Let «i 'T «2 + • • • + a n be a sum of n infinitesimals, and let a, 
differ uniformly by infinitesimals of higher order than Axt from the 

elements ){xi)Axi of the definite integral f f(x)dx where f(x) is con- 

Ja 

tinuGus in the interval a = x ^6, Then the sum a± + ct 2 + * * * + ot n 
approaches the value of the definite integral as a limit as n becomes 
infinite . 

To prove this, let a* =/(x»)Asi + f,-A Xi, where |£.-|< e, by hy¬ 
pothesis. Then 

J ]£«i — ^f(Xi) Ax t | < e^Axi — e(b — a). 


But (§ 54) we can make 

^f(Xi)AXi— f f{x)dx 

Ja 


Therefore 

whence 


< 6(6 — a + 1 ), 


f f(x)dx 

Ja 

J nb 

' f(x)di 

a 


13. Some geometric theorems involving infinitesimals. We shall 
give in this section certain geometric theorems which are of 
some importance in our subsequent work. 


/. Under certain general hypotheses the length of an infinitesimal 
arc differs from that of its chord by an infinitesimal of higher order 
than either. 

Consider an arc of a curve AB (Fig. 17) and its chord A3. We 
shall assume that the arc is a continuous curve and has a con¬ 
tinuously changing direction, 
c 
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This amounts to saying that if axes of * and y are chosen by 
which the equation of the curve becomes y — f(x) is a con¬ 
tinuous function of x with a continuous derivative. 

We shall also assume that a perpendicular from any point P 
of the arc AB meets the- chord AB in one and only one point Q, 
and that as P moves continuously from A to B along the arc, 
Q moves continuously and always b 

in one direction along the chord. 

The length of the arc AB is 
defined as follows: 

The arc is divided in any 
manner into n parts, and chords 
are drawn connecting the points 
of division. If the sum of the 
lengths of these chords approaches 
a limit, independently of the man¬ 
ner of division, as n is indefinitely increased while the length of 
each chord approaches zero, that limit is by definition the length 
of AB. We shall assume that the arc AB has a length. 

Divide the arc AB into n parts by the points Pi, P 2 , • • •, P„-i, 
draw the chords P,P» + i(Po = A, P n = B), and drop perpendicu¬ 
lars from the points Pi to the chord AB, thus determining the 
points Qi, Q 2 , • • Q n - 1 . Let the lengths of the chords APj, 
P 1 P 2 , • • •, Pn-iB be ai, a 2 , • • a„ and the lengths of the seg¬ 
ments AQi, QiQ 2 , • • •, Qn-iB be ft, ft,jj •, ft. 

Then, if l is the length of the chord AB and s the length of the 
arc AB, which by hypothesis exists, 

( 1 ) 
( 2 ) 



ft + ft + • • * + ft — h 
Lim (ai + a 2 H-h a*) = s. 


Now ft is the projection of a,- on AB. Hence, by the law of 
projections, ft = a f cosft 

where ft is the angle between the chord of length a,- and the 
chord AB. Hence (2) is 

Lim (ft sec ft + ft sec ft + • ■ • + ft sec ft) = s. (3) 

n~* «e 

Under our hypotheses sec ft is always positive, although ft may 
be negative. Our hypotheses allow us to apply the theorem of the 
mean to any portion of the curve between A and B. Therefore 
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there is some tangent which makes an angle 6 , with AB. Hence, 
if 4 > is the largest angle in absolute value which any tangent 
makes with AB, we have 


Therefore 


1 £ sec di £ sec 4 >. 


Pi + /3 2 H-h Pn s Pi sec 61 + p 2 sec 0 2 -h p n sec 0„ 

£ sec $(Pi + P-i +-1- /3 n ), 

or, from (1) and from (3), 

l £ s £ l sec 0, (4) 

s 


or 


1 £ - £ sec 
t 


(5) 


where the equality signs could hold only if AB coincided with AB. 

This result is true for any finite arc for which the hypotheses 
that have been made hold. It remains true as B approaches A. 
But then sec <f> approaches unity. Hence we have 


Lim j 

i-o l 


or 


1 , 

l + ie, 


( 6 ) 


which was to be proved. 

II. Under the hypothesis made in I the perpendicular distance 
from one end of an infinitesimal arc to the tangent at the other 
md is an infifiitesimal of higher order than 
the arc, and the length of the tangent 
from the foot of this perpendicular to the 
point of tangency is an infinitesimal of the 
same order. 

Consider again the arc AB (Fig. 18) 
with the properties as before. Draw the 
tangent AT at A, and drop the perpendic¬ 
ular BT. Let AT'=t and BT — h and 
angle BA T = a. 



Then 

and 


t = l cos a, 
t l 

- = - cos a, 
s s 


h 

h 


l sin a, 
l 


- = - sm a. 
s s 


Let s —► 0 and apply ( 6 ). We have 


Lim - = 1, 
$— 0 $ 


Lim - = 0. 

s-» 0 8 


(7) 
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The relation between t and h may also be found by means of 
coordinate axes and Maclaurin's series. 

Take as origin a point on the curve (Fig. 19) and as OX the 
tangent at 0 . Let 

y =/(*). 

be the equation of the curve. Then 
/( 0 ) = 0 and /'( 0 ) = 0 , since the curve 
passes through O and the slope of the 
tangent at O is zero. Then, by Mac- 
laurin’s series, 

»=/<*) =/"( 0 ) ~ +/"'( 0 ) |] + r. 

But OM = x and MP =■ y. Hence it appears that MP is of the 
second order with respect to OM unless /"(0) = 0. 

III. Except for infinitesimals of higher order than the lengths of 
the arcs, an infinitesimal right-angled curvilinear triangle obeys the 
same trigonometric laws as a straight-lined right-angled triangle when 
the hypotheses of I are satisfied. 

Consider a triangle ABC (Fig. 20) whose sides are arcs of curves 
which satisfy the hypotheses of I and which may be made to 
approach zero together. Let the 
arcs intersect at a right angle at C 
and let the angle at A be <f>. Draw 
the chords AB, BC, and CA. The 
angle between the chords AB and 
AC is <p + ci and that between BC 
and CA is 90° -f e 2 , where e x and 62 
are infinitesimals approaching zero 
as the sides of the curvilinear tri¬ 
angle approach zero. Then 

BC _ sin ( 4> + Cj) 

H “ sin (90° + 62 )’ 

which we may write as 

BC AB BC _ sin (<p + € 1 ) 

AB AB BC~ sin (90° + e 2 ) 

where BC means the arc BC, and so on. 



Y 



Fig. 19 
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Taking the limit as A, B, and C approach coincidence, and 
using theorem I, we have ^ 

Lim = sin d>, 

AB 

or BC — AB sin (j> €3 AB. 

In a similar manner, 

AC = AB cos 4> + e 4 AB, 

BC — AC tan 4> -f e s AB, 

AB 2 =» AC 2 -f -B?) 3 -{ e 6 AB 2 . 

As an example of the use of the foregoing theorem consider 
an ellipse with foci F and F' 

(Fig. 21). 

Let P and Q be two points in¬ 
finitesimally near on the ellipse, 
and draw' PF, PF', QF, and 
QF'. By the definition of the 
ellipse, 

PF + PF' - QF -f QF’. 

With F as a center and a 

radius FQ construct an arc of a 
circle cutting FP in S. With 
F' as a center and a radius F'Q construct an arc of a circle 
cutting F’P in R, 

Then SP - HP — QF — PF - ( PF' - QF') = 0. 

Then in the infinitesimal triangles SQP and RQP 
SP — QP cos SPQ, 

RP = QP cos RPQ, 

except for infinitesimals of higher order. Therefore 

cos SPQ = cos RPQ 

except possibly for infinitesimals of higher order. 

But the angles SPQ and RPQ are independent of the position 
of Q. 

Hence SPQ = RPQ; 

and, since SPQ — FPA, 

we have the result that in an ellipse the tangent at any poim 
makes equal angles with the focal radii to that point. 
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14. The first differential. Consider now a function/(x) which has 
a derivative /'(x). If Ax is an infinitesimal increment of x, then 
the increment A y = f(x + Ax) — fix) is an infinitesimal, since /(x) 


is continuous. Now 


Lim — • 
A 1-.0 Ax 




whence Ay — fix) Ax + e Ax. (1) 

Aside from the values of x for which /'(x) is zero, or infinite, 
this is of the form (4), § 11, and fix) Ax is the principal part of 
Ay. This we shall call the differential of y and denote it by dy. 

The case of the independent variable x, however, is different. 
For in that case fix) — x; therefore y — x, and formula (1) is 

““Pfr Ax = dx. (2) 


There is no possibility, therefore, of separating Ax into two 
parts; in other words, the principal part of Ax is the whole of Ax, 
and we may take this as dx. 

Summing up, we say: 

The differential of an independent variable x is equal to the incre¬ 
ment of the variable; that is, 

dx = Ax. (3) 


The differential of a function y = fix) is the principal part of the 
increment of y and is given by the formula 

dy — f{x)dx. (4) 

Suppose, now, we have y = fix) and x = <f>it) ; then y = F{t). 
Now, by the definition above, we have 

dt = At, 
dx = <f}'(t)dl, 
dy = F'(t)dt. 

Substituting for F'(t) the value derived given in (1), § 4, we 
have dy=f(x)d>'(t)dt; 

whence dy—f'(x)dx. (5) 

Note that this is the same form as (4); but in (4) dx is the 
entire increment of x, whereas in (5) dx is the principal part of 
that increment. The result is, 

The differential of a function y is given by the formula dy—f'(x)dx, 
whether x is the independent variable or not. 
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We are now ready to write the derivative as a quotient; namely. 


f'(x) = 


dy 

dx 


( 6 ) 


In differential form (1), § 4, becomes 

dy _ dy dx 
dt dx dt 


(7) 


16. Higher differentials. If u — f(x) and v = <f>(x) are two func¬ 
tions of x which possess derivatives, we have, by well-known 
formulas for differentiation, 


+ = /'(*) + <p'(x), 

A( w ) _ f( x) <f>(x) +f(x)4>’(x), 

d_/u\ ~ f(x)<t>(x) ~ f(x)<p'(x) _ 
~dx\v) l<p(.x)f 

whence, by the definition of the differential, 
d(u -f v) — du + dv, 
d(uv ) = v du + u dv, 

Ju\_ v du — udv 
\v/ v 2 

Let us apply formula (2) to 

df = f (x)dx. 

We have d(df) = dy(x)]dx f'(z)d(dx). 

Now we have, by the definition of § 14, 


( 1 ) 

( 2 ) 

(3) 

(4) 


• dlf(x)-]=f"(x)dx. 

It is natural to express d(dy) by d 2 y and it is customary to 
express (dx) 2 by dx 2 . This must not be confused with d(x 2 ), 
which, by § 14, is equal to 2 a; dx. 


We have, then, d 2 f = f"(x)dx 2 -f f'(x)d 2 x. (5) 


This is called the second differential of f. 

Formula (5) contains a factor d 2 x which has not been defined. 
However, if a: is a function of another variable t, so that 

x=F(0, 


we have, by another application of (5), the result 
d 2 x = F"(t)dt 2 + F'(t)d\ 
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but here d 2 t is still to be defined. It is evident then that (5) is 
not sufficient to define the second differential of the independent 
variable. We are accordingly free to frame that definition as we 
will, and we say 

The second differential of the independent variable is by definition 
zero . 

With this and (5) it follows that when x is an independent 
variable, _ f'(z)dx*i (6) 

but when x is not an independent variable, 
d 2 f -- f"(x)dx 2 + f'(x)d 2 x. 


The fact that the second differential has different forms accord¬ 
ing as a; is independent or not is in striking contrast to the fact 
that the form of the iirst differential is always the same. Second 
differentials must therefore be used with more care than the first. 
We notice that when x is the independent variable we have, 
from (6), 12 f 

(7) 

whereas when x is not independent we have, from (5), 
d 2 f — f(x)d 2 x d 2 f dx — df d 2 x 


/"(*) 


(dr) 2 


(dx 


V3 


( 8 ) 


which agrees with (7) only when d 2 x = 0. 

d 2 f 

In spite of this the symbol —~ is used to represent the second 

dx~ 

derivative /"(*) even when x is not the independent variable. 

d 2 f 

This may be explained by interpreting as a symbol for 


Then 



dx 



_ d[f(xj] _ f"(x)dx _ 
dx dx 


(9) 


d 2 f 

It follows that —4 is used in two' senses: first as a symbol for 
dx 2 

the second derivative and secondly as the quotient of d 2 f as 
given in (5) by dx 2 . These two senses agree only when x is the 
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independent variable. The context usually makes clear which 

sense is meant. As a matter of fact, the use of as a derivative 
is more common than the other use. ^2 

If in (8) we place y — fix), and interpret as a symbol for 

the second derivative f"(x) and not as the quotient of differen¬ 
tials, we have ,0 , , 

dry dx ay d“x 

d 2 y dt 2 dt dl dt 2 

dx 2 ~ /dxV (10) 

(dt) 

This formula may also be obtained by direct differentiations, 
thus; • djL 

dy _ dt 
dx dx 


/dy\ d 2 y dx d 2 x dy 

d (§y\ _ d dt _ 

dx\dx; dl/dx\ dx /dxY' 

(dt/ (dt) 

as before. 

This result may also be obtained by. dividing the numerator 
and the denominator of the fraction in (8) by (dt) 3 . 

The third, fourth, and higher differentials are d{d 2 x)—d 3 x i 
d(d 3 x) = dbc, etc. 

Since, if x is the independent variable, d 2 x — 0, it follows at 
once that d n x — 0. That is, 

The nth differential of the independent variable is zero if n is 
greater than 1. 

The higher differentials of a function of * are found by oper¬ 
ating with the laws (1), (2), and (3). Thus we have 

d 2 f = f"(x)dx 2 +f'(x)d 2 x. (11) 

Then d 3 f — f‘"(x')dx 3 + 3 f"{x)dx d 2 x + f'(x)d 3 x. (12) 

It is to be noticed that (12) gives 

d’V 


/'"(*) 


(13) 
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only when x is the independent variable. Otherwise, if t is the 
independent variable we have, from (12), 

g-/~0 , + .r«Sg + /'«£. <“> 


+f $+''<*> li?' 


As in the case of the second derivative, the expression 

dV 

dx 3 

is used for the third derivative even when x is not the independent 
variable. In this case 

d 3 f d\ d /dy\\ 


dx s dx 


d_/dy\] 

dx \dx j' 


is not the quotient of d 3 / by dx 3 . 


From (12) we have 
/"'(x) = 


d 3 /— 3f''(x)dxd 2 x — f'(x)d 3 x 
J (X) ~ dx 3 

By means of (8) of this section and (6), § 14, this reduces 
readily to the form 

, s dx(d 3 / dx - d/ d 3 x) - 3 [d 2 / dx - d/ d 2 x]d 2 x „ 

/ (*)= d?-(15) 


If t is the independent variable, we may divide all the terms of 
the numerator ox (15) by dt 5 and obtain a result in derivatives 
which may otherwise be obtained by direct differentiation. 

Similar results are readily obtained for the fourth and higher 
differentials. 

16. Change of variable. The methods and formulas just obtained 
may be used to solve certain problems connected with the change 
of the variables in a given expression. . « 

1. Let there be given an expression involving y, — > and 

dx dx 4 

where the last symbol means a second derivative, and let it be 
required to replace y by z where y = f(z). We have at first, by § 4, 

and then, by direct differentiation, 

gj-rO’+mg- 
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2. Let it be required in an expression involving y, and 
to replace x by t, where x = 4>(t). dx ® x 


We have 


dy 

dy _ dt 1 dy 
dx dx <f>'(t ) dt 

dt 


(S) 


and, again by direct differentiation or by (10), § 15, 


d 2 y dx dy d 2 x 

fy ~djJdjZjLML 
dx 2 / dx \ 3 

\ dt) 


d 2 y 

dt 2 




dy 

dt 






(4) 


3. Let it be required to interchange x and y in an expression 
involving x, and This is a special case of (4) in which 


t = y, and therefore — = 1, 

dt dt 


0. We have 


dx da- 
dy 

£x 

d 2 y dy 2 
dx 2 ~ /dx\ 3 ' 

W 


(5) 


( 6 ) 


EXERCISES 

1. Prove that if f{x) and <f>(x) are continuous at x = a, then f(x) + 

f (•&) 

f(x) • <t>(x) are continuous at a, and that is also continuous 
at x = a unless 0(a) = 0. 

2. If y ~f(x) is continuous when x = a, and x = 0(0 is continuous 
when t = 6, where a = 0(6), show that y =/[0(O3 is continuous when 
t = 6. 

3. Show that the theorem of the mean as given in § 6 may be trans¬ 
lated into the theorem of the mean for definite integrals; namely, 

f b F(x)dx = (b- a)F(t). (a < £ < b) 

J a 
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4. Expand e x into Maclaurin’s series and show that. 

: 1 

R < ——— & if x > 0, 


and that 


(n 4 1)! 

j R j< i---- 1 - if x < 0. 
(n -r 1)! 


5, What error is made by computing e s by five terms of Madaurir/s 
series? How many terms must be taken to obtain e* correct to seven 
decimal places? 

6. Show that in the expansion of log (1 4 x) 

I R | < --when x > 0, 

‘ 1 n+1 


and that 


iff!- 


(n 4 1)(1 4s) nfl 


when x < 0* 


7. From the result of Ex. 6 estimate the error made in comp;.; 
log 1.2 from three terms of the series. How many terms of the i 
are sufficient to compute log 1.2 accurately to six decimal places? 

8. From the result of Ex. 6 how many terms of the expansion oi 
log (1 4 x) are sufficient to compute log .9 to five decimal places ? 


9. Show that in the expansion of log 

2/^ 


\R\< 7 


and that 


(n 4 2)(1 -id' 1 * 52 
2 j x n + v * j 


1 4 x 
1 — x 

when x > 0. 


\r\< 


{n 4 2)(1 4 x) n ' 


when x < 0, where n is the exponent of x in the last term retained in 
the expansion. 

10. From the result of Ex. 9 how many terms of the expansion of 

} 0 g Lilf a re required to compute log — to four decimal ulaees ? 

I — x 3 

11. Show that in the expansion of (1 4 x) k 


and that 
if n ~~ k 4 1 


. fc(fc— D • • * (k-n)x n ^ 

lfii< -STS?- 

I n I ~ "> , x n « 

1 *■'* <n 4 1)1 (1 4 x) n ' * +l1 
> 0 . 


when r > 0, 

I when x < 0, 


12. From the result of Ex. 11 fi nd h ow many terms of the binomial 
series are sufficient to compute Vl02 to four decimal places. 

13. By integration find an expansion for sin" 1 .r. 
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sin ^ x 

14. By division find an expansion for — 

Vl~x 2 

15. Find an expansion for e~~ x2 dx. 

16. Find an expansion for cos x 2 dx. 

Find tbe limit approached by each of the following functions the 
variable approaches the given value: 


cos x — cos a 

17.-—> x —► a. 

x — a 


x —*• 0. 


log cos 2 x 

19. ———x~> ?r. 

{7T ~ x) 2 

„ tan x — x ~ 

20. ——-* x —► 0. 

x — sin x 

M sin x ~ x ^ A 

21. -* x —> 0. 

x — tan x 


^ sec 3 x v 7r 

22. -, £ -4 — 

sec 5 x 2 

^ 1 — log x 

23. -x -* 0. 

x 


log(x — f 


log X 

25. -, x co (n positive). 

x n 

x n 

26. — > x —> oo (n positive). 


27. Find the limit approached by 

a n x n -f ct}X n ~ ] -f + c n 

6oX m + b\X m ~ l + • • • + b m 

as x —> <», where n and m are positive integers, under each of the three 
hypotheses n < m, n = m, n > m. 

23. Show that for all positive and negative values of n 

Lira x n e~ x — 0. 


29. Show that for all positive values of n and rn 

= o. ' 

x n 

30. Show that for all positive values of n and m 

Lim x n (log x) m -- 0. 

■x-+ 0 

SI. Evaluate LimT-—-- — —— |. 34. Evaluate Lim (1 4- ax)*. 

X-> n LX — 7T sm XJ x-*>0 

32. Evaluate Lim x*. 35, Evaluate Lim (sin x) tenx . 


32. Evaluate Lim x*. 

x~* 0 

33. Evaluate Lim x*. 


36. In Fig. 16 find the order of CD. 
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37. Let T be the intersection of the tangents to the circle (Pig. 16) 
at A and B. Find the order of TC — CD. 

38. Two sides AB and AC of a triangle differ by an infinitesimal a, 
and the angle 6 at A is an infinitesimal of the same order as a. What 
order of infinitesimals is neglected if the area of the triangle is taken as 
| AB 2 61 as | AB • AC* 61 

39. If y = /( x) is a curve in Cartesian coordinates, show that the area 
bounded by the curve, the axis of x, and two ordinates separated by an 
infinitesimal distance Ax differs from y Ax by an infinitesimal of higher 
order. 

40. If r =/(0) is a curve in polar coordinates, show that the area 
bounded by the curve and two radii making an infinitesimal angle AS 
with each other differs from \ r 2 A6 by an infinitesimal of higher order. 

41. What order of infinitesimals is neglected in taking as 4 irr 2 h the 
volume of a spherical shell of finite inner radius r and infinitesimal 
thickness h ? 

42. A parallelogram has an angle which differs from 90° by an infini¬ 
tesimal of first order. What order of infinitesimals is neglected by taking 
the area of the parallelogram as the product pf two adjacent sides? 

43. Show that in a hyperbola the tangent makes equal angles with the 
focal radii drawn to the point of contact. 

44. Show that in a parabola the tangent makes equal angles with the 
focal radius to the point of contact and the line through the point of 
contact parallel to the axis. 

45. A circle of radius a rolls on a straight line. A point P on its rim 
describes a cycloid. If P moves to P f by an infinitesimal rotation d<j>, 
show by the method of infinitesimals that PP' = 2 a sin § <f> d<f>. Note 
that the linear displacement of the circle is a d<t> 9 and that the motion 
of P takes place in a direction normal to the line from P to the point of 
contact of the circle with the straight line. 

#46. Find d 2 y when y = sin x 2 under the two assumptions (1) that x 
is the independent variable; (2) that x = eK In the latter case first use 
formula (5), § 15, and check by substituting for x in the given value of y. 
d 2 y 

47. In Ex. 46 find as a quotient of differentials and also by direct 
differentiation. ™ 

48. Given y = e*, find d 3 y (1) when x is the independent variable; 
(2) when x = log z and z is the independent variable. Verify by substi¬ 
tution and direct differentiation. 

49. in the equation 

place y = sin z. 
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2 d 2 y , dy 


50. In the equation x 2 ---- + x — + Cx 2 -- n 2 )y ■ 
dx~ dx 


0 place y — x n z. 

51. In the result of Ex. 50 place x — 2 V?. 

52. In the equation 

(1-x 2 ) j~~2xj + n(w+l)t/ = 0 
, a dx z dx 

place x = cos 0. 

53. Show that if the equation of a curve y = f(x) is transformed to 
polar coordinates by the substitutions x = r cos 6 f y = r sin 0, the 

derivative becomes 

r 2 d6* + 2 d6 dr 2 - r d 2 r d6 
(cos # dr — r sin 0 d#) 3 
where # is the independent variable. 

54. Show that the formula for the radius of curvature of a plane curve 
y=f(x), namely, 


[i + (*)' 

\dx/ 


dx 2 

. [dx 2 + dj, 2 ] 1 

bec ° mes p= ____ 

for the curve x =/i(<), 1/ = / 2 W where t is the independent variable. 

55. Show that the formula for p given in Ex. 54 for the curve y = /(x) 
becomes r 

i^CDT 


r 2 -f- 2 


dr \ 2 


dtf 2 


in polar coordinates. Vd0/ 

56. Show that the formula for p in Ex. 54 becomes 

/dx\ 2 V 


i + (: 


dy/ J 


d^x 

dy 2 

if the curve is taken as x = 

57. if x = r cos 6, y~r sin 6, show that 

dy 

x - y 

dx d0' 

dy dr 

x+V-r 

dx 

Note that this is the expression for the tangent of the angle which a 
curve makes with a line from the origin. 
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17. Definitions. The expression 

a 0 + Gix + a 2 x 2 + a 3 x z + • • • + a n x n + • • • (1) 

is a power series. If the number of terms is finite, the.power 
series reduces to a polynomial; if the number of terms is unlim¬ 
ited, the power series is an infinite series. It is with infinite series 
that we are concerned in this chapter. 

The series (1) is said to converge for a given value x = xi if the 
sum of the first n terms approaches a limit as n is indefinitely 
increased. The limit is called the value of the series or, somewhat 
inaccurately, the sum of the series for x — x x . 

A simple and important example of a power series is that of 
the geometric series 

Oo + aox + aox 2 + a 0 x 3 -f.f ctor’* -f • • •. (2) 

The sum of the first n- terms of the series is, by elementary 

algebra, 1 — x n clq aox n 

Co ■- — ~ ~ * (3) 

1 — X 1 — X 1 — X 

Now if x is numerically less,than unity, the last fraction in 
(3) approaches zero as n increases indefinitely, and the sum of 
the first n terms approaches the limit 

do 

1 — X 


Hence the geometric? series (2) converges for any value of x in 
the interval — 1 < x < 1 . 

The series (2) defines, then, the function for values of x 

1 — x 

in the interval (— 1, 1), but does not define the function outside 
of that interval nor at its ends. 

A series which is not convergent is called divergent. As an 
example consider the harmonic series 



+ 3 + 7+--- + -Hh- 
3 4 n 


88 
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Now 3 + I > b 

X _i_ X _j x X ■*> X 

5 • 6 * 7 * 8 ^ 2 > 

and in this way the sum of the first n terms may be seen to be 
greater than any multiple of \ for sufficiently large n. Hence the 
sum of the first n terms does not approach a limit, and the series 
diverges. 

Return now to the general series (1) and set x = x\, obtaining 
oo + aixi + a 2 X! 2 + a$x i 3 H-h a n x\ n + • • (4) 

Let us replace each quantity by its absolute value, obtaining the 
new series 

|a 0 ( f ia 1 ||xi| + |a 2 ||^i 2 i + |a 3 ||xi 3 |4- 

+ |a n ||£i n |+ • • •. (5) 

We shall prove that if (5) converges, then (4) also converges. 
Let s n be the sum of the first n terms of (4), and let s n ' be the 
sum of the first n terms of (5). Now s n contains a certain num¬ 
ber of positive terms whose sum we call p n and a certain number 
of negative terms whose sum we call — q n , so that 

&n == Pn Qn» ( 6 / 

The positive terms of (4) appear in (5) unchanged, whereas 
the negative terms of (4) appear in (5) with signs changed. Hence 

Sn' = Pn + q n . (7) 

Now as n increases, s n ', p n , and q n each increases, since each 
is positive. Suppose s n ' approaches a limit A. Then p ny always 
increasing but always less than A, must approach a limit B ,* and, 
similarly, q n must approach a limit C. 

Hence, from (6), s n approaches a limit B — C. We have ac¬ 
cordingly proved the proposition that if (5) converges (4) also 
converges. 

It is tc he noticed that we cannot prove conversely that if 
(4) converges (5) does; for s n in (6) may approach a limit even 
if p n and q n separately do not. 

Summing up, we say that a series which converges when each 
term is replaced by its absolute valve converges as it stands . It is 
said to converge absolutely . The determination of the absolute 
convergence of a series reduces, then, to the determination of the 

* We will assume as evident that a quantity which ’ways increases either oer-umes 
infinite or approaches a fimtu HmiL 
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convergence of a series of positive quantities, and for that we 
shall find two tests useful: the comparison test (§ 18) and the 
ratio test (§19). 

18. Comparison test for convergence. If no term of a series of 
positive numbers is greater than the corresponding term of a known 
convergent series, the first series converges. If nd term of a given 
series is less than the corresponding term of a known divergent series 
of positive numbers , the first series diverges . 

Let a + c 2 + c 3 + ■ ■ • + c„ + • • • (1) 

be a series of positive numbers, and let 

M 1 + M 2 + M 3 + -f M„ -|- (2) 

be a known convergent series such that 

c n -c M n (3) 

for all values of n. 

Let s„ be the sum of the first n terms of (1), S n the sum of the 
first n terms of (2), and M the limit of S n . 

Then, from (3), all terms M n are positive and therefore S„ < M, 
and also from (3) s„ s S n , so that we have 

s„ < M. (4) 

As n increases, s„ increases and, by (4), approaches a limit * 
which is either less than or equal to M. 

The first part of the theorem is now proved; the second part 
is too obvious to need formal proof. 

In applying this test it is not necessary to begin with the first 
terra of either series, but comparison may begin with any con¬ 
venient term. The terms in either series before that with which 
comparison begins form a polynomial the value of whicn is finite, 
and the remaining terms form the infinite series considered. 

For example, consider the series 

111 1 

lj._j.-ta.ij- j———|-. (5) 

' 2 J> ' 3 P ~ 4 p ' ' n p ' ' ' 

If p 3 1, no term of the series is less than the corresponding 
term of the harmonic series 

I + ^ + S + t + - 

2 3 4 n 

and therefore in this case (5) diverges. 


* See footnote on page 39. 
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If p > 1, we may compare (5) with the series 

■ 1 + ^+^ ++ P + + ^ + < 6 ) 

' where there are four terms equal to eight terms equal to —- 

and in general 2 k terms equal to —%— • Now no term of (5) is 

{2 ) p 

greater than the corresponding term of (61, and (6) is the same as 


-ii 2 , 2 2 , 2 3 

1 + 2 ? + ^2 yp + (2 3 )p **" 


2 fc 


This is a geometric series with ratio equal to 
2 /IV 1 „ 


Hence the series (5) converges when p > 1 and diverges when 
P ^ 1. 

19. The ratio test for convergence. If in a series of positive num¬ 
bers the ratio of the (n + l)st term to the nth term approaches a limit L 
as n increases without limit, then, if L < 1, the series converges; if 
L > 1, the series diverges; if L — 1, the series may either converge 
or diverge. 

Let ci + c 2 + c 3 H-h c„ + c n+ i -4- (1) 

be a series of positive numbers, and let Lim = L. 

We have three cases to consider: *"* ” Cn 

Case I. L < 1. Take r, a number such that L < r < 1. Then, 


since the ratio 


approaches L as a limit, this ratio must 


become and remain less than r for n greater than some number, 
say to. Then 

Cm+i ^ rc m , 

Cm+2 < rc m+ 1 < r 2 c m , 

Cm + 3 TC m +2 ^ r 3 C m , 

and so on. 

Now compare (1), beginning with the term c m , namely 

k 

Cm + C m + 1 + C m + 2 + C m+ 3 + * * •> (2) 

with the new series 

Cm + rc m + r 2 c m + r 3 c m H-. (8) . 
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Each term of (2) is less than the corresponding term of (3), and 
(3) is a convergent series, since it is a geometric series with its 
ratio less than unity. Hence ,2) converges by the comparison 
test and therefore (1) converges. 

Case II. L > 1. Since the ratio approaches L as a limit, 

this ratio eventually becomes and remains greater than unity for 
» sufficiently large, s?: ,i > m. 

Then c n+ i > c m , c m+2 > c m+1 > c m , etc. Each term of (2) is 
then greater than the corresponding term of the divergent series 

Cm. ~}~ Cm ”1 Cm ~f" * , 

and therefore (1) diverges. 

Case III. L = 1. Neither argument given abe /e is valid, and 
experience shows that the series may either converge or diverge. 
As a first example consider 


1 + 2 + 1 + 1 + ... + JL 

A + 3 r 3 2 ^3 3+ + 3»- 


n +1 


+ 


(4) 


71 *4** 1 

The ratio of the (n + l)st term to the nth term is —-> which 

3 n 

approaches the limit | as n increases without limit. Hence (4) 
converges. 

Again, consider 


^ , n* (n + D n 

+ 2! + 3! + “* + n! + (n + 1)! 


The ratio of the (n + l)st term to the nth term is 


<5 + g = A ; IV, . 

n n \ ^ n/ 

which approaches the limit e as n increases. Hence (5) diverges. 
As a last example consider 

1 + + + (6 > 

/ n \ p 

The ratio of the (n + l)st to the nth term is (——) » which 

\n + 1/ 

approaches 1 as n is increased. Hence the ratio test fails, but it 
has been shown in § 18 that (6) converges if p > 1 and diverges 
if p S 1. 

20. Region of convergence. We now proceed to determine the 
values of x for which a power series converges. We begin with 
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the theorem that if a power series converges for x — it con¬ 
verges absolutely for any value x — x<, such that 

|x 2 i<|xij. 

We assume that the series 

Oo + di'Xi + (I2X1 2 + • • * + a n% l” + * * * ( 1 ) 

converges in any way and wish to prove that 

a 0 + dix 2 + a 2 x 2 2 H-h a n x 2 n + . (2) 

converges absolutely if \x 2 \ < jxi |. 

Since (1) converges, all its terms are hounded ; that is, there is a 
positive number M such that for ail values of n 

|a„xi w |< M. (») 



| do | + | d\X 2 [+•'•+( 0 H X 2 n ! + ■••. 


By (4) each term of (5) is less than the corresponding term of 
the convergent geometric series 


M + M 



M 



i x*> j 



Hence (5) converges and therefore (2) converges absolutely. 

If we place x — 0 in the series (1) we get do as the sum of IV 
first n terms, and the limit of that sum as n increases indefinite 
is still Co. The series therefore converges for x = 0, This may b< 
the only value of x for which the series converges. 

If there are other values of x for which the series converges, 
let x\ be such a value. Then, by the theorem just proved, the 
series converges absolutely for all values of x in the interval 


— X\ < x < Xi . 

Let us denote that interval on the number scale by Q] P x (Fig. 22). 
There may be no values of x outside the interval Q x P\ for which the 


series converges. If there is 
such a value x 2 , then x con¬ 
verges absolutely in a new 
interval Q 2 P 2 (—x 2 <x< x 2 ). 



If there is any value of x outside of Q 2 P 2 for which the series 


converges, we determine a new interval Q 3 P 3 for any point o ? 


which the series converges absolutely. Proceeding in this way it 
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is evident that the points P u P 2 , Pz either recede indefinitely 
from the origin or approach a limiting position R; that is, the 
aeries converges absolutely for all values of x or converges abso¬ 
lutely in a finite interval 

— R < x < R 

and diverges outside that interval. This interval is called the 
region of convergence. This argument does not say whether the 
series converges on the boundary of the region or not. 

The region of convergence of the series may frequently be deter¬ 
mined by the ratio test applied to the series of absolute values. 
Let us apply this test to the series (5), replacing each term by 
its absolute value. 

We take the ratio of 


( 6 ) 


o n+ 1 x " +1 

|ffln+l! 

a„x n 

| 1 


(that this is the ratio of the (n + 2 )d term to the (n + l)st term 
instead of the ratio of the (n + l)st term to the nth term is unes¬ 
sential). Now if the ratio 

[On+lj 

I 

approaches a limit L, then the ratio ( 6 ) approaches a limit L\x\ 

which is less than unity if \x\ < 7 and greater than unity if 

1 L 
j*| > 7 - Hence the region of convergence is determined as 

jL 

1 1 

-< X <- 

L L 

As an example take first the series 

l + 2 x + 3x 2 + -- --t- nx ” -1 + (n + l)x n + • • • • 

Tl | 1 

The ratio of the (n + l)st term to the nth term is- x. The 

n 

limit of this ratio as n increases indefinitely is x. The region of 
convergence of the series is — 1 < x < 1 . 

Secondly, consider 


1 + I + I + 


-n—1 


+ ■ 


+ TT+" 


(n — 1 )! n! 
n to the 

of this ratio is 0 as n increases indefinitely no matter what the 


The ratio of the (n + l)st term to the nth term is -• The limit 

n 
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value of x. Hence the series converges for all values of x. The 
region of convergence is — oo < x < oo. 

Finally, consider 

1 + x + 2!x 2 + 3!x 3 H-1- (« — 1)! x n_1 + n\x n f -. 

The ratio of the (n + l)st term to the nth term is nx. This 
ratio becomes infinite with n for all values of x except x = 0. 
Hence this series converges only for x = 0. 

21. Uniform convergence. Let (— R, R) (Fig. 23) be the region 

of convergence of the power series 

a 0 + aix + aaa^ 4-f a n x n + a n +iX n+1 4- , (1) 

and let (a, b ) be an interval lying completely in ( —R, R ) (Fig. 23). 
For explicitness take |6|>|o|. Let a 6 

the sum-of the first n terms of (1) be 1 q 1 # 

denoted by s„(x) and the sum of the Pj G 23 

remaining terms by r n (x), where 

r„(x) — a„x n + a, 1+ ia:" +1 + a„+ 2 x n+2 -)-. 

Place R n (x) = \a n x n \- J r\a n+ ix n+x j4-|o n+2 a; n+2 H-• (2) 

Then | r n (x) | s' R n (x). (3) 

If (I) converges absolutely, it is possible to take n so great that 
for any assigned positive quantity e 

Rn(x ) < e, (4) 

but the value of n in (4) depends in general on x. 

However, if n is so determined that 

R n (b) < e, 

then with the same value of n and any value of a; in the interval 
(«- b > Rn(x) < R„(b) < 6 

since j x | < 161. Hence, from (3), 

\r n (x) | < e. (5) 

A series is said to be uniformly convergent in an interval (a, b) if, 
when e has been chosen, a value of n can be found, independent 
of x, so that equation (5) is true for all values of x in the interval. 
We have proved that the power series is uniformly convergent in 
the region (a, b). The boundaries of the region may extend as 
closely as we please to the boundaries of the region of convergence. 

22. Function defined by a power series. We shall now prove that 
a power series defines a continuous function of x for values of x 
within the region of convergence of the series. 
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Any value of x in the region of convergence determines another 
definite value; namely, the limit of the sum of the first n terms of 
the series. This limit we define as the value of the function and 
write _ Qq QtX a2X 2 -j. anX n . . .. ( 1 ) 

It remains to prove the continuity of f(x). For that purpose 
let us write (1) in the form 

f(x) = § n (x) + r n (x) y (2) 

where s n (x) is an algebraic polynomial and r„(x) is an infinite 
series whose value is the difference between s n (x) and f(x). 

Let Xi be a value of x in the region 
of convergence and consider an in- “7# o'x-S x\+&'r 

terval (x l -8, x x + 8) (Fig. 24). By Fig! 24 * 

the property of uniform convergence, 

if € is any assigned positive quantity we can take n so great that 


|>‘n(x)j< - for all values of x in the interval (xi — 5, X\ + 8). 
o 

This fixes n in (2). 

Now take x + h in this interval and form 

fix + h)^ s n (x + h) + r n (x + h ), (3) 


where 


\r n (x + h) \ < 


From (2) and (3) we have 

J(x + h) — f(x) = s n (x + h) — S n (x) + r n (x + h) — r n (x). (4) 

Now s n (x) is an algebraic polynomial and therefore continuous. 
Hence h can be taken so small that 

| Sn(X “f* ^0 &n (.X ) j ^ “* 

Then in (4) 3 

I Six + h) — fix) 1511 s n (x -f h) -8 n (a0| + | r n (x + h)\ + \r n (x)\; 
that is, | fix 4 -h) — f(x) J < e. 

This proves the continuity of f(x). 

23. Integral and derivative of a power series. We shall prove 
the following theorems: 

J. A power series may he integrated term by term . 

We mean, speaking more precisely, that if (a, b) is an interval 
in the region of convergence, then 

r b p b po pb 

f{x)dx — j aodx+ a\X dx -f- • • • + / o, n x n dx +- • • •. (1) 

\S <U Q 
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To prove this, write 

J pb pb pb 

1 f{x)dx = / s n (x)dx + / r n (x)dx. (2) 

q a *■/ a 

Now by the property of uniform convergence it is possible to 
take n so great that for all values of x in the interval (a, b ), 


I jf'- 


{x)dx < 


J pb pb 

J(x)dx — Lim / s n (x)dx, 

a n -* oo U a 


which is exactly the meaning of (1). 

II. A power series may be differentiated term by term. 

We mean, speaking precisely, that if 

fix) — a 0 + aix + a 2 x 2 + • • • + a n x n H-, (3) 

then the series a* 4 -2 « 2 .r -f • • • -f: na„3r n_1 + • • • (4) 

converges in the same region as (3) and represents fix). 

A simple proof of the convergence of (4) which is valid in most 
cases may be given by means of the ratio test (§ 19). For the 
limit of the ratio of the absolute values of two successive terms 
in (4) is the same as the limit of the ratio of two successive terms 


in (3), namely. 


\x\ Lim 


\a n n ! 


so that if this limit exists and is equal to L, the region of conver¬ 
gence of each series is ^ ^ 

~z <x< v 

This proof fails, however, in the case in which L does not exist. 
Therefore we need another proof. Let x (Fig. 25) be a value of x 
lying in the region of convergence of (3) x 

and let X be a quantity such that ~-R O x~ + ~R 


x < X < R. 


O x R 
Fig. 25 


Since we are dealing with absolute convergence we may for 
convenience take x, X, and the coefficients of (3) as positive. 
Taking the nth term of (4) we may write 


( 6 ) 
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But — = r, a number less than unity, and it is easy to show by 
A. 

the method of indeterminate forms that 

Lim nr n ~ l = 0 when r < 1, 

n-+ oo 

Therefore n can be taken so large that 

v« — 1 

/ 

n 


<§) 


and, from (5), 


na n x 


< X 

"- 1 < a„X n . 


But the series with terms a n X n converges, since X is in the 
region of convergence of the series (3); therefore the series (4) 
converges absolutely. 

On the other hand, if x is taken outside the region of conver¬ 
gence and X is a value less than x, then (5) shows that eventually 

na n x n ~ x > a n X n ; 

and since the series with terms a n X n diverges, so does the series (4). 

We have now in two ways proved that the series (4) converges 
in the interval _ j? -v ^ p 


Hence, by the first theorem, it may be integrated term by term, 
and the integral is exactly (3) plus a constant of integration. 
Therefore (4) is the derivative of (3). 

As a consequence of this we may prove the following theorem: 


III. A function may be expanded into a power series of x in only 
one way. 

Let there be given 

/( x) = OO + aiX + a2X 2 + U3X 3 - 1 — •. 

We form f'(x) = ai + 2 azx + 3 a$x 2 + 

fix) — 2 «2 + 3! azx + • • •, etc.; 
whence 1 1 

Oo =/(0), o, =/'(0), «2 = i/"(0), •••,«„ = ^r(O), 

and we have Maclaurin’s series. Since this determination of the 
coefficients is independent of the manner in which the original 
series was obtained, we have proved the theorem. 

24. Taylor’s series. In the foregoing sections we have consid¬ 
ered functions defined by means of given series. Conversely, if a 
function is known, and known to be continuous and to possess 
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derivatives of all orders, it may be expanded into a power series. 
This is an extension of the work of § 7. We saw there that if fix) 
and its (n + l)st derivatives exist and are continuous, then 


f(x) = /(0) + f'(0)x + ■ ■ ■ + /<">( 0) —j + R, (1) 

where R = 7~ ~7 T r [/ (K+1) (£)- (° < £ < x ) 

(n + 1 )! 

Now if fix) possesses all its derivatives, and they are continuous, 
the formula ( 1 ) may be expanded indefinitely ; and if at the same 
time |R| approaches the limit 0 , ( 1 ) becomes a convergent 
infinite series representing fix). 

For example, consider 


where 

Hence 


,2*4-1 


sin x = x — — + 


+ (- 1) 
2*4 3 


R = ± 


x 


(2 k+ 3)1 


(2 k + 1)1 

cos 


+ R, 


*2k+ 3 I 


\R\< 


(2 k + 3)!' 


( 2 ) 


and whatever the value of | as |, the value of j 721 approaches zero 
as k increases infinitely. This is readily seen from the faet that 

i x? I 

if k is increased by unity, 12 ?I is multiplied by—— - 7 —j-?-—, 

(2k + 4)i2k + &) 

and this factor approaches 0 as k increases. Hence ( 2 ) determines 
an infinite series which represents sin x for all values of x. 

It should be noticed that it is not sufficient to establish the 
convergence of the series which would be obtained by dropping R 
from ( 1 ), because this series may converge but still not represent 
fix). In this connection, consider f 

fix) = e~ x ‘. 


If the value of fix) for € — 0 is defined as equal to the limit ap¬ 
proached as x —*- 0 , the function and its derivatives are continuous 
and have the value zero when x ~ 0 . 

Therefore Maclaurin’s series is 


1 

e~* = 0 + 0 -i-b 0 + R. (3) 

It is manifestly absurd to omit R and say that the resulting 
series represents the function. In fact R is the value of the function 
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for a given value of x and does not approach zero as a limit when 
the number of terms of the series is indefinitely increased. 


i 


Again, consider 
We have , 

sin x + e x * = x — 


f(x) — sin x + e x \ 

--+ (- 1 )" 


,3 


X 5 

5! 


x 2 k + l 

+ R ‘ 


(4) 


If R is dropped from (4), there is left a convergent series which 
does not have as its limit the function on the left of the equation. 
In fact we have already shown that the series in question defines 
sin x. 

This example is, of course, exceptional. As a rule, if the series 
/(Q) + x/'(0) + |/"(0) + ••• 

converges it represents fix) for all values of x in the region of 
convergence. This may be established for the elementary func¬ 
tions by discussing R as we have done in the case of sin x. This 
requires obtaining the general form for the nth derivative of the 
function, which in many cases is difficult or even impossible to 
obtain. A more general proof may be given by use of the prop¬ 
erties of the function of a complex variable (see § 147). 

We have discussed the series expansion in the neighborhood of 
x = 0. To expand the function in the neighborhood of x — Xo we 
have simply to place x’ = x — xo and proceed as before for x'. 
Suppose, now, that the power series 

ao + aix + a 2 x 2 + • ■ • -f a n x n -f • - • (5) 

defines/(x) for x within a region of convergence (— R, R) (Fig. 26). 
The series enables us to find the value of /(x) and all its derivatives 
for x — xo when xo is in the region of _ R ’ q’ r ' 

convergence. Placing x' = x — xo we - 1 — 

may obtain a new power series Fig. 26 

Oo' + «i'x' + « 2 'x' 2 + as'x' 3 + • • •, (6) 

which will converge in a region — R’ < x' < R'. If this region 
extends beyond the region (— R, R), we have fix) defined for 
values of x which lie outside the region of convergence of (5). 
Again, taking x' — x' — x'o we may form a series 

a 0 " + ai"x" + a 2 "x" 2 + • • •, 


which defines fix) in general for still other values of x. 
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In this way the values of the function defined originally by a 
series for certain values of x may be obtained for values which 
lie outside the region of convergence of the original series. 

25. Operations with two power series. We shall now show that 
two power series may be added, multiplied together, or divided 
one by the other, and the result is a power series which converges 
when each of the first two series does and which represents the 
sum, product, or quotient, respectively, of the two series. 

Let ao + aix + a 2 x 2 + • • • + a n x n -+-•••, (1) 

bo + bix + b 2 x~ + • • • 4~ b„x n -+-•••, (2) 

be two power series which converge for a given value of x, and let 

(a 0 +bo) + (ai + bi)x+ (a 2 + b 2 )x 2 -f (a n + b n )x" + ■ ■ ■ (3) 

be the result obtained by adding the series term by term. We wish 
to show that (3) converges and represents the sum of (1) and (2). 

Let s n be the sum of the first (n + 1) terms of (1), s„' the simi¬ 
lar sum for (2), and S n the similar sum for (3). Then 

S n = Sn S n , 

and since s„ and s„' approach limits, S„ approaches a limit which 
is the sum of the limits of s n and 

Again, let (1) and (2) be multiplied as if they were polynomials, 
thus forming the series 

dobo -f- (oo&i 4* dibo)x -j- ( dob 2 -f- (i\bi -f- a 2 bo)x 2 

+ (& 0&3 + d\b 2 4" d 2 b\ 4* dzbo)x s *-}-•••. (4) 

Let S 2n be the sum of the first 2n + l terms of (4), that is, 
of terms involving all powers of x up to and including x 2n , and 
let s n , s n ’ be as before. It is evident that all partial products 
formed by multiplying s„ and s n ' are found in S 2n , but that S 2n 
will also contain partial products not thus formed. These partial 
products may be arranged as follows: 

Oo(bn+iX n+1 4- • • • 4- b 2n x 2n ) 

4- a 1 x(b ni .ix n+1 4-b b 2n -\x 2n ~*) 

4-. 

4 - a n - 2 x n ~ 2 (b n +ix n+1 4- b n+2 x n+ 2 ) 

4- a n -ix n ~ , b n+1 x n hl 
4" Un+i^ n+1 (^o 4“ bix + • ■ • -f- b n -\x n ~ l ) 

4- a. n + 2 x n + 2 (b 0 4- bix + ■ ■ • 4- b A - 2 x n ~ 2 ) 

4". 

+ a 2n x 2n b 0 . 


(5) 
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Let the sum of the terms in (5) be represented by 8. Then 

S 2n = s„s„' -f 8. (6) 

Since a power series converges absolutely, the absolute value of 
s» is less than some finite quantity, say A, and the absolute value 
of s n ' is less than some finite quantity B. 

The parentheses in (5) are of two types. The first type is of 
the form b n+ ix n+l + ■ • • + b 2n - k x 2n ~ k . (7) 

This is less than the remainder of (2) after the n + 1 terms have 
been taken in s»'. Hence, since a power series converges abso¬ 
lutely, the sum (7) can be made in absolute value less than > 

where e is any assigned quantity , by taking n sufficiently great. 
The second type of parentheses in (5) is 

bo + b\X + • • • + b n ~]cX n ” k , 


which in absolute value is less than s' n and therefore less in abso¬ 
lute value than B. Hence, from (5), 

1 8 1 < (oo + aix H-b a„-iX n ~ 1 ) — .- 

A Jt> 

+ («n+ia; m+1 + • • • + a 2n x 2n )B. (8) 

Now, reasoning as before, the absolute value of the first paren¬ 
thesis in (8) is less than A and that of the second parenthesis can 
£ 

be made less than — - — by taking n sufficiently great. Hence it 
A + B 

is possible so to determine n that 

1*1 <«• 

Therefore, from (6), Lim S 2n = Lim (s„s n ')- 

In a similar manner it may be shown that 

Lim S 2n +i — Lim (s„s„'). 

Hence the proposition is proved. 

That (me power series may be divided by another follows from 
the fact that division is simply a process to find a quotient which, 
multiplied by the divisor, gives the dividend. A more general 
operation is as follows: 

Let !/=/(*) = oo + ai2 + - 

and z = 4>{x) = 6 0 + b\x + b 2 x 2 -1-. 


(9) 

( 10 )' 
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Then y = /[*(*)] = F(x) 

= cto -f- ai(bo -)- b\x + b2X 2 -(-•••) 

~h 02(^0 + b\X + b 2 X 2 + • • -) 2 
+ a 3 (b 0 + biz + bix 2 + • • -) 3 (11). 

+ •••• 


By computing the powers of the series for z and collecting the 
coefficients of the powers of x we may obtain in this way an 
expansion of y in powers of x. In many cases the coefficients of 
the powers of x will be infinite number series which can be com¬ 
puted only approximately, but in other cases they will be exact. 

For example, let us find log cos x. 


We have 


log cos x = log 



2! 


+ --- + 
^ 4.1 fit T 


= log (1 + u) 
_ u 2 u? 



■) 


where 
Hence 
log cos x = 


u — 


*! , 

2! 4! 


X 


6 


fi! + 


( x 2 x^ 
\~ J + 24 

+1 


720 


+ 


6! 

1 

2 


?! . ?! 

2 ' r 24 


x 


r 4 „6 \3 

+ ^__?_ + . 

2 *24 720 


2 X 


12 


45 


x 6 + 


a; 6 \ 2 

720 + ' ' / 


26. The exponential and trigonometric functions. By expansion 
into Maclaurin’s series the following series are obtained: 


Or*2 /v*3 

«’ = 1 + * + 2! + 8! + ' 


r 71 

+v 

nl 


sm x = x 


cos X = 1 


£ 


2fc+l 


or* 3 a«5 

. — 4 . -- 4 . f_l)*-+ 

3! ^5! ^ K > (2 fc -f-1)- 

/J»2 a« 4 yy.2 fc 


(1) 

( 2 ) 

(3) 


These series converge for all real values of x and may be taken 
as the definitions of the functions concerned. It is true that the 
series have been derived by a chain of reasoning which began with 
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elementary definitions. For example, sin x and cos x have been 
originally defined as ratios connected with an angle whose cir¬ 
cular measure is x. Properties of these functions are then devel¬ 
oped both in elementary trigonometry and in the calculus leading 
finally to the series above. 

This process may be reversed. The series given above may now 
be laid down as the definition of the functions, and all the familiar 
properties may be deduced from them. For instance, since two 
series may be multiplied, it is not difficult to show from (2) and 
(3) that s j n x cos y _j_ cos x s i n y — s j n ( x -|~ y) ; 


and since a series may be differentiated, it follows from (2) and 
(3) that ^ 

— sin x — cos x, 
dx 

d 

— cos x — — sin x. 
dx 


This method has the advantage of giving us a purely analytic 
definition with no dependence on a geometric construction. The 
connection with an angle becomes then merely an application. 
This definition also makes it possible to speak of the values of 
e x , sin x, and cos x when xjhas a complex imaginary value of the 
form a + bi where i = V— 1. 

The study of the complex variable will be taken up in detail 
in Chapter XV. It is assumed now that the student has acquired 
from elementary algebra the knowledge that a 4- bi may be oper¬ 
ated on by ordinary rules of algebra, with the addition that i 2 is 
to be placed equal to — 1. Hence if we place x — a + bi in each 
of the series (1), (2), (3), there result two series, one not involv¬ 
ing i, the other multiplied by i, and these define e a+b \ sin (a +• bi), 
and cos (a + bi) respectively. 

However, we shall be concerned in this section only with the 
result of replacing x by xi in (1), 


Since 

i 2 = — 1, i 3 = — i y 



we have 

e xl ~ (1 — — — 

\ 2!^4! 

$ 


— cos x + i sin x. 


— 1, etc., 

/ /v3 />•'-’ \ 

i+ T"*3! + 5!"'' ^ (4) 


Similarly, we obtain 

e~ xi -- cos x — i sir, r„ 


( 5 ) 
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From (4) and (5) follow immediately 


sm x ■ 


— e 


2 % 


- > COS X ~ 


e +£ 

2 


( 6 ) 


These formulas show a remarkable relation between the expo¬ 
nential and trigonometric functions. 

By the law of multiplication of series it is easy to show from 
(1) the truth of the exponential law 

e *i e *2 - e *>+*2. (7) 

Hence we have, from (7) and (4), 

yi _ e ~ e yt _ e -f( CO s y -f- i sin y). (8) 

From the formula (7) it follows that 

(e 9i ) n = e M9< , 

where n is a positive integer. Rewriting this equation in the 
light of (4), we have De Moivre’s theorem; namely, 

(cos 6 -f i sin 8) n = cos nd -f i sin nd. (9) 


This may also be verified for small values of n by actual multi¬ 
plication and then proved by mathematical induction for n equal 
to any positive integer. It is also true when n is negative or 
fractional, but we will not go into this now. 

27. Hyperbolic functions. From analogy with the sine and cosine 
as given in (6), § 26, we may define two new functions, called the 
hyperbolic sine and the hyperbolic cosine, as follows: 


sinh x — 



, e* + e~* 
cosh x --- 


( 1 ) 


Other hyperbolic functions are then defined by the equations 

, sinh x 
tanh x = —;—> 
cosh x 

COth X — -—~r > /n, 

tanh x W 


sech x — —;—> 
cosh x 


cosech x — - 

sinh x 
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The series expansions for sinh x and cosh x are then, from (1), 


sinh x 

X 6 x° 

_X + 8! + 5! + ’' 

+ (2£ + l)! + ’ 

(3) 

cosh x 

. X 2 X 4 

X 2 * 


= 1 + 21+4! + ' 

+ (2 k)\ + 

(4) 


The hyperbolic sine and cosine are connected with the trigono¬ 
metric sine and cosine by the relations 

sin ix = i sinh x, cos ix = cosh x, (5) 

which may be proved by replacing x by ix either in the formulas 
( 6 ), § 26, or in the series (2) and (3), § 26. ’ 

It is clear that the hyperbolic functions must satisfy relations 
similar to those for the trigonometric functions. These may be 
derived directly from the definitions ( 1 ) or by substituting from 
(5) in the usual formulas of elementary trigonometry. We have, 
for example, cosh 2 * _ s i n h 2 x = 1 , 

1 — tanh 2 x — sech 2 x , 
coth 2 x — 1 == eosech 2 x, 
sinh ( x ± y) = sinh x cosh y ± cosh x sinh y , 
cosh ( x ± y) = cosh x cosh y ± sinh x sinh y, 

- 7 - sinh x = cosh x, 
dx 

d 

— cosh x = sinh x, ( 6 ) 

dx 


— tanh x = sech 2 x, 
dx 

and others, some of which will be found in the list of exercises for 
the student. 

The inverse hyperbolic functions are defined by the equations 
y = sinh" 1 x when x = sinh y , 

y = cosh" 1 x when x == cosh y, (7) 

y = tanh -1 x when x = tanh y, 

and similar forms for the other three functions. 

Prom the equation 6 j/ __ e -v 

x = sinh 1 / =-—— 

e 2 *' - 2 xe" = 1; 
e v — x -f Vx 2 + 1, 


we get 
whence 
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where only the positive sign of the radical is taken, since e v is 

always positive. Hence _ 

y — sinh- 1 x — log (x +Vx 2 -f l). (8; 

In the same manner it may be proved that 


cosh -1 re = ± log (x + Vac 2 — l), 


tanh 1 x 


From the equation 
we get 

dy 
dx 


whence 


1 1 + x 

=2 log r^- 

x —■ sinh y 
dx = cosh y dy; 
1 1 


(**) 

( 10 ) 


that is, 


d_ 

dx 


cosh y Vl + sinh 2 y ’ 
1 

sinh -1 


Vl . + ; 


( 11 ) 


i where the plus sign is taken for the radical when x is real, since, 
from (1), cosh y is always positive. 

Similarly, we may prove that 


d . 1 

— cosh' 1 x — ± — ===== i 
dx Vx 2 - 1 


d 


dx 


-tanh 1 x 


1 

1 -aV 


( 12 ) 

(13) 


From the last three formulas follow the formulas of integration: 


dx 


S'/a? + a 2 
dx 


■ sinh 1 - > 
a 

cosh -1 -» 
a 


1 , r.~l ^ 

„ „ = - tanh -• 

a — x a a 



(14) 

(15) 

(16) 


28. Dominant functions. Let 

/(x) — Oo + aiX + a 2 x 2 + • • • (1) 

be a function defined by a power series, and let 

<f>(x) — Ao ~F A\X -f- A 2 x 2 F * * * (2) 

be a second function defined by another power series in which the 
coefficients A„ are all positive and such that 

A n > |a n 


(3) 
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Then the function 4>(x) is said to dominate the function j\x) in 
the region of convergence of the two series. 

For a given f(yc) there are an infinite number of dominant func¬ 
tions. A simple one may be found as follows: 

Let r be any positive number in the region of convergence of (1). 
Since (1) converges absolutely for x — r, there is some positive 
number M which no term can equal or exceed in absolute value; 

thatis ’ |o„| r n '< M. (4) 

Consider the function 




M 



r 


M 

= M + — x + 
r 



(5) 


This series converges when \x\< r and, by (4), 



Hence <f>(x)' is a dominant function in the region (— r, r). 

29. Conditionally convergent series. We have been concerned in 
the previous sections entirely with absolutely convergent series. 
It has been noted, however, that a series may converge even when 
it does not converge absolutely. Such a series is called condition¬ 
ally convergent . For example, consider the series 

1 ~ 2" ^ t H" j> ~~ *r H~ * ' *• (F 

The sum of the absolute values of the term of (1) is the harmonic 
series (§17), which is known to diverge. Hence (1) does not 
converge absolutely. However, it does converge as it stands. To 
show this let us plot on a number scale successive values of 


The appearance of the graph (Fig. 27) may be compared to the 
swing of a pendulum, every s with an odd subscript corresponding 
to a swing to the right, every s with s 2 s 4 s 3 s 

an even subscript corresponding to q u t f 

a swing to the left. Every swing in Fig 27 

one direction is less than the previous * i “' 

swing in the other direction, since the numbers added or sub¬ 
tracted are growing smaller. Hence S2 n increases with n but 
remains less than 1, and therefore S 2 n approaches a limit L.* 

* See footnote on page 39. 
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Similarly, s 2 n+i is growing smaller, but is always greater than 
Hence s 2n +\ approaches a limit L'. But 

, .,. 1 " . 

\SZn+l-S 2 n \=^+l’ 

so that Lim|$ n +i — s n | = 0 and therefore L = L'. 

The series (1) is a special case of a general type of series of 
importance for which we have the theorem 


If in a series of alternately positive and negative terms each term 
is less in absolute value than the preceding term , and the absolute 
value of the terms approaches zero as a limit as the number of terms 
increases without limit, the series converges. 


We have 

oq — ai + a 2 — a>s + • • • + (— l) n ~ 1 a n + (— l) n a n+ i + * • *, (2) 

in which the a’s are positive numbers with 

a n +i < a n and Lim a n = 0. 

71 —* 00 

The proof that this series converges may be given on the lines 
on which the convergence of (1) was proved. 

It should be noticed that the limit approached by the sum 
of n terms of a conditionally convergent series may depend upon 
the order in which .the terms are arranged. Suppose A is any 
arbitrarily assumed number, which for convenience we take as 
positive, and let us arrange the terms as follows. Take at first 
just enough of the positive terms in the order in which they 
appear in (2) so that their sum exceeds A; then just enough of 
the negative terms so that the sum of all the terms taken shall 
be less than A ; then just enough positive terms so that the sum 
of all the terms taken shall again be greater than A; and so on. 
In this way s n is alternately greater and less than A, and it. is 
easy to see, since the terms are decreasing in absolute value, that 
s n approaches A as a limit. 

The limit of the sum of n terms of an absolutely convergent 
series, however, does not depend upon the order in which the 
terms are taken. 

To prove this let 

®o + + a .3 H" • • • + ~f~ • • * (3) 

be a series of positive numbers and let 

bo 4" bi + &2 + &3 4* • • • + bn 4" * • • 


(4) 
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be the same series with the terms in different order, but so that 
each term of (3) is found somewhere in (4) and each term of (4) 
is found somewhere in (3). 

Let s m ' be the sum of the first m terms in (4). Then n may 
be taken so large in (3) that all the terms in s,„' are found in 
the n terms of (31. Hence 

Sm ^ Sn ^ 4 , 

where A is the limit of the sum of the tgrms of (3). 

Hence s m ' approaches a limit which is equal to or less than A. 

In the same way the limit of s n may be shown to be equal to or 
less than the limit of the sum of the terms of (4). 

Hence (3) and (4) converge to the same limit. 

Since an absolutely convergent series may be considered as the 
difference of two' series of positive terms, the theorem follows. 
f 

EXERCISES 


Determine the convergence or divergence of the following series: 

1,1, 1 ", , 1 

1 . — + ~ + — + • ' • 4 - 5 - 7 + • • •• 

2 5 10 n 2 +1 

2 ' 1-2 -3 + 2-3-4 + " ' + n(n + l)(n+2) + ' ’ '* 

3. l+^5 + r5 + -- -+ — + 

2 2 3 3 n n 

4 J- + J- + JL + ...+ _ 1 _ + ... 

'1-2 2-3 3-- 4 ' n(n +1) 

. 6. - 1 — + -i- + -i- 4--1---1-. 

1-2 3-4 5-6 (2 n — 1)2 n 

«. i + i + i + ...4—-—t- • • 

$ 2 4 2 6 s (2 n) 2 

2 2 2 2" -1 
7 - 1 + i + n + " ' + 3 ■ 5 - 7 - : . (2n-1) + • "• 

8 ' 1 + ^ + li + "' + »i + '"' 

9 .| + JL + ^ + ." + _2L±l^ + .... 

2 2*3 3-4 w(n -f 1) 

10 ‘ 1~3 + 5^7 + 9 • 11 + ’ ' + (4 n — 3) (4 n — 1) + ‘ 

03 03 

11. 1 + — + — + ••• + — + • *-• 

2! 3! id 
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U.1 + 1 + 1 + . 

4 r 4 2 4 3 + 

3 3 2 3 3 

18 T^ + F3 + 3— + ‘" + 

14. 1 + + —- + 


3 n 


n(n 4- 1) 

(2 n — 1 )nl 
22 / 1-1 


3(2!) 5(3!) 

2 3 2 5 

15 - 2 + T + T + '* , + 5 = ~~r 4 ‘ 
3 5 2 — 1 

111 
16.-h -r-1-f- • • • + 

2 • 1 2 3 * 3 2 6 • 5 

2 2 2 2 3 
17 t^ + 2^ + 3ti + --- + 

18 '2 i 5 + i J ^ + 4 i 55 + '"'' 

I9 'f + P + P + "' + F + ' 


+ * 
4~ 


2 2n ~ 1 (2n- 1) 
2 n 


+ • 


n(n -f 1) 
1 


+ 


(n+ l)5 n 


4- 


11 3 1 3 2 

20, 2 + 5'P + P'P^ 


+ 


5 n 


2 n 


Find the region of convergence of the following series: 


3 9 4 , 

81. x + -x 2 + —X s 4- 
5 10 


+ —r + 


22. X-1- 

3! 5! 


n 2 4“ 1 

~‘2k+l 

+ (- !)* —-— + ■ 


23. - 4- a? 4- ~ 4- ■ 

a a 2 a 3 

02 Q 2 

24. 1 + Y a: + P a:2 + ' 

32 

25. 1 + 3 Z + — a: 2 + • 


+ ■ 


+ ■ 


(2 k + 1 )! 

&"- 1 

j”- 1 + • 


26.1 + nx + 


n(n-l) 2 


2 ! 


a; 2 + 


(n - 1)! 

n(n — 3) 


4- 


(»-* + !), 


k\ 


x * + 


1 X X 

27 -i + p + p + " 

X 1 X 3 1 X 6 
28. — — — — 4“ — — 
3 3 3 s 5 3* 


+ ■ 


■ + 


2™ 

•f (- I )"' 1 


2 n — 1 3 2n - 


+ 


x‘ 


291_ r + i 


1 • 3 


■ + (-D 


n —1 1*3*5' 


2 n — 3 


12-3 
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30. Shov/ that do P d i P 0-2 -f- * - • -E ct n -f-- • • * 

Uf - *J r -»— 

converges if Lim va n < 1 and diverges if Lim Va n > 1* 

n -* oo n - > oo 

31. Show that 

■^o(x) 4- tti(x) 4- u 2 (x) 4-h ^*(:r) 4' • * •, 

where ?*<>(#), Wi(a:), * * •, u, t (x) are functions of (a). is uniformly con¬ 
vergent in a region (a, h) if a convergent series o£ positive numbers 

Mo 4 Mi 4* M 2 4*-f M n + • • • 

can be found such that \v%{x) \ < Mi 
for all values of x in the interval. 

32. If d\ 4~ ®2 4~ &3 4" • * * 4* 4“ • * • 


is an absolutely convergent series, prove that 

ch sin x 4- sin 2 x t * * • 4- a n sin nz 4* * • • 

is uniformly convergent in the interval (0, 2 tt). 

S3. Prove that 


x 2 4* 


+ <r 


a- 2 )" 


+ • 


\ _i_ ^2 x 2 y 2 

is not uniformly convergent in any interval which includes #; 
34. Prove that any series 


0 . 


Ui(x) 4- u 2 (x) f • * • 4" Unix) 4- • ■ • 

of continuous functions Ui(x) which is uniformly convergent in an 
interval {a, b) defines a continuous function in the interval. 

35- Show that any series of continuous functions which converges 
uniformly in the interval (a, b) may be integrated term by term be¬ 
tween limits which lie in that interval. 

36. Show that any series of continuous functions may be differentiated 
term by term if the resulting series is one of continuous functions which 
converges uniformly. 


Show by consideration of R that the following series really repre* 
sent the function and determine the region of convergence: 


37 , e : 


i + * + if + 


3C- 

38. cos x ~ 1 f — 
21 4< 


/V»7i 

+ -,+ 
nl 


X'* 


39. log (1 + x) = x ——4“ —- • 


40. (1 4 x) n ~ 1 4- nx 4* 
I 


n(n — l)a 2 
— 


41. 


1 4- x 2 


1 — :c : 4- x 4 — a 6 + 
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Obtain expansions of the following functions by integration of a 
series and determine the region of convergence: 

J °>/l-x a "Ol+x 2 

dx 


42. ain - * 1 x ■ 


44. log (x 4- vr+ x 2 ) ~ ( x ~~.= 

Jo VI 


4* x 2 


Obtain series expansions for the following integrals and determine 
the region of convergence: 


45. f x e~ x *dx. 
Jq 


46. f 


cos x 2 dx. 


x x ” 


47 . r x J 

Jo 1 


+ x 6 


dx. 


Find by combinations of elementary series already obtained expan¬ 
sions of the following functions: 


48. tan x — 

49. sec x = 

50. cot a; ~ 

51. c? sec x. 


sm x 
cos X 
1 

COS X 
COS X 

sin x 


52. 


sin~ A x 

vT~ x 2 


53. e sin *. 

54. e co3x = c • e C03x “\ 

55. c tanr . 

56 

57. log (1 -f sin x). 


v e y _ e -v 

58 Show that sin (x 4- iy) =--sin x + i ——--cos x. 


59. Show that 


2 


cos (x 4- ry) = 


e* + e~ v 


cos X 


. e* 


sm x. 


2 2 
80. From formula (9), § 26, assuming that the real and imaginary 
parts- of two equal complex quantities are equal, derive the formulas 

n(n — 1) 


cos nO = cos 71 0 


9 i 


eos n-2 0 sin 2 0 


+ 


n{n — l)(n — 2 )(n — 3) 

4l 


cos n ~ 4 0 sin 4 0 


sin nO = n cos n '- 1 0 sin 0 — —~~—— cos* ~ 3 0 sin 3 0 4 - 

u! 

61. Apply the method of Ex. 60 to find cos 3 6 and sin 3 0. 

62. Apply the method of Ex. 60 to find cos 50 and sin 50. 

63. Prove formulas ( 6 ), § 27. 

64. Prove formulas (9) and (10), § 27. 

65. Prove formulas ( 12 ) and (13), § 27. 

66 . Construct the graphs of sinh x, cosh x, tanh x. 

67. Find formulas for sinh 2 x and cosh 2 x. 
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X X 

68 . Find formulas for sinh - and cosh -• 

2 2 

69. Prove that 

sinh (x 4 - iy) — sinh x cos y + i cosh x sin y, 
cosh (x + iy) = cosh x cos y 4 - i sinh x sin y. 

70. Show that if a 0 = 0 in ( 1 ), § 28, the function 

M 


M 


x 

1 -- 
r 


is a dominant function. 

71. Show that in (1), § 28, 


| r n (x) | < M 


72. Show that the series 

Vi + Vi Vi + 


(r 


1-5 

r 


+ (-!)" 


Vn 


converges conditionally but not absolutely. 

73. Show that the series 

U\ 4 - U 2 4 - U 3 4 - * • * 4 - u n + 1 

C nn sin x , 

. - dx > 


where 

converges, 


y (n—l>7r 


74 . Cauchy's integral test. If the terms of a series 


Oi 4- U 2 4** U 3 4" * • • 4" a n 4“ • • * 

are all positive and decreasing, and if a constantly decreasing function 
f(x) can be found such that f(n) = a n , show that the series converges if 

the integral f f(x)dx approaches a definite limit as R 00 and diverges 

if it does not. 


75 . Apply Cauchy's integral test to the series 

1 _ 1 _ JL_ 

2 (log 2 ) p + 3(log 2 )» + " ' + w(log 2 )” + " '* 

76. Apply Cauchy's integral test to the series 

cot -1 1 4- cot " 1 2 4- cot " 1 3 



CHAPTER III 

Partial differentiation 


30. Functions of two or more variables. A quantity j(x, y ) is a 
function of two variables if the value of / is determined by the 
values of x and y. The values of x and y may be represented in 
the usual way, as coordinates of a point on a plane. Then to 
every point of the plane is associated a value of /, and we may 
speak of the value of / at a'point (x, y) as a convenient way of 
saying the value of / for the number-pair (x, y). This manner of 
speaking may have a physical meaning; as, for example, if / is 
the intensity of illumination or electric potential at each point of 
the plane. The method is useful, however, when there is no 
physical meaning of the function and it is simply an abstract 
function. 

The function f(x, y) is continuous at a point (a, b) for which 


it is'defined if Lim f(x, y) — f(a, b) 


(1) 


x->a 
y A 


independently of the manner in which x approaches a and y 
approaches b. 

As an example of a discontinuity, consider 


fix, y) = 


y 


x 2 + y~ 


( 2 ) 


The function is not defined by (2) for x = 0, y — 0. It is in order, 
therefore, to complete the definition of f(x, y) by assigning to it a 
definite value A for x — 0, y — 0. It is not possible, however, so 
to choose A that f(x, y) is continuous at (0, 0). For let ( x, y) 
approach (0, 0) along the straight line y = mx; then along this 

line „ 1 - m 2 


and by changing m the function, on the right may be given any 
value whatever. Hence f(x, y) will not approach A for all ways 
in which and |/ —^ 0. Hence f(x, y) is not continuous 

at (6, 0). 
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The definition of continuity may be more explicitly given as 
follows: Let e be any assigned positive number no matter how 
small; then if f(x, y) is continuous at (a, b), it is possible to find a 
number 8 so that |y (a + h>b + k - ) _ f(a> 5 )|< e 

for all values of h and k for which | h | < 8. | k | < 8. 

Graphically this means that it is possible to surround (a, b ) by a 
square of side 2 8 (Fig. 28) so that for all points in the square the, 
difference between /(x, y) and /(a, b) 
is less than e. 

A quantity /(x, y, z) is a function 
of three variables x, y, z when its 
value is determined by these vari- P 
ables. We may interpret ( x , y, z) as 
coordinates of a point in space and 
speak of the value of / at a point. 

Then /(x, y, z) is continuous at a point __ 

(a, b, c) for which it is defined if 0 

Lim /(x, y, z) = /(a, 6, c) 

as (x, y , z) approaches (a, 6, c) in any manner whatever. More 
exactly: If e is any small positive number, f(x, y, z) is continuous 
at ( a , b, c) if we can find another small number 8 so that 

| f(a + h, Jj + k, c + l) -/(a, b T c)| < e 



for all values of h y k y and l for which \h \ < 3, [A| < 5, |2| < 8. 

Geometrically this means that we may surround the point 
(a, b f c) with a cube of side 2 8 such that the difference between 
/(x, y f z) and /(a, b , c) for all points in the cube is less than e. 

Similar definitions hold for a function of four or more variables. 

If / is a function of any number of variables continuous at 
each point of a given region, theorems I-TV of § 2 remain true, 
with the word " interval ” interpreted as meaning a square in 
two dimensions, a cube in three dimensions, and so on. 

31. Partial derivatives. Given /(x, y) we may hold y constant 
and allow x to vary, thus reducing / to a function of x only, which 
may have a derivative defined and computed in the usual way. 
This derivative is called the partial derivative of / with respect 


to x and is denoted by the symbol of f x or ~ 
definition, ^ ox 

OX \dxly h 


or (£); 
• /(*, y) 


Thus, by 
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Again, by holding x constant we make / a function of y alone, 
the derivative of which is the partial derivative of / with respect 


to y, 


Su 


df. 

dy 


#)=L im 

dy/x i-o 


fix, y + k)- fix, y) 


( 2 ) 


The theorem of the mean obviously holds for each of the par¬ 
tial derivatives; that is, using the form (3) of § 6, 

fix + h, y) —f(x, y) + hf x (x + 0i h, y), (0 < < 1) (3) 

fix, y + k ) =fix, y) + kf v ix, y + d 2 k), (0 < 0 2 < 1) (4) 

and, by combining these two, 

fix + h,y + k) = fix, y) + hf x (z + dih, y) -f kf y (x -l h, y -f 0 2 k). (5) 

If fix, y) has partial derivatives for each point of a domain, those 
derivatives are themselves functions of x and y and may have par¬ 
tial derivatives, which are the second partial derivatives of the 

function. We have then 1(f). 1(f). 1(f). 1(f). 

ox \dxj dy \ox/ Ox \oyj dy \dy; 

but, as we shall show presently, if fix, y) and its derivatives 

t)f 

— ahd — are continuous, the order of differentiation is imrna- 
8x dy 

terial, so that the second partial derivatives are three in number, 
expressed by the symbols 


£_ (df 
dx \dx, 

d_m 

dy \dx 
d /of 


fx. 


djf 
dx 2 
d fdf\ 
dx \dy) 

dy 2 ' 


J_ 2 f_ 
dx dy 


( 6 < 


dy \ dy) 

Similarly> the third partial derivatives of fix, y) are four in 
number; namely: 

3 / d 2 f\ d 3 f 
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So, in general, 




signifies the result of differentiating 


dx p dy q 

f(x, y) p times with respect to x, and q times with respect to y, 
the-order of differentiation being immaterial. The extension to 
any number of variables is obvious. 

Similarly, we have partial derivatives of any orders of a func¬ 
tion of any number of variables. 

32. Order of differentiation. It remains to prove the statement 
that the order of differentiation is in general immaterial. We 


shall denote ~-(^r 
oy\ox 


by f yx and 


±(Sf 


by fx V and shall first prove 


dx\dy) 

that if / has derivatives f x , f y , f yx , and f xy which are continuous at 
the point (a, b), then 

Jxy(a, b) —fy X (a, b). (1) 

For that purpose consider the expression 

f{a + h,b + k)- f(a, b + k) —f(a + h, b ) +f(a, b ) 


hk 

and in the first place let 

fix + h,y)~ f(x, y) = F(x, y). 

F{a, b + k) — F(a, b) 


Then 


I = 


hk 


( 2 ) 

( 3 ) 

( 4 ) 


By hypothesis fix, y) is continuous and has continuous deriva¬ 
tives, so that Fix, y) has the same properties. Hence we may 
apply the theorem of the mean to (4) and have 

T F y {a, b + 0\k) f y (a + h, b -+• Oik) — f v ia, b + Oik) 

' h ~ ~h ' (t>; 

By our hypothesis we may apply the theorem of the mean 
again to (5) and have 

I — fxyi& + 0 2 h, b + Oik). (0 < 6 U 0 2 < 1) 

Again, let us place f(x, y + k) — f(x, y) — <b{x, y). 

r ^>(a + h,b)— d>(a, b) 


Then (2) gives 


hk 


( 6 ) 

( 7 ) 

( 8 ) 


Applying the theorem of the mean, we have 


r — 


i'xia + 0 3 h, b ) f x (a + 0 3 h, b + k) — f x (a + 0 3 h, b ), 


k k 

and, after again applying the theorem of the mean, 

I —fyxia + Osh, b + OJc). (0 < 0 3 , 0 4 < 1 ) 


( 9 ) 


( 10 ) 
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From (6) and (10) 

+ 02 h, b -|- 6i k) = f yx (a + 8zh, b + OJc). (11) 


Now let h-*- 0, A: —► 0. Since by hypothesis f xy and f yx are 
continuous at (a, b), we have, from (11), 

fx V (a, b) =f yx {a, b), (12) 

which was to be proved. 

From this result the statement that the order of differentiation 
is immaterial for any number of differentiations or variables read¬ 
ily follows, of course with the proper assumptions as to continuity 
of the functions involved. For example, since 


_£/$A = 0/2A 

dy\dx) dx\dy)’ 


we have, by replacing / by 


8y dx \dx 


7 dx dy\dx) ’ 


and again, interchanging the order of two differentiations, 


so that 


d_d_ 
dx dy 
d 3 f 


K 

dx. 


\ d_ d_ fdf\ 

7 dx dx \dy) 

d' s f 


df\ 

dy) 

d 3 f 


dy dx 2 dx dy dx dx 2 dy 


33. Differentiation of composite functions. We shall consider in 
this section a function of any number of variables x, y, z, ■ ■ 
when x, y, z, etc. are functions of other independent variables 
r, s, t, • -. 

The number of variables in each set is immaterial. For defi¬ 
niteness, however, we shall consider 

f(z, y) 

and fix our attention on some one of the independent variables, 
say t. If t is given an increment At, then x, y, and / receive incre¬ 
ments Ax, Ay, A/, and 

A f — fix + A x,y + Ay) - fix, y) 

— ~ Ax + ~ Ayei Ax €2 Ay, (1) 

dx dy 

whieh is obtained from (5), § 31, by writing h = Ax , k — Ay and 
noting that the coefficients of h and A differ by infinitesimals 
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from f x and /„, respectively, under the hypothesis that these 
functions are continuous. 

Divide, (1) by At and take the limit as At —*■ 0. 

If t is the only independent variable, 

Af df Ax dx , 

Lim -77 — ~r, • Dim —~ = —> etc., 

a*-*o A£ at At-* o A t dt 

df 

dt 


and we have 


dx dt 


a > etc., 


dy dt 

If, however, there are other independent variables besides t, 

dx 
dt' 
d[ 

dt' 

If we differentiate (2) with respect to t, we have 


( 2 ) 


T . A/ df 
Lxm — = —» 
At - o At dt 


T . Ax 
Lim — 

At->0 At 


and we have 


df dx df dy 
dx dt dy dt 


df:.. 


d~f _ d /df\dx df d 2 x d /df\dy df d 2 y 
dt 2 ~~ dtVdx) dt dx dt 2 dt\dy/dt ' dy dt 2 


(3) 


(4) 


Now is a function of x and y, and therefore (2) may be applied, 
dx df 

with / replaced by ■—* Then we have 
ox 


d <d£\_ <Pf dx , 8' 2 f dy 


.Similarly, 


dt \dx/ 
d(df 
dt \dy 


dx 2 dt dx dy dt 
d 2 f dx d 2 f dy 

dx dy dt dy 2 dt 


Substituting in (4), we have 
dff__ d£f /dx\ 2 „ g 2 / dx dy 
dt 2 ~dx 2 \dtj ' dx dy dt di dy 2 \dtj 

Similarly, starting with (3) we get, when x and y depend upon 
s and t, 




KMi+KKi. 

dx dt 2 ' dy dt 2 


(5) 


d 2 f d 2 f/dx\ 2 0 d 2 f dx dy . d 2 f/dy\ 2 dfd 2 x , dfd 2 y 

0^2 ” t Qi / « Cl-. Dx Dx 1 0..21 CVi I "i Dx f 2 * O.. Da2 


and 


dt 2 dx 2 \dt) 

d 2 f 


' dx dy dt dt ' dy 2 \ dt 


ds dt 


Wdxdx . , 

dx 2 ds dt dx dy \9s dt dt ds 


d 2 f (dx dy + dx dy ^ d 2 f dy dy 


dx dt 2 1 dy dt 2 
dy 2 ds dt 


( 6 ) 


. df d 2 x 

» o... 


dx ds dt 

Obviously (7) reduces to (6) if s = l 


KJl.il. 

dy ds dt 


( 7 ) 
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In a similar manner expressions for the third and higher deriva¬ 
tives may be found. 

We shall consider special cases of importance with changes in 
notation. 

Case I. f(u), where u — <j>(x). 

Here formulas (2) and (5) take the following forms; 

df . du 

-r = / (M) T’ 
ax ax 




Case II. /(«), where v, — qj{x, tj). 

We have, from (3), (5), (6), and (7), 

... . du of . du 
--- —, ~ -y (u> > 

ox ox of df 

a 3 / Jdu? „ d 2 u 

— -=/' (■«) (•— ) + /'(«) — > 
eb;~ \ox/ o’x- 

d 2 / .... , 0K o« , ... chi 

ox Of ox cy ox Oy 


j tmj i 


V ! Olt 


As an example, let it be required to show that /(r/‘ f fr) sat- 

or ox 

isfies the equation y —— x — =•- 0. We place « = x 2 -f f 3 . Then 
ox oy 

f(x 2 -f y 2 ) = f(u) and, from the equations given above, 

- 2 xf(u), “- =• 2 yf'(u); 
ox cy 

whence the required result follows. 

Case III. f(u, v), where u — v — 4>>Axo- 
Formulas (2) and (4) may be written with a change of x to t:. 
y to v, and t to x. 

Case IV. f(u, v), where u = <f>(x, y), o — \p(x, y). ^^ 

Fonnula (3) with a slight change of notation gives us and - 

8 2 f d 2 f . d 2 f 

formula (6) gives —-and -~X’ an( ^ formula (7) gives r- a - 


dx By 
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As an example, consider /( x — y, y — x) and place u — x — y, 
v — y — x. Hence, from (2), 

K = K_K, 

dx du dv 
dy du ' dv ’ 

from which it appears that f(x — y, y — x), no matter what the 
form of /, satisfies the equation 


2l + df 

dx ^ dy 


= 0. 


Again, consider z — fi(x + at) + fz{x — at) and place u — x + at, 
v = x — at. Applying (6) we have 

dx 2 du* dv 2 ’ 

d 2 z _ 2 d 2 A 2 d 2 f 2 . 
dt 2 ° du 2 + “ dv 2 ’ 


whence it appears that z satisfies the equation 

d 2 z 2 d 2 z 
dt 2 a dx 2 


Case V. An important application of Case IV occurs when we 
have a function f(x, y ) in which we wish to replace a; and y by 
polar coordinates r and 8, where 


x — r cos 8, y = r sin 8. 

Then / becomes a function of r and 8 and, by (3), 

df 
dr 
d[ 
dd 

By solving these equations we obtain 


dfdx dfdy df 8f . . 

+ cos 8 + ~ sm 9, 

dy dr dx dy 


dx dr 
df_dx df_dy 
dx d6 + dy dd'' 


r sin 8 + r ~ cos 8. 

dx dy 


dx 

% 

dy 


M 

dr 

df 


COB 8 


d, sine + »e 


df s in 6 
dd r 
df cos 8 


( 8 ) 

(9) 


(10) 
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These last equations may also be obtained directly from (3), 
written in the form 


df_ = 

dj_dr_ dld_6__ 

df x 

df y 

dx 

dr dx 86 dx 

dr Vx 2 -f y 2 

86 x 2 + y 2 ’ 

df_ _ 

dlYf 4 _dld6_ 

df y 

, d l .*... 

dy 

dr dy 86 dy 

dr Vx 2 + y 2 

^ 86 x 2 -f y 2 


(ID 


where to get 


dr 

dx 


dr 

dy 


86 ' 

dx 


we write r = Vx 2 -\-y 2 , 6 

Again, by use of (6), we may get 


86' 

dy 

tan -1 -• 


f? ” S COS * e + 2 COS 9 Sin 9 + 0 “i”’'’’ 

0 = r 2 0 sin 2 0 - 2 r 2 cos 0 sin 0 + r 2 |^cos 2 0 


0x dy 

r — cos 0 — r v- sin 0, 
dx dy 


dy 2 


d 2 f _d 2 f x 2 
dx 2 dr 2 x 2 + y 2 


-2 


d 2 f 


xy 


d 2 f 


dr 86 (x 2 + y 2 Y 86 2 (x 2 + y 2 ) 2 


+ 


df 


8 2 f 8 2 f y 2 


+ 2 


dr (x 2 + y 2 Y 
d 2 f xy 


+ 2 


df 


xy 


86 (x 2 + V ) 


2\2 


+ 


d 2 f 


dy 2 8r 2 x 2 + y 2 8r 86 (x 2 + y 2 ) 5 86 2 (x 2 + y 2 ) 2 


df 


df 


xy 


dr (x 2 + y 2 ) 1 86 (x 2 + y 2 ) 2 

In this way we verify the important relation 

dx 2 dy 2 dr 2 r 2 86 2 r dr 


( 12 ) 


34. Euler’s theorem on homogeneous functions. A function f(x, y) 
is said to be homogeneous of the nth degree in x and y if the mul¬ 
tiplication of x and y each by a factor X multiplies the function by 
X n ; if, symbolically, /( Xx , Xy) = X”/(x, y). (1) 

Thus x 2 — 3 xy + 4 y 2 is homogeneous of the second degree, 


V x 2 + y 2 is homogeneous of the first degree, and 
each homogeneous of the zero-th degree. X + V 


x — Sy • 

e x are 
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Euler’s theorem in its simplest form is as follows: If f(x, y) is a 
homogeneous function of the nth degree, then 


% , df 
X Yx + y Yy 


nf. 


( 2 ) 


To prove this differentiate (1) with respect to X. We have, 
placing u — Xx, v = \y, and applying (2), § 33, 


du cv 

This is true for all values of X. It is therefore true when X 
Substituting X = 1 in,(3) gives (2), which was to be proved. 
Differentiate (3) again with respect to X. We have 

(x S- + y —) / = n(n - 1)X B ~ 2 /, 

\ cu cvf 

( () d \ 2 

and, placing X = 1, (x — -f y —J f = n(n — 1)/. 


(3) 
= 1 . 


So by successive differentiations we have 


(' 


d , 8 

X Tx + y Jy. 


f = n(n — 1) •••(« — k -f 1)/. 


(4) 


(5) 


These results may obviously be obtained for any number of 
variables, so that we have as the general form of Euler’s theorem 


d d d 
X Tx + V di + Z Yz + 


f = n(n — 1) • • • (n — k + 1)/. (6) 


35. Directional derivative. Let P (Fig. 29) be any point of the 
plane at which f(x, y) is defined and y t 

has partial derivatives ~ and 

ox oy 

Draw any curve PS through P, take 
Q any point on PS near to P, and 
let PQ = As, where s is the length of 
the curve. Let Ax and Ay be the 
increments of x and y corresponding 
to As, and let A/ be the change in / 

as (x, y) moves from P to Q. Then Lim — is the rate of change 
of / along the curve PS. Also As0 s 



Fig. 29 


A/ . 


Lim . 
a»->o As 


Ax _ dx 
ds 


— cos a, 


Ay 


Lim . 

As - 0 AS 


dy 

ds 


■ sin a, 
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where a is the angle which PT, the tangent to PS at P, makes 
with a line parallel to OX. But from (2), § 33, 

ds dxds + dyds dx + dy ' (1) 

df 

It appears that if the point P is fixed and therefore — and — 

dx dy 


df 


are fixed, the value of - 7 - depends on the angle a and not on the 
ds 

equation of the curve PS. Hence (1) is called the directional 
derivative of / in the direction a . 

As a changes, P being fixed, the directional derivative changes. 
Therefore we may write 

df df . 

— cos a + — sm a = F(a ). 
ox dy 

df 


When a = 0 we have 


7r 


and when a = - we have 

Lt 


F{ 0) - 
\ 2 / d 


dx 
0 / ' 
dy 


or 

That is, — and — are the rates of change of / parallel to OX 
dx dy 

and OY respectively. 

The directional derivative is zero when 

df 

F(a) — — cos a + —- sin a = 0 ; 

dx dy 


that is, when 


tan a ■ 


K 

dx 

W 

dy 


( 2 ) 


This determines two values of a, a x and <xi + 7 r, differing 
by 180°. Between these two values there must be, by Rolle’s 
theorem, at least one value of a, say a 2 , for which F(a) has its 
maximum value and 

O r £ 

F'(a -2 ' —-— sin a 2 4- cos a 2 — 0; 

dx dy 

df 


tan 0 L 2 = 


dy _ 
d f 


( 3 ) 


whence 
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An easy substitution from (3) in (1) gives 

W- 

From (2) and (3) it follows that 

tan ai tan «2 = — 1, 

and therefore the directions ai and a* are at right angles to each 
other. 

We may interpret these results geometrically still further. Let 
us imagine that we have marked on the plane of ( x, y) those points 
for which fix, y) has a constant value c. By connecting such 
points we have a plot of the equation 

fix, y) =c 

which will be in general a continuous curve. 

Let the same thing be done for the equations 

fix, V ) = c 2 , ' fix, y) = c 3 . 


The plane is then covered with a set of curves called contour lines, 
along any one of which f(x, y) has a constant value. Thus, for 
fix, y) — x 2 + y 2 the contour lines are concentric circles x 2 + y 2 = c, 
and for fix, y) — xy the contour lines are the equilateral hyperbolas 
xy = c. The expression "contour lines” is borrowed from a topo¬ 
graphical map, where such lines give the projections on the plane 
of the map of points at which the height 
above sea level is constant. Along a con¬ 
tour line the rate of change of / is zero. 

Hence the angle on determined by (2) gives 
the direction of the contour line. 

Suppose now we take two contour lines, 
and let the difference between the values 
of / on the two lines be A/. Draw a curve 
PN (Fig. 30) perpendicular to both lines and any curve PS mak¬ 
ing an angle <j> = SPN with PN. Let PN — An and let PS — As. 

Then, by § 13, An — As cos <t> + e, 
where e is an infinitesimal of higher order than As. Now A/ is 
the same, whether taken along PN or PS. Hence 



A/ Af 

A- s = s; cos ' # ' +a ’ 


a 

ds 



<*>• 


and in the limit 


(5) 



GRADIENT 


dj 

This shows that . and therefore ~ is the maximum rate 

as an an 

of change of / at the point P. Therefore the direction of PN is 
the angle given in (3). 

of df 

As special cases of tj>) == cos a, (6) 

df df . 

8i = S sm “- (7) 

and therefore +(?Y =('#Y. <«> 


which agrees with (4). The quantity -j~ is called the gradient of /. 

m CL tl* 

a o sum up : 

The gradient of a function of x and. y is the maximum rate of 
change of the function at a point It takes place in a direction normal 

...,,_l/a/Vu./W 


a contour line and is equal to 


The extension to a function of three variables f(x, y, z) is obvi¬ 
ous. We construct in space the contour surfaces 

f(x, y, z) = c, 

along each of which / is constant. We may use Fig. 30, interpreting 
PN and PS as drawn between two such surfaces, P N being normal 
to both. Then, as before, j c ,u 

4- - t cos <f>, (9' 

dj as dn 

showing that — is the maximum rate of change. Special cases 
of (9) are gf df 

— = cos a , 

ox dn 


|“£ cosA (,o) 

I“i« C0ST - 

where a, ]8, y are the angles made by PN with the axes of x , y, 
and z respectively. Then 

m. m , 


\dx! ~\dy! \dzJ \dnj 
cos 2 a + cos 2 j8 + cos 2 y = 1 . i 


'Hie student to whom this relation is not familiar will find a demonstration in <> 45 , 
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The gradient of a function of three variables is the maximum rate 
of change of the function at a point. It takes place in a direction 
perpendicular to the contour surfaces and is equal to 

36. The first differential. Considering a function of two vari¬ 
ables f(x, y), let x take an increment Ax = h and y an increment 
Ay = k. Then / takes an increment A/, where 

A/ = J^ Ax + ~ Ay + dAz-f- e 2 Ay, (1) 

ox Oy 

as has been shown in § 33. 

The third term here is in general an infinitesimal of higher 
order than the first term, and the fourth term is in general of 
higher order than the second, but there is no means of comparing 
Ax and Ay as infinitesimals. 

However, we shall take the first two terms of (1) and call them 
the differential of /, writing 

d ^ = '£ Ax + dy Ay ' (2) 

We now complete the definition of df by saying that if x and y 
are independent variables, 

dx — Ax, dy = Ay. (3) 


Then (2) takes the form 


,, df , ,df 

df = —dx + — < 
ox oy 


(4)' 


Expression (4) is called the total differential of f(x, y). 

The methods and results of this section may obviously be ex¬ 
tended to functions of any number of variables. For example, 
for f(x, y, z) df df df 

df = — dx -(- — dy -(- — dz. (fi) 

dx dy dz 


This definition has been based upon the assumption that x 
and y are independent variables. We need to examine the cases 
in which this is not true. 

We consider first the case in which 


x — 4n{t), y = <f> 2 (t), 
fix, y) = F<t). 


so that 
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Here t is the independent variable. Hence, by § 14, 

dt — At, dx — 0i '{t)dt, dy — 4>2{t)dt, dF = F'(t)dt. (6) 




But, by (2), § 33, F'{t) 

Multiplying through by dt and applying (6), we have 
dF 




which is the same form as before. 

Again, let us suppose that x and y are functions of three inde¬ 
pendent variables u, v, w. Then / is a function of these same 
variables. From, (5), since u, v, and w are independent, 


dx = du + — dv + — dw, 
du dv dw 

dy dy dy 

dy ”si du+ Y, d ’ + s^ dw ’ 

dj — ~ du + — dv -f- dw. 
du dv dw 


(7) 

( 8 ) 
(9) 


But, from (3), § 33, 


df_ 

du dx du dy du 

£/_ df dx df dy 

dv dx dv dy dv ’ 

df df_ dx df dy 

dw dx dw dy'dw 


Substituting in (9), we have 


df = 


df (dx 


dx 


dx 


du + — dv + — dw) + 


dx \du ~~ 1 dv 1 dw 
whence, by (7) and (8), df 


df_(dv 

dy \du 
df , df , 
Sx dx+ dy iy ' 


dy 


dy 


du + — dv + T~-dw 
dv dw 


again the same result as before. 

It is clear that the results obtained are independent of the 
number of variables involved, and we have the following theorem: 

I. The differential of a function f(x, y, z, • • ■) is always 

?fdx + ?f-dy + ?fdz + -->, 

< dx dy dz 

whether x, y, z, • • • are independent variables or not . 
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We shall next prove the following theorem: 

//. If f(x, y, z, • • *) — c, where c is a constant, then df =« 0. 

The relation/(x, y, z, • * ) = c cannot exist when x, y, z, * • * are 
independent variables unless it is an identity. We will therefore 
suppose that x , y, z, • • • are functions of independent variables 
u $ i, iv, * * •. By substitution / becomes a function of u, v, w, • • •, 
which is necessarily an identity, and, by I, 

df = dw + % dv + dw + • • 
ov dv dw 


But since w, v, w, ■ ■ ■ are independent variables, u may be 
changed without changing any of the others or the value of /. 
Therefore /(«, v, w, ■ ■ ■) — c, 

f(u -f Aw, v, w, • • •) = c, 

and f(u + Aw, v. w, • • •) — /(w, v, w, ■ • — 0; 

, . /(« + Aw, v, w, ■ ■ •) - f(u, v, w, ■ ■ ■) 

■ lam--- 

o Aw 


whence 


0 . 


df 


and hence df 


d± 

dw 

0. Therefore, by L 


In a similar manner —- = 0, 
ov 


0 , 


df=^ dx+ d J. dy+ d ldz + ... = 0. 

Ox oy dz 


It is important that the student should understand just what 
is meant. Consider, for example, 

fix, y, z) — X* + y 2 + z 2 = a 2 , 

which defines a sphere in space. Here x, y, and z cannot be inde¬ 
pendent variables, and evidently 

I— I— 

But x. y, z can be expressed in terms of two independent vari¬ 
ables u and v, where 

x = a cos u sin v, y = a sin w sin v, z — a cos v. 

Then 

f(x, y, z) — (a cos w sin v) 2 + (a sin wsin v) 2 + (o cos v) 2 = o 2 
Of Of 

is an identity, and — = 0, — = 0. 

ou dv 
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Hence 


jf du + dv = 0 
du dv 


for all values of du and dv, and 

tfdx + ^dy + ?fdz = 0 

ox dy dz 

for all values of dx , dy, dz which are consistent with the given 
equation. 

III. If by any means we have found that 

df = Xi dx i X 2 dx 2 "f" * • • X n dx n , 


then Xi ■ 


K 

dxi 


, where the partial derivative is to be taken under the 


whence 




assumption that all variables except Xi are const mt. 

The proof is simple. If all variables except are constant, all 
differentials dx* = 0 except for k = i, and the above equation 
becomes df = A, dx t ; 

dxi dxt 

It does not follow, however, that any expression such as 
Xi dx i X 2 dx 2 + ■■■ + X„ dx„ 

which may be written down is equal to the differential of some 
function. In this connection we will prove the following theorem: 

IV. The necessary and sufficient condition that an expression 

M dx + N dy, 

where M and N are functions of x and y, should be the exact differ¬ 
ential of some function f(x, y) is that M and N should satisfy the 
equation dM dN 

~dy = ~fa' (10) 

Suppose, first, that M dx-]- N dy is an exact differential, so that 
we have df = M dx+ N dy. 

M df df 

ox dy 

dM_ g 2 / 8N 
dy dx dy dx ’ 
so that condition ( 10 ) is necessary. 


Then 


and 
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Again, let us assume that (10) is satisfied and we wish to show 
that a function f(x, y ) may be found so that 

df 


dx 


= M, 


dy 


To do this we may first integrate M dx, regard y as constant, 
and have r 

I M dx = 4>(x, y). 

We now write f(x, y) — <fr(x, y) + \p(y), (11) 

where \p(y) is a function of y only, and we shall show that it is pos¬ 
sible to determine \p so that f is the function required. From (11), 


dx 

which must equal N. 
Hence 


t'(y) = N ■ 


d$ 

dy 


( 12 ) 


This equation will be absurd unless the right side is free of x, 
since the left side is free of x by hypothesis. The condition for 
this is that the partial derivative with respect to x should be zero ; 

that is, that „„ 

8N d"cj> d f o_ C 


dx dx dy dy [c 


M dx 


dM . 
dy' 


which is exactly (10). Then (12) will determine \p(y ) and 
(11) will determine /. Hence the condition (10) is sufficient. 
Extending this to three variables, we have the theorem: 

V. The necessary and sufficient condition that 

P dx -f- Q d/y -|“ R dz 

should be an exact differential is that P, Q, and R satisfy the equations 
dP _ dQ dQ_ dR dR_ _ 'ffP 

dy dx dz dy dx dz 

In the first place, if 

P dx -j- Q ay -j~ R dz df , 


(13) 


then 


df df df 

p = ff L ’ Q = -r> 

dx dy dz 

whence equations (13) immediately follow. 
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Again, let the conditions (13) be satisfied. Then, by theorem IV, 
P dx + Q dy = dp, 

where <p is a function of x, y, z and z is to be regarded as constant. 
We form the function 


J(x, y, z) = p(x, y, z) + i'(z) (14) 

and shall show that \j/ can be determined so that / is the required 

Q. and we must have 

y 

df dp 


function. From (1.4), ~~ P, ~- 
ox dy 


so that 


8z dz 
P'(z) - R 


+ f'(z) = R, 


dp 

dz 


(15) 


This equation is a contradiction unless 


oei 

<«> l 

d 2 4> 

dn 

II 

dR 

j 

1 s 

dx dz 

dx 

dx 

dR 

d‘ 2 4> 

dn 

1 ^ 

i 

dR 

dy 

dy dz 

dy 

dz \ dy) 

dy 




But these are just the conditions (13). Hence (15) determines 
p(z) and (14) gives the required /. 

It is to be noticed that it is possible to have in applied mathe¬ 
matics expressions of the type 


dw = M da + N dv, 


expressing relations between infinitesimal increments dw, dn, and dv, 
where M and N do not satisfy the condition (10). Then w is not a 
function of u and v, the partial derivatives of which are M and A T . 
For example, if H is the heat, U the energy, p the pressure, and v 
the volume of a gas, a small amount of heat dH added to the gas 
causes an increase d U in the energy and does an amount of work 
p dv in expanding the gas, and we have 

dH = dll + p dv. 

The right-hand side of this equation does not satisfy (10), since 
p is not constant. Therefore H is not a function of v and U in the 
sense that it is determined when v and U are given. In fact, the 
amount of heat in a gavS depends not merely on its present state 
but on the manner in which that state has been reached. 
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Again, suppose a force with components X and Y applied to a 
particle. Denote by dW the infinitesimal amount of work done 
by displacing the particle from (x, y) to (x + dx, y-\-dy). It is 
easily shown that y w=xix+YdVi 


but it does not follow that IF is a function of x and y. In fact, 
that this may be so it is necessary and sufficient that the force 
should be such that 


d_X 

'ey 


dY 


These equations are satisfied by many of the common forces. 
Such forces are called conservative. But other forces, of which 
friction is an example, do not satisfy the condition. 

These statements do not contradict theorem III, since it is 
there assumed that / is a function known to exist. 

37. Higher differentials. We have 


,, df 8f 
if= V x ix + S-y dy: 

whence d(df) = d[ ~~)dx + ¥-d 2 x + d(~~\dy + V- d 2 y. 


dx 


dx 


dy 


dy 


( 1 ) 

( 2 ) 


From (1), replacing f bv or —> we have 

ex Oy 


d[ 

dx, 
d£ 

dy, 


d 2 f , . 0 2 f , 
^ dX + ^Ty dV ’ 
o 2 f . _^8 2 f, 

dx + ~2 dy. 
ox oy oy* 


Substituting these values in (2), we have 

*l dx2 + 2 ^ 

dx* dx 


d 2 f 


dxgy dxdy + B dV ‘ + fx d ‘ X + f« i ‘ V - 


(3) 


Equation (3) does not define d 2 x and d 2 y. If x and y are func¬ 
tions of other variables, say r and s, then an equation similar to 
(3) would give d 2 x and d 2 y but leave d 2 r and d 2 s undetermined. 
It is therefore necessary to define the differentials of the inde¬ 
pendent variables, which we shall do as in § 15; namely, 

All differentials of the independent variables higher than the first 
are taken as zero. 
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Hence in (3), if x and y are independent variables, the last two 
terms disappear; but if x and y are functions of other variables, 
these terms must be retained. 

Expressions for d n f (n> 2) are readily formed in the same way. 

38. Taylor’s series. We wish to extend the results of § 7 to 
fix, y) under the assumption that at (o, b) the function fix, y) is 
continuous and has continuous partial derivatives. Let us place 

x — a + ht, y = b + kt, 


where a, b, h, and k are constant and t is a variable. Then 


fix, y) =f(a + ht,b + kt) = Fit). 
Then, by Maclauri&’s theorem, 


S{x, y ) = F(0) + P(0)t + F"{ 0) l - + 
By (2) and (5) of § 33 we have 
0 / . , 0 / 


t n 


+ F m ( 0) R. 

n\ 


CD 

( 2 ) 


F>it) = h%- + k%-=(hj- + k 


dx 


F"(t) = h*^ + 2hk 


dy 

d 2 f 


k 2 


dx 

a 2 / 


dy, 




8 . , 8 _ \* 




f, 


dx dy ' " dy 2 

where the meaning of the symbols on the right of these equations 
is obvious. Similarly, 

d 3 f 


r»( 0 -*£ + *«*&■ 


3 hk 2 


dx dy 2 


k 3 


W 

dy 3 


41 


+ 4 ) 


}■ 


x ^/ / 7) 7) \n 

So, in general, F (n) (t) = \ h — + k — j /. 


( 3 ) 


This may be proved by showing by direct differentiation that 
if (3) is true for any value n — k, it is true for n = k + 1. Then, 
since (3) is certainly true for n = 3, it is always true. 

Therefore F (n \ 0) = (h-~ + k f, 

where the subscript indicates that the values t = 0, or x = a, y = b, 
are to be substituted after differentiating. 

Substituting in (2), we may write 

F® = m + t(h4- + k-^)f+---+±t*(h%- + kf) m f + R- 
\ dx dyh n! V dx dyJ Q 
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This is true for all values of t. Place t — 1. Then, from (1) and 
the last result, we have 


f(x, y ) = f(a + h, b + k) = f(a, b ) + 




h Tx +lc §i\ 


/+•" + - 


ni 



d_ 
dy , 


f+R ■ (4) 


0 


This result may be written in another form by placing h = x — a, 
k = y — b. 

It is easy to show from § 7 that 


R = 


(n + 1)! \ 8x 


h~ + k d 


n + 1 


dy/(M, ■») 


f, 


(5) 


where the subscripts indicate that we are to substitute x = %,y = rj 
where a < l~ < a h, b < tj < b + k. 

In a similar manner we may show that 


f(x, y, z) =f(a + h y b + k, c + l) 

= J(a,b,c) + (h^ + k^ + l£)f+.... (6) 


We have seen that a given function f(x, y) may be expanded 
into a Taylor's series with remainder R. If all the deriva¬ 
tives of f(x, y) exist for a given point (x, y) and if R Q as 
n increases without limit, the series becomes an infinite series 
representing f(x, y). 

Conversely, a series 

a 0 + n { x + a 2 y + a 3 x 2 + a 4 xy + a Tt y 2 - (7) 

defines a function f(x, y) for all values of x and y for which it 
converges. The definitions of convergence and absolute con¬ 
vergence as given in § 20 stand. It is not difficult to show by 
methods analogous to those in § 20 that if (1) converges for 
x = Xi, y ~ yu it converges absolutely for any value of x , y such 
that ■— R < x < R, — S < y < S. The region of convergence is 
then a rectangle in the (x, y) plane such that for any point within 
it — R < x < R } — S < y < S. It is also possible to show that 
the series converges uniformly inside any rectangle which lies in 
the region of convergence and hence defines a continuous func¬ 
tion of x and y . Also, the partial derivatives of f(x, y) may be 
obtained by differentiating the series term by term. 
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Hence «.=/(<•, 0), -.-(f), « = (^. 


&3 : 


(d 2 f\ 

1 ( d 2 f \ 

1 / 

\dx 2 Jo’ 

° 4 2 Ux dy/a 

as= 2 v; 


The idea of a dominant function (§ 28) may also be applied to 
a function of two or more variables. Thus the function 

y) = Aoo + Aioz + Ao\y •+•••• + Ai k x x y k + • • • (8) 

dominates the function 


fix, y) = aoo + aiox + «oi2/ + • • • + a ik x %/* + • • • (9) 

if (8) is a convergent series in which A lk is positive and 

A{h ^ ]• 

If (9) is known to converge for x = r, y — p, where r and p are 

positive, a dominant function is easily found. There is then a 

number M so that . , .• *. ^ .. 

\a ik \r'p k < M. 

M „ 

We place 4>{x, y) = --—-— =2^M 

By (10), |«.*|<^> 

so that (11) dominates (9). 

Another dominant function may'be found by placing 



<t>(x, y) 


M 


x V 
i— 
\r p 


= M + M (- + -) + 


+ M [- + *■) + •••. ( 12 ) 

\r pi 


\r p) 

The term containing x l y k in (12) will be found in the expansion 

of + - j , where n = i + k. It is 

P w ( re — 1) • • • (ft — k + 1) /x\ n ~ k /y 
kl \r/ \p 

and therefore, in the notation of (8), 

n(n — 1) • • • (n — k + 1) 


A it = M■ 


k! r l p 


i^k 


(13) 
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Now the binomial coefficient which occurs in (13) is always 
greater than unity, so that M 

Aik ^ Z y 

r'p * 

whence, by (10), A ik > jo,-* | 

and (13) dominates (9). 


EXERCISES 


Find the first and second partial derivatives of these functions: 

e xy 

4. e v sm~ A (x — y). 


1. log ( x 2 4- y 2 ). 2 . tan -1 -• 3. 

x x 2 -y 2 


8 2 f d 2 f 

Verify -—— = -—— for the following functions: 


8x dy dy dx 


x-y 
x + y 


6 . log Vx 2 + y 2 . 7. sin -1 -* 8 . e? sin y. 


9. If / = -r -;—5 sin ^ + y2 )> P rove that yT~~~ x ¥~~ 0 ' 
x 2 + y 2 dx dy 

10. If / = y 2 4* 2 ye x , prove that x 2 4 - y 77 - = 2 y 2 . 

dx dy 

11. If / = Vx 2 — y 2 sin -1 -» prove that x y = f. 

x dx dy 

v d 2 f d 2 f 

12 . If / = log (x 2 4 - y 2 ) 4- tan -1 -> prove that ~ 4 - = 0. 

x dx 2 dy 2 

13. If V = e*+ cos (a log r), prove that — 4- - -r- 4- -5 — = 

dr 2 r dr r 2 d<t> 2 

3 8 2 f $ 2 / 

14 . If / = tan {y 4* ax) 4- (ff — ax)*, prove that = a 2 —-• 

dx 2 ay 2 


dz 


dz 


15. Iff *=/(=■). prove that x ~ + y^=z0. 

\x/ dx dy 

dz dz 

16. If z ~f(xy), prove that x-- y — — 0 . 

dx dy 


IT. If z = y 2 4-2/1 


(i +i °”) 


,, dz x 2 dz 

» prove that — = 2 y - 

dy " # dx 


d 2 z 


d 2 z 


. + * 2 —= o. 

dxdy y dy 2 


is. if a? = J prove ^at + 2 *v 

d^z d 2 z 

19. If z — <(>{x + iy) + \f/(x — iy), prove that + ■— = 0. 

d'u ** 8V 

20. If u =/(x, y) and y = F(x), find • 

dx 2 


, d 2 Z 
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21. If 2 = f(x, y) an# x = e u , y = e v , prove that 


0 2 2 


8 2 z 


dz , dz 

w* r W^ x ei + , - y 

22. If z = f(x, y) and x = cos 0 , y = e u sin v, prove that 


8 2 Z 8^Z 

8^ 2 8r 2 


8 2 s 
8w 8t> 


= xy 


(dH_ djz\ 
\dy 2 dx 2 ) 


, , o 2N 8 2 z 82 , 82 

+ (x 2 - t/ 2 ) —— - y — + x —. 

dx dy ox dy 

23. If x = e v sec u, y ~ e v tan u, and 0 = 0(x, 2 /), prove that 

co ,«(pL - m = m + <„ + 

\d 118 v duj \dx 2 dy 2 / 


dx dy 

24. If V is a fun ctio n of x and t/, and x 4- y = 2 e* cos <j>, x~ y 
= 2 tV* sin 0 (i = V— 1), prove that 

8 2 F , d 2 V . d 2 V 
d9 2 d<j> 2 dx dy 

d 2 V 

25. Given x = e u cos v, y = e u sin v, find - in terms of the deriva¬ 
tives of V with respect to x and y . ou 

26. Given x = e u cos v, y ~ e u sin prove that 


£!l + £!Z = e -2-^ 

3** 0 i/ 2 v - 


^2y d 2 V 

.. -7 *+* 

OU 2 


dv 2 


27. Given x = u -f y 


prove that cr 


8 2 F 8 2 y 


d 2 V 


a 0 x z 

28. Given x~ r cosh 0, y = r sinh 9, prove that 

d 2 V d 2 V d 2 V 1 d 2 V , 1 dV 
dx 2 


dy 2 du dv 


y.2 gQ2 r g r 


dy 2 dr 2 r* 

29. If x =f(ii, v) and y = 0(w, tf) are two functions which satisfy the 
equations 9 / _ 90 9 / _ _ 80 

8w dr dv du 
and V is any function of x and y } prove that 

d 2 V d^V _ ftPV + 3 2 V ^ jyjyy 


30. If u = 


du 2 
1 


8F 2 


^ dx 2 dy 2 }| 


V du! 


+ 


(-T- 

\dv) J 


' find the contour lines and the direction and magni- 


xx + y~ 

tude of the gradient. _ 

31. If an electric potential V is given by V = log VxM- y 2 , find the 
direction and magnitude of the maximum rate of change of V . 

32, Find the direction and magnitude of the gradient of a potential 


: log 


V(x - a) 2 + y 


V(x + a) 2 + y 2 


z at the point (0, a). 
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33. Find the direction and magnitude of the gradient of 

u = e~ v sin x -f - e~ Sy sin 3 x at the point /—> 0 )• 

3 \3 / 

34. Show that in polar coordinates the rate of change of a function } 

()f 1 

along a radius vector is —> and normal to a vector it is - — • 
dr r dd 

36. Show that in polar coordinates the directional derivative is 

df \ df 

~ cos \I/ 4- - — sin \£/ f where 1 b is the angle made by the direction con- 
dr r dO 

sidered with the radius from the origin. 

86. Show that in polar coordinates the gradient is 

37. Show that the sum of the squares of the directional derivative in 
any two mutually perpendicular directions is constant and equal to the 
square of the gradient. 

38. If y = is any curve, show that the directional derivative along 


this curve is 


% +- ~ 
ox dy 


Vl + 4>' 2 (x) 

Show that the following differentials are exact, and find a function 
of which each is the differential: 

39. (2 x — y -f 1 )dx + (2 y — x — 1 )dy. 


40. t+JL d» - 

X" 


1 +x 2 

— T -ydy. 


' X 2 + y 2 


:+(-! + 


V? -f y 2 


x* 4- y 2 x 2 4- y 

43. ( z 2 y 2 — z 2 )x dx 4- (x 2 z 2 4- z 2 )y dy + ( x 2 y 2 — x 2 + y 2 — l)z dz . 

44. (y 4- z — b — c)dx -f - (z + x ~ c — a)dy -f (x -!- y — a — b)dz. 

45. (y z)(2 x + y + z)dx 4- (z 4- x) (2 y -f z -f x)dy 

4- (x 4 y)(2 z + x + y)dz . 


dx 4" (- 


? y j 


) dy+ (i 


47. Show that a force directed toward the origin and inversely pro- 
portional to the square of the distance from the origin is conservative. 

48. Show that a force directed toward a center and equal to any func¬ 
tion of the distance from the center is conservative. 
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IMPLICIT FUNCTIONS 


39. On© equation, two variables. We are accustomed to say, 
somewhat roughly, that an equation 


J{x, y) = 0 ' (1) 

defines y as an implicit function of x and is equivalent to the 

y = f(x). 


equation 


We shall proceed to inquire just what this means, to examine 
the hypothesis underlying the statement, and to put the state¬ 
ment in a more scientific form. 

In the most elementary cases equation (1) can be solved to 

obtain y. For example, „ 

x 2 + y 2 — a 2 = 0 

gives y — Va 2 - x 2 ; 

but a little reflection shows that as soon as equation (1) becomes 
complicated such an elementary solution is impossible. We need 
to show, then, that y in (1) satisfies the definition of a function in 
the sense that a value of x assumed in (1) determines a \alue of y. 
This statement, however, is by no means self-evident. We shall 
proceed to prove it in the case in which the solution may be 
expressed as a power series. We shall assume that equation (1) 
may be satisfied by x = x 0 , y = Vo, and that 



V = Va 


"Without loss of generality we may take xo = 0, yo — 0, as this 
amounts merely to a change of coordinates. We also assume 
that /(as, y) may be expanded into a series, so that we may put 

fix, y) — biox + boiy + b 2 ox 2 + bnxy + b 02 y 2 4-, (2) 

where the term boo is omitted since, by hypothesis, /(0, 0) — 0. 
Equation (1) becomes 

hox + b 0 iy + f> 2 0 * z + hi xy + & 02# 2 H-= 0. 

91 


(3) 
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/3/ N 

Now £>oi = ( -z -) ; and since, by hypothesis, this is not zero, we 
\oy/o 

may divide through by it and, after transposition, have, from (3), 

y — aioz + a 20 x 2 + a n xy + do 2 y 2 H-. (4) 

This means- that we have transformed equation (1) into the form 

y = F(x, y), 

where F(x, y) is defined by the series in (4). 

In (4) let us substitute the series with undetermined coefficients 

y — C\x + c 2 x 2 + c 2 x z + • • •• ( 5 ) 

By equating coefficients of like powers of x in the result the 
coefficients c, are easily determined. For the first three we have 


Ci = a , 10, 

c 2 = O2o + 011C1 + O02C1 2 , 

C 3 = &30 + ®21 Cl + tll2Cl 2 + (I 03 C 1 3 + O 11 C 2 + 2 O02ClC2. 


The series (5) then formally satisfies the equation. It remains 
to prove that (5) converges for sufficiently small values of x. 

The series (4) is, by hypothesis, convergent. Then, with the 

notation of § 38, the function 

j / \ M „ My 

4>{x, y) = -—-r -M - ■ 


HX> 


dominates F(x, y). That is, 4>(x, y) may be expanded into a series 
with positive coefficients 


<t>(x, y) = A w x + A 20 x 2 + A n xy -}- ^ 0 2 ^ 2 H- , 

(6) 

where 

Aik | Clik \ * 

(7) 

If we solve the equation 

y = 4>(x, y) 

(8) 

by a series expansion 

y = C\X -f- C 2 a: 2 + • • • 

(9) 


in the same manner in which we have solved (1), the coefficients 
Ci are obtained from (6) by the same formulas by which the coeffi¬ 
cients of Ci in (5) are obtained from (4), and it is evident, therefore, 


Hence the series (5) converges if (9) does. But the series (9) 
may be obtained by solving (8) as a quadratic equation in y and 
expanding the result by the binomial theorem. The resulting 
series is known to converge for sufficiently small values of x and 
can be no other than (9). Hence the series (5) converges. 
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The existence of the function y of x having thus been proved, 
its derivatives may be found by use of the theorems of § 36. For 
we have by that section 

J or 

4f = -£dx + -±dv = 0; (10) 


whence 


dx 

dy 

dx 


K 

dx 

w 

dy 


(ID 


, Higher derivatives may be found by differentiating (11), or if 

we divide (10) by dx and denote —= y f , we have 

dx 

W , df , n 

_ + — if = 0. 

ox oy 

Then differentiating successively with respect to x and placing 
dx 2 ' dx 3 


•, etc., we have the equations 


8 2 f , 0 2 / , 2 2 / 1f/2 , df 


+ 2 


dx~ 

w , o d Xl 

dx 8 r dx 2 dy 


o o V' + ~z~2 V 2 + tt" y " — 0, 
dx dy dy 2 dy 


If'+ 3 7 


s-v 


+ 3 87 ^*" + | 1 ' 


/// _ 


= 0 . 


In this way we may find the derivatives y', y", y'", etc., pro¬ 
vided the partial derivatives of /(x, y) exist, since in all cases the 
coefficient of each of the derivatives y', y", y in the equation in 

which it first appears is which has been assumed not to van- 

dy 

ish. In,this way we may write down series (5) without following 
the method of the text. 

40. One equation, more than two variables. The equation 

f(x, y,z)~ 0 (1) 

defines any one of the variables, say z, as a function of the other 


two, x and y ; namely, 


2 = <Kx, y), 

oz 


( 2 ) 


provided 
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Proof of this statement and its exact formulation are similar to 
those of § 39 and will not be repeated. 

If we apply theorems 1 and II,. § 36, we have 


If in (3) we place y — constant, then dy = 0, and we have 


K 

[dz "\ __ dx 
\dx)y of 



dz 

dz 

where the symbol on the left is used as less ambiguous than —, 

since the variable which is held constant in the differentiation is 
explicitly given as a subscript. 

Similarly, by placing x — constant, dx — 0, we have 



(5) 


We may also in (3) place z — constant, dz — 0, and have 



( 6 ) 


From (4), (5), and (6) we get the interesting relation 


'dz\/dx\/dy 

dx)f\dyl\dz 


- 1 , 


which is sometimes written 


dz dz dy 
dx dy dz 


(7) 

( 8 ) 


Equation (8) is an example of the fact that the student should 
not use dz, dx, etc. as symbols for differentials which may be 
canceled. To do this in (8) leads to an absurd result. The less 
ambiguous equation (7) would hardly lend itself to this false 
cancellation. 
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The equation f(x, y, z, u, »,•••) = 0 (9) 

defines any one of the variables as a function of the others, pro¬ 
vided the derivative of / with respect to the variable chosen 
does not vanish. The usual hypothesis as to continuity must be 
made, and the proof of the theorem is analogous to that given 
in § 39. 

From (9) we have 

fx dx +f y dy + f z dz + f u du+f v dv + - • • = 0. (10) 


In (10) we may place all differentials except any two equal to 
zero. For example, let dy=fc 0 and du =£ 0, but all others be equal 
to zero. 


Then 

whence 


f v dy + f u du = 0; 

dv ==z _fl!_ ) 

du fy 


where all variables except the two occurring in the symbol 
held constant. 

41. Two equations, four variables. Two equations 


dy 

du 


are 


F(x, y, u, v) = 0, (1) 

G(x, y, u, v) = 0, (2) 

define u and v as functions of x and y, provided 


F U G V - F V G U 0. 


( 3 ) 


This statement assumes that there is a set of values (xq. ya , no, t’o) 
which satisfy equations (1) and (2) in the neighborhood of which 
F and G are continuous with continuous first derivatives and for 
which the condition (3) is satisfied. Then u and v are defined as 
functions of x ancj y in the neighborhood of (x 0 , yo, uo, vb). 

To prove this consider equation (1). By virtue of (3), F u 
and F v cannot both be zero. Let us for definiteness assume that 
F v # 0. Then, by § 39, (1) defines v as a function of (x, y, u) ; 
namely, v __ u )_ (4) 

From (1), F x dx + F v dy + F u du + F v dv — 0, (5) 


whence 



that is, 


( 6 ) 
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Substitute from (4) in (2). Then G becomes a function of 


and u, so that 


G(x, y, u, v) = H(x, y, u) = 0, 


V, 

( 7 ) 


which by § 39 defines u as a function of x and y if H u =£ 0. But 

dH ~ dG — G x dx -f- G y dy -f- G u du -f- G v dv 

= G x dx Gy dy -f- G u du -)- G v (<p x dx -f- <f> v dy -j- <f> u du) 

• = (G x + G v <t> x )dx + (Gy + G v (t>y)dy + (G u + G v <j> u )du; 


whence, by theorem III, § 36, 

H u = G U + G v 4>u = 


F V G U — F U G V 
Tv ’ 


( 8 ) 


the last reduction being made by (6). Hence the condition that 
H u 0 is the condition (3). 

This condition being fulfilled, (7) defines u as a function of x 

and y, and then (4) gives v as a function of x and y, and the 

statement is proved. 

The statement having been proved, the partial derivatives of 
u and v are best found by using the principles of § 36, as follows: 
From (1) and (2), by I, § 36, 

F x dx + F u dy + F u du + F v dv — 0, (9) 

G x dx -f- G v dy -(- G u du -f - G v dv — 0. (10) 


These equations may be solved for du and dv in terms of dx 
and dy, thus: 

(F X G V - F v G x )dx + (F/J„ - F,G v )dy , (n) 


du = — 


dv = — 


F U G V — F V G U 
(FuGx - F x G u )dx + (F u G y 
F u Gv — F„G U 


F v G u )dy 


( 12 ) 


It is to be noticed that the denominator in (11) and (12) is 
just the expression which by hypothesis does not vanish. Should 
it vanish, equations (9) and (10) cannot be solved for du and dv. 

The partial derivatives fp = (—)> ^ 

dx \dx/y 


can then be 


dx dy 

read off as the coefficients of dx and dy in (11) and (12) by use 
of III, § 36. 

A special case of importance occurs when equations (1) and (2) 

take the form . /10> 

* = 4>(u, v), (13) 

y = \p(u, v), (14) 
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where the connection with (1) and (2) is shown by placing 
F = x — v), G — y — ip(u, v). Then the condition,that (1) 

and (2) may be solved for u and v is 

4>u^v — Gv'l'u # 0 . ( 15 ) 


From (13) and (14) we form 

dx — <j> u du + (f> v dv, 
dy = \p u du -f \}/ v dv ; 
dx — <f> v dy 


whence 


whence we find 


du 

dv ■■ 


and similar expressions for 
(du\ 


4>u^v — 4>x*Pu 
- \pu dx + <t>H dy . 
4>u^v — <f>v^u 

(du\_ 

\dx/y 4* v\^U 

/ du\ / dv\ / dv\ 
\dy/x \dx/v \dy/x 


(16) 


(17) 


du 


Now ( —y may be written, when no ambiguity is caused, as — 


and <t> u ■ 


dx 

: du’ 


dx dy 


dy 

dv 


du 


The relation (17) shows emphatically that — is not the 

dx dx 

reciprocal of —• 
du 

42. Three equations, six variables. Consider the equations 


F(x, y, z, u, v, w) = 0, 
G(x, y, z, u, v, w) = 0, 
H(x, y, z, u, v, w ) = 0. 


By § 40, equation (1) defines w as a function of x, y, z, u, v, pro 
vided F w # 0, and we have 

F x dx + F v dy + F t dz + F u du + F v dv + F w dw =» 0. (4) 

If the value of w is substituted in (2) and (3), we have two equa¬ 
tions which may be treated as in § 41 and solved for u and v in 
terms of x, y, and z, provided the condition of § 41 is satisfied. 
This condition is 


(Gu + | fj(H, + |fj - (g. + G. ^)(Hu + 6, 
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, dw , 
where — and 
du 


— are to be obtained from (4). 
dv 


This gives 


„ G V H W — G W H V , „ G W H U -G U H U 

•F u _ T" * » 




F w 


or, in determinant form, 


F w 


! 

! G u 

\Hu 


G U H V — G V H U 
+ F w —---=£ 0, 

* w 


F v F w 
G v G w 
Hy H u 


*0. 


( 5 ) 

( 6 ) 


We have obtained this result on the hypothesis that F w =£ 0. 
The same result is obtained, as the student may verify, if we 
assume either that F u =£ 0 or that F v =£ 0. If all three of the 
derivatives F w , F u , F v are zero, condition (5) is certainly not 
satisfied. Hence we have the result that the original equations 
determine u, v, and w as ^unctions of x , y, and z, provided (5) 
is satisfied. 

The partial derivatives of u , v, and w with respect to x , y , and z 
are most readily found by considering, together with (4), the 
equations 


G x dx -f- Gy dy G z dz - f- G u du *T G v dv -f~ G w dw = 0, (7) 

H x dx + H y dy + H z dz + H u du + H v dv + H w dw — 0, (8) 


solving (4), (7), and (8) for du, dv, dw, and applying III, § 36. 

A special case of importance occurs when the original equations 
are in the form 


x = <p(u, V, w), 
y = 4/(u, v, w), 

Z = x (u, v , w), 


( 9 ) 


and our work shows that these may be solved for u, v , w if 


&U 4>v 

tyu yp v 

Xu Xv Xw 


¥=0. 


43. The general case. If we have n variables connected by p 
equations (n = p), there are in general n — p independent vari¬ 
ables which may be taken at pleasure. The remaining p variables 
are functions of the others. The derivatives may be found by 
applying to each equation theorems I and II of § 36, solving for 
the differentials of the functions, and applying theorem III of § 36. 
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As noted in the words "in general ” there may be exceptions to the 
existence of the functions. These exceptions will be characterized 
by the vanishing of certain combinations of derivatives, while at 
the same time the solution for the differentials becomes impossible. 
If n < p the equations will be in general contradictory. 

We shall not take the space to prove these statements. The 
general method of proof is sufficiently evident from the simpler 
cases already handled. 

44. Jacobians. Return to the equations 

x = cf)(u, v), (I) 

y^\p(u,v), (2) 

of § 41. 

The expression <p u \p v — ( 3 ) 

which figures there, is called the Jacobian , or functional deter¬ 
minant, of x and y with respect to u and v, and is variously 
expressed by the symbols 

j fa ^ = ») 

(u, v) d(u, v) 


| ox dx 
! 8u dv 

i tHa 

! du dv 


dx dy 
du dv 


dx dy 
dv du 


(*)'■ 


We have proved in § 41 the theorem 

/. The necessary and sufficient condition that equations (1) and (2) 
should be solvable for u and v is that the Jacobian (4) should not vanish . 


We shall now show that if the Jacobian vanishes, there is a func¬ 
tional relation between x and y . If all the derivatives <j> Uf <f> v , \p u , \p v 
are zero, equations (1) and (2) reduce to the trivial case x = con¬ 
stant, y = constant. We may therefore assume that at least one 
of them (for definiteness say <f> v } does not vanish. 

Then (1) defines v as a function of x and u, and 


whence 


dx ?= <p u du + <p v dv; 
dv = — dx — —■ du. 

(pv H* o 


(5) 


Then from (2), with v expressed as 9 function of x and u, 

4>v 


dy = ip u du + \p v — dx — — 1 du 

\<Pv *Pv 

V 


<p 


(6) 
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By hypothesis the coefficient of du in (6) vanishes. Hence if y 

dy 

is expressed as a function of u and x, ~ — 0, and y is independent 
of u and a function of x only. u 

Conversely, let us assume that in (1) there is a functional 


relation between x and y ; namely, 

' F(x, y) = 0. (7) 

Then F x dx + F y dy = 0; (8) 

whence (FAu + F y f u )du + ( F x <j> v + F y \p v )dv — 0. (9) 

The last equation is true for all values of the independent vari¬ 
ables u and v. Hence , 

FA; + F v t u = 6, F x <f>v + FAv = 0; (10) 

whence (fru'f'v — d>Au ~ 0. (11) 

Therefore we have proved the following theorem: 


II. The necessary and sufficient condition that a functional rela- 

y) 

tion should exist between x and y in (1) is that the Jacobian —- 

should vanish. 

As a simple illustration of these theorems consider the equations 

x = au + bv + c, 
y = fu + gv + h. 


The functional determinant then becomes ag — bf. Now if 
ag -~bf # Or the equ^ions can be solved for u and v. But if 
ag — bf = 0, the equations cannot be solved. In fact, in this case 

gx — by — eg — bh, 

a functional relation between x and y. 

As a second example, consider 


x = u -f v 4-1» 
y — U 2 + 2 UV + V 2 + 2. 


Here 


jM) 

\u, v/ 


1 


= 0 , 


2 u -f 2 v 2 u + 2 v 
and the equations cannot be solved for u and v. Obviously 


»=(*-l) 2 + 2, 


so that there is a functional relation between x and y. 
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The following property of the Jacobian is important; namely, 
J( — )J( — )=1. (12) 


r(^l).j(^j) = i. 
\u, V/ \x, yl 


Writing the left-hand member in determinant form and com¬ 
bining by the law of multiplication of determinants,* we have 


tu 

tu 


tv 

tv 


du 

Yx 

dv 

dx 


du 

dy 

dv 

dy 


, du dv 

^ 8x + dx 

du dv 


du dv 

. du dv 


dt H 
dx dy _ 1 
W dxP ~ 0 
dx dy 

In a similar manner it may be proved that 


1. 


j^A.j ix 


-MW- 


Vx, yj \£ 

Again, if we have, as in (9), § 42, 

X — (p(u, V, w ), 
y = t(u, v, w ), 
z = x(u, v, w), 

tu tv t 


the determinant 


tu tv 
Xu Xv 


tu 

Xu 


(13) 


(14) 

(15) 

(16) 

(17) 


is called the Jacobian of x y y, and z with respect to u, v, and iv 
and is expressed by the symbol 


x, y, z \ _ 
u, V, wj 


d(x, y, z) 


\u, v, w / d(u, v, w) 

The results of § 42 may then be expressed by the theorem 


(18) 


111. The necessary and sufficient condition that (14), (15), (16) 
may be solved for u, v, w is that the Jacobian of x, y, and z with 
respect to u, v, and w shall not vanish. 

* Students to whom determinants are unfamiliar may verify this by actual multiplica¬ 
tion, using simply the definition that j ai j is a symbol for the expreasion a x b 2 — o*b v 
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Suppose now the Jacobian does vanish. If all the derivatives 
4>u> <f>v, <l>w vanish, equation (14) reduces to the trivial case 
x — constant. We shall therefore assume that at least one of 
these derivatives does not vanish and shall take <f> w =£ 0 for defi¬ 
niteness. Then (14) may be solved for w, and the result be substi¬ 
tuted in (15) and (16). By the same process which obtained (5), 
§ 42, we see that the Jacobian of y and z with respect to u and v 

from these equations is 1 t , 

y, 

? 4/7 / 


<Pn 


U, V, w/ 


which vanishes by hypothesis. Hence, by the earlier part of this 
section, there is a functional relation between y and z. This 
relation obviously may, and usually does, contain x, which in 
this work has been considered merely as a parameter. 

Conversely, let a functional relation 


F(x, y,z) = 0 (19) 

exist between x, y, and z of (14), (15), (16). This relation exists 
for all values of the independent variables u, v, w, and therefore 
the partial derivatives of F with respect to u, v, and w vanish. 


Hence 


dx dy 
F x — + F u -f-+F, 
du du 

dx dy 

F -i, +F ^ +F - 

f -t-+ f . Ir+ F - 

dw dw 


dz 

du 

dz 

dv 

dz 

dw 


0, 


= 0, 


: 0. 


By a well-known theorem of algebra this equation can exist 
when and only when the determinant of the.coefficients of F x , F y , 
and F z vanishes. But this determinant is the Jacobian. Hence 

IV. The necessary and sufficient condition that a functional rela¬ 
tion should exist betvjeen x, y, and z is that the Jacobian of x, y, and z 
with respect to u, v, and w should vanish . 


EXERCISES 

dy d 2 y 

Find — and ~~ from each of the following eouations: 

dx dx - 


1 . x* ■+• y* = a*, 

2 . x n 4- y n = a n . 
8, 


4. log far + y 2 ) — tan" 1 ~ = 0. 

5. cos fx -f y) -f cos (x — y) -- L 

6. e x + y = 'f> 
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7. If f(x f y ) = 0, prove that 


? O d 2 f df df d 2 f (df\ 2 
dx 8y dx 8y 8y 2 \8xl 


¥L( d ± 

dx 2 \8y 


Find — from each of the following equations: 

8x 


8- —r + + -r = !• 


9. x -f y -f z =s kxyz. 


10. a: 3 4- y* + z z - u z 


11. sin 1 ~ 4- log (x 2 4- y 2 -f z 2 ) = 0. 


12. If f(x , y, z y u) = 0, prove that 

8u ox 8y 8z __ i 
dx 8y dz du 

where each partial derivative is found on the hypothesis that all vari¬ 
ables except the two involved are constant. 

13. If f(Xy y t Zy u ) = 0, prove that 

du dx __ ^ 
dx du 

where each partial derivative is found as in Ex. 12. 

14. If f(x, y t Zy u) = 0, prove that 

dx dy dz ^ 
dy dz dx 

where each partial derivative is found on the hypothesis that all vari¬ 
ables except the two involved are constant. 

15. Given that an equation fiv, p f t) = 0 connects the volume, pres¬ 
sure, and temperature of a gas, that a p — -(—) is the coefficient of 

f dv\ ** v 

expansion, and that E t = — vl —) is the modulus of elasticity, prove 


expansion, and that E t = — J the modulus of elasticity, prove 

that ocpE t is equal to the rate of increase of pressure with respect to 
the temperature if the volume is constant. 

16. Given x = r cosh d, y ~ r sinh 0, prove that 

/dx\ /dr\ 


=- © 


C 
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17. Given u = log Vx 2 + y 2 , v = tan 1 prove that 


/ohA /dx\ /<2w\ /(%\ = . 

W/y \du) v \dy) x \du) v 


18. If 24 = <t>(x , i/), r = ^(x, 2 /), prove that 

/du\ /dx\ /dv\ /dx\ __ j 
\dxjy \du/y \dx/y \dvJu 

19. If 24 = 4>{x t y), v = \p(x, y ), prove that 

\dx)y \du/ v \dx/ v \dv/ u 

20 . If f{u, v) = 0, u = lx + my + nz, v = x 2 + y 2 + z 2 , prove that 

da da 

( ly — mx) + ( ny — mz) — + (Iz — nx) — - = 0 . 

ox oy 

2/ 

21. If /(«, v) — Q,u — v — prove that 

dz dz 

2x— + 2y — = z. 
ox oy 


dz dz 

yz — + zx — = xy. 
dx dy 


22. If f(x 2 — y 2 , y 2 — z 2 ) = 0, prove that 

dz 

/ x "a* 

23. If / (- >-) = 0, prove that 

X ' da , a* 

x 3“ + y t **• 
ax ay 

24. Given 14 3 -f* 0 s 4* x 3 — 3 y = 0, i4 2 + t> 2 + y 2 + 2 x = 0, find (— J • 

W* 

26. Given x — y + u — v = a, x 2 — y 2 + u 2 — v 2 = b, find / . 

\dy)x 

26. Show that F(x, y, a) = 0, G(x, t/, 2 ;) = 0 define x and y as functions 
of a f and prove that 

dx : dy : dz~ F y G x — F t G y : F Z G Z — F x G g : F x G y — FJG X . 

27. If x=0(t4, v) f y = \K24, r), z = X(«> *0, show that in general 
z = /(x, 2 /) and prove that 


/* \ ~ j/fijA j( Xt y \ , 

\dx/y \24, ?V \24, 2?/ 


28. Given x = r cosh 6, y ~ r sinh 6 , find 

a/ df w 


^' (gYta tem„ o( r. 
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29. Given z = 


, ,, . dz dz 

show that x — + y — = v. 
ox dy 


30. If z=f ( - + - )» show that x — + y = 0. 

V V 2 ) 8x dy . 

31. Given x + y + u + v = a, x 2 + y 2 4- u 2 4- v 2 = b 2 , find l — J * 

/ du\ ^ 

32. Given x 2 4- 4* w 2 — t> 2 = 0, xt/ + ur = 0, find j * 

/ dz\ 

38. Given /(x + l/-2, x 2 - ]/ 2 4- z 2 ) = 0 , find J • 

84. Given w = 0i(x, 2 ), v = 0a (x, 1/, z), w = 0a(x, 1 /, 2 ), and assum¬ 


ing J 


(^Wo, 

' 2 /, zf 


show that 


du\ 

dx/vw 


T /u, V, w \ 
\ x, y, z / 

j( v -±E) 

\y, zJ 


35. If Z = ax -f y<f>(oi) + F(a) 9 0 = x 4- y<t> f (a) -f /'’'(a), prove that 

_ / a 2 z y 

dx 2 dy 2 \dxdy) 

no matter what the functions 0(a) and F(a) are. 

^ T r [t/~0(«)i 2 . y — 0 (a) ,, . $z 8z 

0 (a) 0'(a) F ax 

matter what the function 0(a) is. 

37. Given z = x -j- ycj> (z) and u = 0(s) and taking x, y as the inde¬ 
pendent variables, show that 

a% ,, N \ 

_ = 0 ( 2 )- 
dy 

38. Show that a necessary condition for a maximum or a minimum 


d 2 u 


[</>(*)? 

0W 

d"w _ 

d n ~ l 


dx 

2x. 

dy n 

dx n ~ l _ 


value of /(x, y), where x and y are independent variables, is that 


0. Generalize for any number of variables. 


d ±; 

dx 


0 , 


df 

dy 

39. Show that the values of x, y which give/(x, y) a maximum or a 
minimum value, if such exists when x, y are connected by the relation 
0(x, y) = 0, may be found by considering the function /(x, y) 4- X0(x, ?/) 
as in Ex. 38 and determining X so as to satisfy the condition 0(x, y) = 0 . 

40. Show that the maximum and minimum values of v = x 2 -f l/ 2 , 
where ax 2 4- 2 Xx# + hy 2 = 1, are 

- (a + 6) ± V(q - b ) 2 + 4 ft 2 
2 (06 — h 2 ) 
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45. Element of arc. From a fixed origin O three axes OX, OY, OZ 
are drawn mutually at right angles determining three mutually 
perpendicular planes. The coordinates (x, y , z) of a point P are 
the three perpendicular distances from these planes to P, a 
distance being positive if measured in z 
the direction of the corresponding axis 
and negative if measured in the oppo¬ 
site direction. 

From P (Fig. 31) let lines of infini¬ 
tesimal lengths dx , dy , dz be drawn 
parallel to the axes, thus determining 
a point Q with coordinates 

(x + dx, y + dy, z + dz). 

Let ds be the length of the infini¬ 
tesimal line PQ. Then we have 

ds 2 = dx 2 + dy 2 + dz 2 , 

as is readily seen. This defines the element of arc. 

The direction of PQ is determined by the angles it makes with 
dx, dy, dz respectively. Let these angles be a, (3, y respectively. 

It is apparent from the figure that R 



( 1 ) 


dx 0 dy 
cos a = —, cos p = — > 
ds ds 


dz 

c ° st “* ® 
From 


These are the direction cosines of PQ. 

( 2 ) and ( 1 ) it follows that 

cos 2 a + cos 2 /3 + cos 2 7 — 1. (3) 

It is obvious that a direction is completely 
fixed by the ratios dx : dy : dz. 

Let two directions PQ and PR (Fig. 82) be determined by 
dx : dy : dz and dx :8y : dz respectively, and let 9 be the angle 
between them. Then 
cos 6 



dx dx 
ds ds 


dy dy dz dz 
ds ds ds ds 
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(4) 
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This follows from the formula of trigonometry, 

RQ 2 = PQ 2 + PR 2 - 2 PQ ■ PR cos 6, 

where 

PQ 2 = ds 2 = dx 2 + dy 2 + dz 2 , PR 2 = Ss 2 = 3a,- 2 + by 2 + Sz 2 , 

RQ 2 = (dx ~ Sx) 2 + (dy - Sy) 2 + (dz - Sz) 2 . ' 

From (4) it follows that the necessary and sufficient condition 
that two directions dx:dy: dz and Sx: by : Sz should be orthogo- 

na ^ * s dx Sx + dy Sy -j- dz Sz = 0. (5) 

Let the point P so vary as to describe a curve defined by the 
equations x =f 1 ( i ), y=f 2 (t), z = / s (t), ( 6 ) 

where i is an independent variable and the functions are con¬ 
tinuous and differentiable. Let P{x, y , z) (Fig. 33) be a point 
corresponding to a certain value of t, and 
Q the point obtained by giving to t an 
increment At = dt. The coordinates of Q 
are then (x + Ax, y + Ay, z + Az). 

Draw the chord PQ. The direction of 
this chord is determined by the ratios 
Ax : Ay : Az. Let At 0; then the 
ratios Ax: Ay: Az approach the limiting 
ratios dx:dy:dz. The straight line PT 
with this direction is the tangent to the 
curve at P by definition, since it is the 
limit line approached by a secant through 
two points on the curve as the two points approach coincidence. 

The point (x + dx, y + dy, z + dz) is then a point on the ton- 
gent line; but, except for infinitesimals of higher order than 
dx, dy, and dz, its coordinates agree with those of Q . The expres¬ 
sion ( 1 ) then rigorously defines the length of an infinitesimal 
tangent. However, the length of the curve is -to be taken as 

8 = J Vdz 2 + dy 2 + dz 2 . (7) 

This agrees with the definition of the length of a curve as the 
limit of the sum of the lengths of chords, since vdr 2 + dy 2 + dz 2 
differs from V Ax 2 + Ay 2 + Az 2 , the length of a chord, by infini¬ 
tesimals of higher order, and therefore, by § 13, the integral (7) 
is the length of the curve. 


T 
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We may therefore apply our formulas (1), (2), (3), (4) to curves 
and, in Fig. 31, regard PQ either as an infinitesimal arc or as a 
tangent line or as a chord. 

46. Straight line. Let the point P in Fig. 31, § 45, traverse a 
straight line. It is evident that the angles a, (3, y are cjnstant. 
We have then as differential equations for a straight line 





( 1 ) 


where l, m, and n are three constants (the direction cosines of the 
line) satisfying the condition 

l 2 + m 2 + n 2 = 1. t (2) 

Integrating (1) we have, as equations of a straight line, 

x = Is + x 0 , y = ms + y 0 , z = ns + Zo. (3) 


Here Xo, Vo, Zo are constants of integration and are obviously 
the coordinates of the point from which s is measured, which may 
be any point of the line. 

From (3) we obtain 

x — xov — yoz — zo ... 


as equations of a line not containing s, but where l, m, n are 
bound by conditions (2). We may, however, replace l, m, n by 
any three numbers A, B, C such that 

l:m:n — A: B: C. (5) 

Then (4) becomes 

x — xp _ y — y Q _ z_- zp 


and A, B, C are subject to no conditions. 

Conversely, if (6) is given we may obtain l:m:n from (5). 
Then, by (2), 

, A B C 

l— -== : » m = —7 = == => n — —7= r. :rr^ =- ( 7 ) 

VA 2 + B 2 + C 2 VA 2 + J3 2 + C 2 Va 2 + B 2 + C 2 

From (6) and (5) also 

dx: dy: dz = A : B : C — l : m : n. (8) 

That is, the direction of a straight line may be fixed by the ratios 
of any three numbers A: B:C. The direction cosines of the line 
are then found by ( 7 ). 
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From (8) of this section and (5), § 45, it follows that the neces¬ 
sary and sufficient condition that two lines with directions 
A\: Bi : C\ and A 2 : £ 2 : C 2 should be perpendicular is 

A 1 A 2 + BiB 2 + CiC 2 = 0. (9) 


47. Surfaces. Consider the equation 

F(x, y, z ) = 0. (1) 

By | 40 this defines one of the variables as a function of the other 
two. The geometric locus of (1) is therefore a two-dimensional 
extent which by definition is a surface, whether the equation is sat¬ 
isfied by real or by imaginary values of the variables. For example, 
the equation x * _j_ y z z z _j_ ^ = 0 

is said to define a surface, though no point is real. 

If one of the variables is absent from (1) so that, for example, 
it becomes jp(x, y) = 0, (2) 

it still defines a two-dimensional extent, since y is a function of 
x, whereas z may vary at pleasure. In fact, if z is placed equal to 
zero, (2) defines a curve in the XOY plane; but as z vanes, 
that curve is moved parallel to OZ, and the complete locus of (2) 
is a cylinder. 

Finally, if only one of the variables is present in (1) so that, 
for example, it becomes p( x \ _ 0 , (3) 

it still defines a two-dimensional extent, since y and z may vary 
at pleasure. In fact, (3) defines certain values of x, and the com¬ 
plete locus of (3) consists of all those points for which x has one 
or another of these values. Evidently these points lie on planes 
parallel to ZOY. 

Hence equation (1) always represents a surface. On the sur¬ 
face (1) draw any curve with equations 

x-f\{t), y — f 2 (t), z — (4) 


These values of x, y, z placed in (1) must reduce it to identity 
dF 

in t. Hence — = 0, and therefore 


dt 


d ± dx + d JL dv + d -L dz = () 

dx dX+ dy dV+ dz az U ’ 


(5) 


where dx:dy:dz are subject only to the condition of being the 
direction of some curve on the surface. Otherwise expressed, 
dx:dy: dz is any direction on the surface. 



110 


APPLICATIONS TO GEOMETRY 



dF dF 

Consider any point P on the surface. At that point —> —* and 

f)F dX dy 

— have definite values and may be used to fix the direction of a 
dz 

line PN (Fig. 34). That is, we may construct \ 
from P directions dx : dy : dz — 

ex dy dz 

Then, from (5), §45, the line PN is orthogo¬ 
nal to all directions on the surface. This 
line is called the normal to the surface, and 
we repeat explicitly that the direction of the 

. J , . dF dF dF 

normal to a surface is 

ox oy dz 

48. Planes. It is obvious that the necessary and sufficient con¬ 
dition that a surface should be a plane, or a set of parallel planes, 
is that the normals at all points should be parallel. In that case 
we have ~ 

| Z=XA, = °f=XC, (1) 

ox oy dz 

where A, B, C are constants and X an unknown factor. 

The simplest solution of fl) is 

F = Ax +- By + Cz . 

To obtain the general solution we substitute 

u = Ax + By 4 - Cz. 

V* — Ax — By\ 


Then 


whence 


Fix , y, Z) ~ F\ 




y, 


■)* 


dF , dF dz ^ A J 
■q "T~ y" — XA + XC 
dx 02 ox V 


.4V 


C7 


0 5 


X.£ + 


xc(-f)=°, 


0F t dF dz 
dy 

so that the surface satisfying (1) has the equation 

F{u) - 0, 

which solves into one or more equations u = constant or 
Ax + By + Cz + D = 0. 


( 2 ) 


This is a surface whose normals are parallel, and since it is in¬ 
tersected in only one point by any straight line not lying entirely 
on it, it is a plane. 
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Conversely, if (2) is given with any value of the coefficients, 
^1) follows. Hence 

The necessary and sufficient condition that a surface should be a 
plane is that its equation should be of the form 

<Ax + By+ Cz + D = 0. 

Then A: B :C fix the direction of any normal to the plane. 


If (xi, yi, Z]) are the coordinates of a point on a plane, they will 
satisfy (2). Subtracting the resulting equation from ( 2 ), we have 

A(x — Xi) + B(y — yi) +J7(z — z x ) = 0 ( 3 ) 

as the equation of a plane through a fixed point perpendicular to 
a fixed direction or to a fixed straight line. 

By ( 6 ), § 46, the equations of the normal to (2) through the 
point (xi, yi, Zi ) are 


x - Xi _ y ~ yi z - zj 
A ~ B ~ C 


( 4 ) 


Applying this to the surface ( 1 ), § 47, we define the tangent 
plane to the surface at a point as the plane perpendicular to the 
normal to the surface at the point. Its equation is, therefore, by ( 8 ), 


A ox 


(x ■ 


m 


*‘ ) n%A u ' 


\ OZ /] 


(z — Zx) = 0; (5) 


and the equations of the normal are 

x — xi y — yi z — zx 



( 6 ) 


—) etc. represent the value of — etc. when x = Xi, 
dxj i dx 

y = yi , 2 = zi. 

k A plane is determined by three points not in the same straight 
line. Let (xi, y if zi), (x-2, yz, 22). and ( X3, ys, 23) be three such 
points. 

Since the plane passes through (xi, 3 / 1 , zi), its equation must be 
of the form ^(x - xi) + B(y - yi) + C(z - zi) = 0. (7l 


But the points (x 2 , y 2 , zi) and ( 2 : 3 , # 3 , zi) must also lie on the 
plane. Hence A, B, C in (7) must satisfy the equations 

A(x 2 - xi) + B(y 2 - yi) + C(z 2 - zi) = 0, 

A ( 2:3 — aci) + B(y 3 — yi) -{- C(z 3 — Zx) =• 0. 
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If the ratios A : B:C are found from ( 8 ) and substituted in (7), 
the result is the equation of a plane through three points. In 
determinant notation the result is 


x ~ Xi 
x 2 — Xi 
Z.3 ““ * 1 


y-vi 

V2 — Vi 
1/3 — 1/1 


Z — Z\ 

22 — 2i 

2.3 ~ 2i 


= 0. 


( 9 ) 


49. Behavior of a surface near a point. If the equation (1) of § 47 
contains z, it may be put in the form 

2 — f( x > y) f ( 1 ) 

and obviously any surface may be so expressed by proper choice 
of the z-axis. For convenience we shall use the common notation 
by which 


P = 


dz 

dx’ 


? = ■ 


dz 

dy’ 


dH 
dx 2 7 


o*z 
dx dy 


t 


8 2 z 
dy 2 * 


( 2 ) 


The direction of the normal to (1) is, by § 47, p:q : — 1. The 
equation of the tangent plane at (a, b, c) is 

2 - c = p(x - a) + q(y - 6 ), (3) 

and the equations of the normal line are 

x-ay — bz-c ... 

-= _— = -—(4) 

V 7 - 1 

where in (3) and (4) p and q are to be computed for the point 
(a, 6, c). 

We expand the function f(x, y) in the neighborhood of x = a, 
y = 6 by Taylor's theorem and have, since c ~f(a, b ), 

2 = c + p(x — a) + q(y - b) + %\r(x - a) 2 

+ 2 s(x — a)(y — b) -f* t(y — b ) 2 J + R. (5) 


The right-hand member gives the distance from the plane XOY 
to the surface; call it On the other hand, the value of z in 
(3) gives the distance from XOY to the tangent plane; call it zi. 
Then z 2 — z\ is the distance between the surface and its tangent 
plane, and 

22 — Zi = §[r(x - a) 2 + 2 s(x — a)(y - b) + t(y ~ b ) 2 ] + 1 7. ( 6 ) 

We shall study the sign of the expression ( 6 ); for if it is always 
of the same sign, the surface is on the same side of the tangent 
plane, and if its sign changes, the surface is sometimes on one 
side of the plane and sometimes on the other side. 
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On the XOY plane draw a circle (Fig. 35) with M(a, b) as a 
center. Take P any point inside the circle. Let p be the distance 
MP and let 6 be the angle made by MP 
with MX' parallel to OX. Then 

x — a — p cos 6, 
y — b = p sin 6. 

In fact, (p, 6) are polar coordinates 
with the origin M. Substituting in ( 6 ), 
we have 



Fig. 35 


Z 2 — Zi = i p 2 [r cos 2 6 + 2 s cos 6 sin 6 + t sin 2 d~\ + — R', 

6 

since R is cubic in x — a and y — b. 

The coefficient of p 2 is zero when 6 satisfies the equation 


that is, when 


r cos 2 6 + 2 s cos 6 sin 6 + t sin 2 6 — 0; 
tan 9 = 


s ± Vs 2 — rt 


t 


(7) 

( 8 ) 
(9) 


Case I. rt — s 2 > 0. The values of tan 6 in (9) are imaginary. 
Therefore (8) has no real roots, and the coefficient of p z in (7) 
has always the same sign; namely, the sign of r or of t ( r and t 
have the same sign, since rt > s 2 ). It follows that within the 
circle we have drawn there is some finite quantity m such that 

| r cos 2 6 + 2 s sin 6 cos 6 + t sin 2 0 j > m. 

Within the same circle, R', in formula (7fi must be finite from 
the nature of the remainder R. Hence there is a number M such 
that 


|fl'|< M. 


If we now take p so that p < 


3 m 
M ’ 


we have 


P < 


3 1 r cos 2 6 + 2 s sin 6 cos 6 + t sin 2 6 1 


I R' 


that is, R' 


P 3 _ P 2 


< j r cos 2 6 + 2 s sin 6 cos 6 + t sin 2 6 1 , 


and therefore the sign of Z 2 
its first term. Hence 


Zi in (7) is the same as the sign of 


If rt — s 2 > 0 , the surface lies entirely on one side of its tangent 
plane and lies above it if r and t are positive and below it if r and i 
are negative. 
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The word " above ” in the foregoing theorem means in the 
positive direction of OZ. 

Suppose, now, that the origin is transformed to the point 
(a, b, c) and the tangent plane is taken at the plane XOY. The 
equation of the surface is then 

z = \{rx 2 + 2 sxy + ty 2 ) + R, 

where R involves terms of the third and higher degrees in x and y. 
Suppose the surface is cut by a plane z — e. The section is the 

curve rx 2 + 2 sxy + ty 2 = 2 e, (10) 

neglecting the terms in R. Since rt, — s 2 > 0, the curve (10) is an 
ellipse. Hence 

When rt — s 2 > 0, the section made by a plane parallel to the 
tangent plane is approximately an ellipse. 

For this reason the point is called an 
elliptic point (Fig. 36). The ellipse 

rx 2 + 2 sxy + ty 2 = 1 , 

similar to ( 10 ), is called the indicatrix. 

Case II. rt — s 2 < 0. The values of 
6 in (9) are real. Call them «i and a 2 . 

Then the coefficient of p 2 in (7) is 

5 r(cos 6 — cot ai sin 6 ) (cos 0 — cot a 2 sin 0 ). ( 11 ) 

The real lines 9 = «i and 9 = a 2 (Fig. 37) divide the plane 
into four portions within which the expression ( 11 ) is alternately 
plus and minus. y 

Consider a point P with coordinates 
(p, 0i), Then, from (7), 

z 2 -zi = J p 2 A + ?~R>, (12) 

t> 

where 

A = r cos 2 0i + 2 s cos 61 sin di +1 sin 2 0x. 

As p 0 the sign of the first term of (12) determines the sign of 
the 22 — But the sign of A depends upon the section of the 
plane in which P lies. Hence 

If rt — s 2 < 0 , the surface lies partly on one side of the tangem 
plane and partly on the other side (Fig. 88 ). 
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Let the origin be transformed to the point (a, b, c), and the 
tangent plane be taken as the plane of XOY. Then the equation 
of the surface is 

z — f (rx 2 + 2 sxy + ty 2 ) + R. 

The section by z= e is approximately 

rx 2 + 2 sxy + ty 2 = 2 e, 

which is a hyperbola, since rt — s 2 < 0. Hence 

If rt — s 2 < 0, the section made by a plane parallel to the tangent 
plane is approximately a hyperbola. 

The point is therefore a hyperbolic point. The curve 
rx 2 + 2 sxy -f ty 2 = 1 

is the indicatrix. 

Case III. rt — s 2 = 0. The coefficient of p 2 in (7) is a perfect 
square, and the roots of (8) are equal. Neither of the arguments 
made in I and II is valid. The case is ambiguous, and the surface 
may be either on one side of the tangent plane or on the other. 
Examples will show this. 

Take first z — x 2 . 



Here the origin is the point (a, b, c). The tangent plane is 
2 = 0, and r = 2, s = 0, t = 0. Since z is always positive, the 
surface lies on one side of the tangent plane. 

Take, secondly, z = x 3 . 

Here r — s = t — 0. Since z is positive or negative according as 
x is positive or negative, the surface lies on both sides of the tan¬ 
gent plane. 

Finally, consider z = x 2 — 3 xy 2 + 2 y*. 


If we follow the procedure used in Case II and place 

x = p cos 6, 

V = P sin 6, 

we have z — p 2 (cos 2 d — 3 p cos 6 sin 2 9 + 2 p 2 sin 4 0). (13) 


For any given value of 6 the value of p may be taken so small 
that the magnitude of the first term exceeds numerically the value 
of the second term. In fact, we have only to take 


/ 



cos 8 1 

3 sin 2 6 < 2 


cosff 
sin 2 8 J 
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Consequently for any value of 6 the value of z in (13) is posi¬ 
tive for sufficiently small values of p. This may easily be mistaken 
for a proof that the surface is always above the xy-p lane in the 
neighborhood of the origin. That this is not so may be seen 
by writing the equation of the surface 
in the form 

z= (x - 2 y 2 )(x - y 2 ) 
and drawing the curves (Fig. 39) 

x — 2 y 2 = 0 and x — y 2 = 0. 

Then it is easily seen that for points 
in the regions marked + in the figure 
z is positive and for points marked — in the figure z is negative. 
On the other hand, any straight line through O crosses a + region 
before reaching the origin. 

If rt — s 2 = 0, the section of the surface made by a plane parallel 
to the tangent plane consists approximately of two parallel lines . 

These being a special case of a parabola, the point is called a 
parabolic point. 

50. Maxima and minima. The function f(x, y) has a maximum 
value for x — a, y — b if 

f(a +h, b + k ) < /(a, 6) (1) 



Fig. 39 


for all values of h and k sufficiently small. Similarly, f(x , y) has a 
minimum value for x = a, y = b if 

/(a + hj b + k) > /(a, b) (2) 

for all values of h and k sufficiently small. If we represent the 
function graphically by the surface 

?'=f(x,V), (3) 

we may at once apply the results of the previous section. In the 
first place it is evident that if z has a maximum or a minimum 
value c when x = a, y = 6, the tangent plane of the surface must 
be parallel to the XOY plane. Hence it is necessary that 




(4) 


Further, it appears that if the point (a, 5, c) is an elliptic point, 
z has a maximum or a minimum value according as the surface is 
below or above its tangent plane; if (a, 6, c) is a hyperbolic point, 
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z has neither a maximum nor a minimum value. If (a, b, c) is a 
parabolic point, the question is doubtful. We may accordingly 
make the following statement: 


In order that fix, y) should have a maximum or a minimum value 
for x — a, y = b, it is necessary that for these values 

v. 

dy 
d 2 f 




0 . 


d 2 f d 2 f 

If, in addition, 7—5 7—7 
dx~ dy 1 


> 0. K x > V) has a maximum 

d 2 f 


dx dy) 

d 2 f S 2 f 

value when 7-5 and 7—5 < 0 and a minimum value when „ „ 
d 2 f dx 2 dy 2 8x 2 

and 7—5 > 0. 
dy 2 

d 2 f d 2 f I 8 2 f \ 2 

If 7—5 J < 0, then fix, y) has certainly neither a 

maximum nor a minimum. 

d 2 f ^ 


jr d^f dff 

dx 2 dy 2 


dx dy 


= 0, the matter is doubtful. 


Suppose, now, that we have a function of any number of 
variables /(l , .). 


The geometric interpretation is now inconvenient even with 
the assumption of a space of four or more dimensions. Moreover, 
the necessary and sufficient conditions for a maximum or a 
minimum value are complicated. It is easy, however, to give 
necessary conditions. For if f(x, y, z, • * •) is to be a maximum 
no matter how x, y> z, • • * vary, it must be a maximum when 
one alone of these quantities varies. But the necessary condition 
that a function of a single variable should have a maximum or 
a minimum value is that its derivative should be zero. This 
is a well-known theorem of the elementary calculus and has 
been essentially proved in this text in § 5. Hence the neces¬ 
sary conditions that f(x, y, z, • * •) should have a maximum or a 
minimum value are 


d± 

dx 


= 0, 




(5) 


In applied problems it is usually sufficient to solve equations (5) 
and then determine from the nature of the problem whether the 
solution gives a maximum or a minimum value of /, or neither. 
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51. Curves. We have already noted that the equations 

x = 

v=f2{i), (i) 

« = /» ( 0 , 

where £ is an arbitrary variable, define a one-dimensional extent 
of points (x, i/, 2;) which by definition form a curve. We shall 
assume that the functions involved in (1) are continuous and have 
derivatives. 

The direction of the curve and the direction of the tangent line 
at any point have been shown to be dx:dy : dz. Hence the equa¬ 
tions of the tangent line at (x, y, z) are 

x — xi __ y — yi __ ' £2) 

dx dy dz 

It is customary to speak of (x, y, z) and (x -f dx, y + dy, z + dz) 
as consecutive points on the curve. This is the language of infini¬ 
tesimals, since, strictly speaking, the point (x + dx,y + dy, z + dz) 
is on the tangent line and not on the curve. 

Associated with the curve at each point is a definite plane called 
the osculating plane. This we may conveniently obtain through 
the notion of three consecutive points on a curve. Let (xi, yi, z\) 
he a point of the curve corresponding to t = h, and let (x, y, z) be 
a point corresponding to t = t\ -f h. Then, by Taylor's series, 

Ji 2 

x = X\ + + * * •. (3) 

In (3) take h = dt . Then if we regard only infinitesimals of 
the first order, we have, from (3), 

x = X] + dx, 

and if we consider infinitesimals of the second order, we have 
x = xj + dx + i d 2 x. 

Treating y and z in the same way, we have three points, namely, 
P(xi, j/i, zi), Q(xi + dx, yi + dy, Zi + dz), R(x^ + dx + \ d 2 x, 
yt +'dy -f | dry, z\ + dz + | d 2 z), each of which lies on the curve, 
except for infinitesimals of a certain order, and which we call 
consecutive points of the curve. 

Any plane through P has the equation (§ 48) 

A(x — Xj ) + B(y - y{) + C(z - *1) == 0. 


( 4 ) 
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If, in addition, it passes through Q and R, we have 

A dx + B dy + C dz — 0, 

A d 2 z + B d 2 y -j- C d 2 z — 0. 


( 5 ) 


If A: B:C are found from (5) and substituted in (4), we have 

(dy d 2 z — d 2 y dz)(x — Xi) + (dz d 2 x — d 2 z dx)(y — yi) 

+ (dx d 2 y — d 2 x dy)(z — Z\) = 0, (6) 

or, in determinant form, 


x-xi y-yi 
dx dy 

d 2 x d 2 y 


z — Zi 
dz 
d 2 z 


= 0 , 


(7) 


as the equation of the osculating plane. 

The length of the curve s may be taken as the independent 
variable in the defining equations (1). For s is defined as a 
function of t by the integral 

s—f Vdx 2 -f dy' 2 + dz 2 , 

and, conversely, t is a function of s and may be replaced by s. 
When that is done we shall write 



, dx , dy dz 

X== Ts’ V =ds Z ’ = ds 

(8) 


,, d 2 x d 2 y d 2 z 

x = dT 2 ’ y =1T 2 ’ z : =d?‘ 

(9) 

Then 

x' 2 + y' 2 + z ,2 = 1; 

(10) 

from which 

x'x" + y'y" + z'z" — 0. 

(11) 


At any point P (Fig. 40) we have three 
mutually perpendicular lines of importance. 

The first is the tangent line PT the direction 
cosines of which are 

li = mi — y', »i = z'. (12) 

The second is the line PB normal to the oscu¬ 
lating plane. It is called the binormal to the 
curve. By (6), its direction cosines are given by 

h : m 2 : ni — y'z" — y"z ': z'x" — z"x' 

: x'y" — x"y'. (13) Fig. 40 

c 
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If we form the identity 

(y'z" - y"z') 2 + (z'x" - z"x ') 2 + (x'y" - x"y') 2 

— ( x /2 + y ' 2 + z' 2 )(x" 2 + y " 2 + z" 2 ) — (x'x” + y'y" + z'z") 2 
and apply (10) and (11), we have, from (13), 


k = 


y'z" — y"z’ 
Vx " 2 + ?/" 2 + z" 2 ’ 


Wl2 : 


n 2 : 


Vx " 2 + y " 2 + z " 2 
x'y" — x"y' 
Vx " 2 + y " 2 + z " 2 


(14) 


The third line is the line PiV lying in the osculating plane and 
perpendicular to the tangent line. It is called the principal 
normal. If h, m 3 , ns are its direction cosines, then, since it is 
perpendicular to both PT and PB, we have 

hx' + m 3 y' + nzz' —- 0, 

h(y'z" — y"z') + mz(z'x" — z"x') + nz(x'y" — x"y') — 0. 


If the solution of these equations is simplified by the aid of 
(10) and (11), we have . m . n3 = z „ . y n . z „. (15) 


whence 




ra 3 = 


nz = 


^x /,2 + y n2 + z" 2 ’ 

_ y" 

VF 75 + y " 2 + IF* 

_ z" 

Vx " 2 + y " 2 + z " 2 


(16) 


The lines PB and PN determine a plane, the normal plane. 
Any line through P in this plane is a normal to the curve. 

We have been handling curves as defined by equations of type 
(1). It is evident, however, that two equations of the form 


/(*£> y> 2 ) 0 , ( 17 ) 

F(x, y,z) = 0, K } 

also define a curve as the locus of points the coordinates of which 
satisfy both equations. This may be looked at in two ways: In 
the first place, each of the equations (17) taken alone defines a 
surface, and the points common to both surfaces lie on their curve 
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of intersection; on the other hand, equations (17) are, by the 
theory of implicit functions, equivalent to the equations 


= 4><x), 


or, what is the same thing, to the three equations 


x = Z, 

V = m, (19) 

2 — 1 p{t), 

which are of type (1). Conversely, any equations of type (1) are 
equivalent to two equations of type (17). 

52. Curvature and torsion. As a point P moves along a curve 
the direction of the tangent line changes and the osculating plane 
changes its orientation. The change of direction gives rise to the 
idea of curvature, and the change in the osculating plane to the 
idea of torsion. 

To determine these we begin by deriving an expression for the 
angle between a line and another line very near it. Let l, m, n 
be the direction cosines of a straight line, so that 

Z 2 + m 2 + ft 2 = 1, (1) 

and let l + AZ, m + Am, n + An be the direction cosines of the 
line wh;n slightly displaced, so that 

(Z + AZ) 2 + (to + Am) 2 + (n + An) 2 = 1; (2) 

whence, from (1), 

2 l AZ + 2 m Am + 2 n An + (AZ) 2 4- (Am) 2 + (An) 2 = 0. (3) 


By (4), § 45, if AS is the angle between these two lines, 
cos Ad — Z 2 4 Z AZ + m 2 -f m Am n 2 + n An 

= 1 - ^[(AZ) 2 + (Am) 2 + (An) 2 ]. (4) 

But cos A8 = 1 — -J-(AZZ) 2 , except for infinitesimals of higher 
order, and hence, except for infinitesimals of higher order, 

(A0) 2 - (AZ) 2 + (Am) 2 + (An) 2 . 


Hence if Z, m, n are functions of an independent variable Z and 
we divide by AZ and pass to the limit, we have 



or, in differential form, 

dd 2 = dl 2 + dm 2 + dn 2 . 


( 6 ) 
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The curvature of a curve may be defined as the rate of change 
of the direction of a curve with respect to its length. More pre¬ 
cisely, if AO is the angle between two tangents at points differing 

by As, then _ . A Q dd 

curvature = Lim — = — • ( 6 ) 

As ds 


This may be computed from (5) by the aid of (12), § 51, and 
we have 


curvature = Vx " 2 + y" 2 + z 


"2 


The radius of curvature p is the reciprocal of the 
whence 1 

P ~ Vx" 2 + y" 2 + z" 2 

Using this result in (14) and (16), § 51, we have 

h = p(V'z" — y"z'), m 2 = p(z'x" — z"x'), 
n 2 — pix'y" — x"y r ), 

and Is = px ", vis — py", ns — pz", 

and from (12), § 51, and (9), just found, 


curvature; 

( 7 ) 

( 8 ) 
( 9 ) 


h' = 


h 

— t 

9 




( 10 ) 


The torsion may be defined roughly as the rate of change of the 
position of the osculating plane with respect to the length of the 
curve. More precisely, if A 6 is the angle between two binormals, 
at points differing by As, then 

T . Ad dd 
torsion = Lim — =•= — • 

As as 


The radius of torsion r is defined as the reciprocal of the torsion, 
so that, by (5), 




<dh Y 

ds! 


+ 


/dm 2 

var 


\ V 

2 )+( 


’ dii 2 V 

'ds! 


( 11 ) 


The direct calculation of this expression is tedious. We shall 
proceed indirectly as follows: The direction cosines of tangent, 
binormal, and principal normal satisfy the six equations 


l\ 2 “T W[ 2 ~f~ — 1, (12) 

h 2 + M 2 2 + n<2 2 = 1 , ( 13 ) 

h 2 + ms 2 + n^ 2 = 1, (14) 

lih + mimo + nin 2 ~ 0, (15) 

hh + W 2 W 3 + — 0 , (16) 

hh + msmi + n$m -- 0, (17) 
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each of the first three being the fundamental relation for direction 
cosines, and each of the last three the condition for perpendicularity. 
Take (13) and (15) and differentiate with respect to s. We have 

h'h “f” Wfl 2 r W '2 "f" 7l2 , 'ft‘2 — 0, (13) 

Wh + vn 2 ’ni\ -f nt’ni = 0, (19) 

where equation (19) has been simplified by the aid of (10) and (16). 
From (18) and (19) we have 

W : m 2 1 : n 2 = nitni — m\U 2 : v, 2 h — nih : hmi — l\w. 2 . (20) 

But from (16) and (17) we also get 

I 3 :m-i :nz = m2»i — mint : nth — nih : hmi — hmt- (21) 
Hence h' : m 2 ' : n-z —h : m 3 : n 3 , (22) 

and therefore, by (11), 

h — tW, m 3 — m 2 ', n 3 — m 2 '. (23) 


Take now equations (8) and differentiate with respect to s, 
paying attention to (23). We have 

- = p'iv'z" — y"z') + p(y’z"' — y'"z’) 

T , 

= ~ h + p(v'z'" - y"'z'), 

P 

— = pL m2 + p(^z'x'" - z'"x'), 

T p 

- = ^n 2 + p(x'y'" - x'"y'). 

T p 


Multiply these equations in order by h, m 3 , n 3 , respectively, 
add, and reduce by (14), (16), and (9). We have 


p\x"{y'z"' ~ y'"z') + y"(z'x"' 


"x') 


+ z"(x'y"' - x'”y')-\ 




x' 

x" 

\x'" 


V 

y" 


z 

z" 


(24) 


We have come out apparently with a negative sign, but as the 
sign of the determinant is not given, the sign of the torsion is not 
apparent from (24). As a matter of fact, it is possible so to deter¬ 
mine the positive directions of the three principal lines that the 
sign of the torsion determines whether the osculating plane has a 
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right-hand turning or a left-hand turning as it progresses along 
the curve, but this is a matter of detail into which we shall not go. 
53. Curvilinear coordinates. The three equations 

x -Mu, v), 

y-h{u,v), (1) 

Z~f 3 (u, v), 

where u and v are independent variables, in general define a surface. 

For unless all three of the Jacobians )» and j( —— ) 

\u, v/ \u, v/ \u, v/ 

vanish, two of the equations may be solved for u and v, and the 

result substituted in the remaining equation. There results an 

equation of the form F ( x> y> z ) __ 0 , (2) 

A particular form of equations (1) is 


x — u, 

y = v, (3) 

2 ==/(«, v), 

which is obviously equivalent to 


. , , 2 =/(*, y), (4) 

already discussed. 

If in (1) we place v~c, we have a curve lying on the surface, 
since u is now the only variable. Similarly, u — constant gives a 




curve lying on the surface. The surface is then covered by two fami¬ 
lies of curves. To each point P (Fig. 41) correspond two values 
of u and v, and (u, v ) are curvilinear coordinates on the surface. 

Consider, for example, a sphere with center at O and radius a 
(Fig. 42). Let the axis of z intersect the sphere at N and let P be 
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any point of the sphere. From P draw the line PS perpendicular 
to ON, the line PM perpendicular to the plane XOY, and the 
line OP = a. Let (r, 0) be the polar coordinates of M on the 
plane XOY; that is, r = OM and 6 = XOM. Let the angle 
POS be called <f>. 

Then OM = a sin <j>, 

x = OM cos 0 = a cos 0 sin <£, 

= OM sin 6 = a sin 0 sin <f >, 

2 : = a cos </>. 


The angles (0, 0) are then curvilinear coordinates on the 
sphere. The curves 0 = constant are great circles through A/, 
meridians. The lines </> = constant are small circles parallel to 
XOY, circles of latitude. In fact, 6 and <j> are precisely analo¬ 
gous to the longitude and co-latitude of points on the earth's 
surface. 

If in the equation for the element of arc in space, 
ds 2 = dx 2 + dy 2 + dz 2 , 

we substitute the values of dx, dy, dz taken from (1), we find, as 
the element of arc on the surface, 


where 


ds 2 = E du 2 + 2 F dudv + G dv 2 , 




\du/ \duf \du 


'dz 


dx dx dy dy ^ dz dz 
du dv du dv du dv’ 



(5) 


If du: dv and Su: dv are two directions on the surface corre¬ 
sponding to dx:dy: dz and 8x:8y: 8z, respectively, in space, and 
6 is the angle between these directions, then, by (4), § 45, ‘ 

. dx 8x + dy 8y + dz8z 

cos e = --j-t- 

ds 8s 

_ E du 8u -f F(du 8v + dv 8u) + G dv Sv _ ^ 

~ VW^+Tf^^+WWVe^+TFsuW+gs^' 
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In particular, let co be the angle between the coordinate curves 
u = c (for which du — 0) and v — c (for which dv — 0). Then (6) 

® VeS • • ' FSudv *F 

COS CO = — 7 =—===== = —==; (7) 


whence 


sm co: 


Vg^ VeJu* Vsg ’ 
's/eg -~~r i 
Veg 


( 8 ) 


From (7) it follows that the necessary mid sufficient condition that 
the coordinate system be orthogonal is that 
0 . 

Consider the infinitesimal figure PQRS 
(Fig. 43) bounded by four coordinate lines. 

By (5), 

PQ = VE du, PS = VG dv. Fig. 43 

Treating this figure as equivalent to a parallelogram, except for 
infinitesimals of higher order than du or dv, we have 

Area PQRS = PQ ■ PS ■ sin co = VEG — F 2 du dv. 

This we call the element of area dS and write 

dS = du dv. (9) 

A special case of (1) is obtained when we have 

X = fi(u, v), 

V = h(u, v), (10) 

z — 0, 



where u and v are curvilinear coordinates in the plane. All results 
hold. In particular, if we place u = r, v = 6, and write 

x — r cos 6, 
y — r sin 6, 

we have the usual polar coordinates, and (5) becomes 

ds 2 = dr 2 4- r 2 dO 2 

and (9) becomes dS — r dr dO. 

Let cos a, cos 0, cos y be the direction cosines of the normal 
to (1) at a point (u, v). Then, since the normal is perpendicular 
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both to the curve u — constant and to the curve v = constant, we 
have, by (5), § 45, 

~~ cos a + ” cos ]8 + COS y = 0, 
on on ' on 

~ cos + ^ cos /3 + cos 7 = 0 ; 

02 ; ov ov 


whence cos a: cos 


jS : cos 7 = J ( —-): J (—): J 
\w, tv \tt, ty 




The student may verify by direct expansion that 


'-)jV W -yv f,(-y 

K u y v / J tyj [ \ n, v; 


EG ~ F 2 . 


Hence we have 


1 


cos a = - 


jf^V 


VeG~-~-F~ 2 'U, vj’ 


cos j3 = 


Veg 


; — F 2 \w, ty 


cos 


/ 2-, # 


7 Veg-f* J \u, 


Again, let us place 


x =/i(m, r, w), 

y^f 2 (U, V, W), 

z~jz{u, V , w), 

where r, and tc are independent variables and where 

\U, 

Then equations ( 12 ) can be solved for 
w — <j> x (x, y f z), 
v = 02 (x, y, 2 ), 
w = 0sOr, ?/, z). 


0. 

V, wj 


(ir 


( 12 ) 


(13) 


(14) 


Then we have three families of surfaces u = C\, v e 2 , tr = c 3 , 
the intersection of which determined a point with Cartesian coor¬ 
dinates ( x , 1 /, z) or curvilinear coordinates (u, v, w). The planes 
x = ci, y — c 2 , z = C 3 , constructed for varying values of ci, c 2 , c 3? 
divide space into rectangular parallelepipeds. In the same man¬ 
ner, except for exceptional points, the space is divided into six¬ 
faced cells by the surfaces u ~ ci, v = c 2 » w = constructed for 
varying values of ci, c 2 , c 3 . 
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The element of are in curvilinear coordinates may be found 
by obtaining dx, dy , dz from (12) and substituting in 

ds 2 = dx 2 + dy 2 + dz 2 , (15) 

but we have no need of writing out the general form which results. 

To find the element of volume we begin by drawing from 
P{x, y, z) (Fig. 44) three straight lines to Q,{x + dx,y + dy, z -f dz), 
R{x + 8x, y + 8y, z + 8z), and S(x-f Ax, y + Ay, z + Az) and 
constructing on these as edges a parallele¬ 
piped. Then, if 6 is the angle between PQ 
and PR, the area of PRQ is PQ • PR sin 9; 
and if </> is the angle between PS and the 
normal to the plane PRQ , the length of the 
perpendicular from S to the plane PRQ is 
PS cos 0. Hence the volume of the paral¬ 
lelepiped is 

PQ ■ PR * PS sin 6 cos <t>. P Eig. 44 



The value of this may be worked out by the formulas of § 45 
and found to be 


± {dy 8z — 8y dz)Ax ± {dz 8x — 8z dx)Ay ± {dx 8y — 8x dy)Az, 


or, in determinant form, j ^ 

zb! 5a: 8y 8z 
j Ax Ay Az 


( 16 ) 


where the double sign is to be so chosen as to make the expres¬ 
sion positive. In this formula the lengths of the sides may be 
as large as we please, and the formula is exact. Let us now, in 
place of the straight-line figure, place a six-sided figure bounded 
by surfaces of our curvilinear-coordinate system, formed by tak¬ 
ing four points P{u, v, w), Q{u + du, v, w), R{u, v + dv, w), and 
S{u, v , w + dw) and passing coordinate surfaces through these. 

Then, for the point Q, 

dx = “ du, dy = — du, dz~~ du; 
du ‘ du du 

for R, 8x = dv, 8y = ~ dv, 8z = “ dv; 

dv dv ov 

a , a % , a dz J 

Ax = — dw, Ay = — dw, A z = dw, 
dw dw dw 


and for S 
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and we take the definition of the element of volume to be that 
obtained from (16) by substituting these values. We have 


dV = ± 


dx dy dz 
du du du 
dx dy dz 
dv dv dv 
dx dy dz 
dw dw dw 


du dv dw 


_ _j_ j r£’ _. y> _ z \^ u d v 

\U, V, WJ 


(17) 


This definition seems to be based on the assumption that the 
volume of the curved figure differs from that of the straight- 
line figure by an infinitesimal of higher order than the one 
taken, its real justification lies in the fact that it is possible 
to prove with perfect rigor that the volume of a finite solid com¬ 
puted by it is a number independent of the coordinate system 
used, where it is to be noted that 


dV = dx dy dz 


(18) 


is a special case of (17) obtained by placing u = x, v — y, w — z. 

Two systems of curvilinear coordinates are in common use. 
The first are the cylindrical coordinates z 
( r , 6, z ) (Fig. 45), where 


x = r cos 0, 
y — r sin 0, 
z — z. 


N 


(19) 


These are equivalent to taking polar 
coordinates on the plane XOY and leav¬ 
ing the z coordinate unchanged. The 
coordinate surfaces are r = c, concentric R 

cylinders with OZ as axis ; 6 — c, planes 
through OZ ; and z = c, planes perpendicular to OZ. 
drical coordinates we have 


\ 

P 


L 


y - 

rv 

[y 


In cylin- 


and 


ds 2 = dr 2 -f r 2 dd 2 + dz 2 
dV = r dd dr dz. 


( 20 ) 

( 21 ) 
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The second set of curvilinear coordinates in common use are 
polar, or spherical, coordinates (r, 6, 0) (Fig. 46), by which 

x = r sin <f> cos 6 , 
y = r sin <j> sin 0, (22) 

£ — r cos 4 >. 

The coordinate surfaces are r = c, 
spheres with center at O; 0 = c, planes 
through OZ; and cj>--c K circular cones 
with OZ as an axis. In polar coordinates 
we have 

ds 2 5 = dr 2 + r 2 sin 2 <£ dO 2 + r 2 d0 2 (23) 
and dY = r 2 sin 0 dr dd dq>. (24) 

EXERCISES 

1. If B x : Ci and A 2 : R 2 : C 2 fix the directions of two straight 
lines and A 3 : B 3 : C 3 fix the direction of a line perpendicular to them, 
prove that 

A 3 : Z?3 : C 3 = B 1 C 2 — B 2 C 1 : CiA 2 — C 3 A\ \ A\B 3 — A 3 B\. 

2. Find the direction of the curve x = e l , y ~ e~ l , z = tfV2 at the 
point for which 2 = 0. 

3. Show that the curve x — a cos i, y = a sin t, z = Ad makes a con¬ 
stant angle with the direction parallel to OZ. 

4. Show that the locus of points whose coordinates satisfy simul¬ 
taneously the equations f(x, y, z ) = 0, g(x, y, z) = 0, has in general a 
definite direction at each point of space, and determine the direction. 

5. Find the tangent plane to the paraboloid z = ax 2 4* by 2 at the 
point (xi, y u z,). 

3C* 'll* Z~ 

(5. Find the tangent plane to the ellipsoid — 4- ~ 4- -- = 1 at the 
point (xi, y u Z\)* a c 

7, Prove that the plane lx 4- my 4- nz = p is tangent to the ellipsoid 

2 2 2 

^ + ~ + -=liip = 'JaH 2 + h 2 m 2 + c 2 n 2 . 
a 2 b l c 2 

8, Prove that the plane lx 4- my 4- nz = p is tangent to the para¬ 
boloid ax 2 4- by 2 = z if p = — . 

4 abn 

9, Find the cosine of the angle between the normal to an ellipsoid and 
the straight line drawn from the center to the point of contact, and prove 

p 

that it is equal to — > where p is the distance of the tangent plane from 
the center and r is the distance of the point of contact from the center. 


Z 
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10. Find the angle between the line drawn from the origin to the 
point (o, a, a) of the surface xyz = a 3 and the normal of the surface at 
the point. 

11. Find the angle of intersection of the spheres x 2 + y 2 + z 2 = a 2 
and (x — 6) 2 -f y 2 H- z 2 = c 2 . 

12. Derive the condition that two surfaces /(x, y 9 z) = 0 and 
<£(x, 2/, z) = 0 intersect at right angles. 

13. Find the point in the plane ax + hy + cz + d = 0 which is nearest 
the origin. 

14. Find the points on the surface xyz = a 3 which are nearest the 
origin. 

15. Find a point in a triangle such that the sum of the squares of its 
distances from the three vertices is a minimum. 

16. Of all rectangular parallelepipeds inscribed in an ellipsoid, find 
that which has the greatest volume. 

17. Find the point inside a plane triangle from which the sum of the 
squares of the perpendiculars to the three sides is a minimum. (Express 
the answer in terms of K, the area of the triangle; a, 6, c 9 the lengths of 
the three sides; and x, y , z , the three perpendiculars on the sides.) 

18. Show that the necessary conditions for the maximum and mini¬ 
mum values of f(x, y ), where x and y are connected by an equation 
F(x, y ) = 0, is that x and y should satisfy the two equations 

F(x, y) = 0, 

3f dF df dF __ 

ox dy dy dx 

10. Find the lengths of the shortest and longest lines from the origin 
to the conic ax 2 + 2 hxy + by 2 = c . Find also the direction of these 
lines (axes of the conic). 

20. Determine x, y , and z so that x v y q z r shall be a maximum if 
x 4- y + z = N, where p, q t r, and N are constants. 

21. Show that the necessary conditions for a maximum or a mini¬ 
mum value of /(x, y , z), where x, y , and z are connected by the con¬ 
dition F(x, y t z) = 0, is that x, y, and z should satisfy thtj three equations 

F(x, y, z) = 0, 
dx dz dz dx 

dp dz dz dy 
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22. Prove that any two linear equations 

AiX + Biy + Cjz + Di = 0, 

A 2 X -f- B^y 4” C 2 Z + D 2 ~ 0, 

define a straight line, and show that its direction is given by 
B 1 C 2 — B 2 C 1 1 C 1 A 2 — C 2 A 1 1 A 1 B 2 — A 2 B 1 . 

23. Consider the helix, or screw curve, 

x ~ a cos 0, 
y — a sin 6 , 
z = kd. 

Show that it winds around a cylinder, and find the equations of its three 
principal lines and of its osculating plane. 

24. Find the angle at which the helix (Ex. 23) cuts the elements of 
the cylinder on which it lies. 

25. Consider the conical helix 

X = t COS ty 

y — t sin ty 
z = kt. 

Show that it winds around a cone, and find the equations of its three 
principal lines and of its osculating plane. 

26. Find the angle at which the conical helix (Ex. 25) cuts the ele¬ 
ments of the cone on which it lies. 

27. Show that if the osculating plane of a curve is the same at all 
points the curve lies in that plane, and conversely. 

28. Find the radii of curvature and of torsion of the helix. 

29. Find the radius of curvature of the conical helix at the origin. 

In each of the following examples find the Cartesian equation of 
the surface, the nature of the coordinate curves, the element of arc, and 
the element of area: 


30. x = u cos v, 
y = u sin v t 
z = ku. 

31. x = u cos v f 
y = u sin v, 
z = kv. 

32. z~au cos v, 
y ~bu sin v t 
z = cu. 


33. x — a cos v, 
y = b sin v t 
z — u. 

34. x = a sin u cos v t 
y = b sin u sin v, 
z = c cos u. 

35. x=z u cos V, 
y = u sin r, 
z = u 2 . 
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36. Show that any surface of revolution may be given the equations 

x ~ r cos 6, 
y = r sin d, 

where r is th£ distance from OZ of a point on the surface, and z = f(x) 
is the curve revolved to form the surface. Find the coordinate curves 
and the elements of length and area. 

37. Let the points (x, y) of a plane be made to correspond to the 
points ( <t >, 6) of a sphere of radius a by the equations 

x = kd , 

y = k sech -1 (sin 0). 

This is Mercator’s projection, much used in map-making. Show that 
meridians of longitude and circles of latitude on the sphere become 
straight lines on the plane. Show that if ds is the element of arc on the 
plane and ds' the element of arc on the sphere, then 

ds — —-— ds\ 
a sm $ 

Show that angles are preserved (that is, the angle between any two 
curves oh the sphere is the same as the angle between their correspond¬ 
ing curves on the plane), but that distances are magnified in a variable 
manner, the magnification becoming greater the farther one goes from 
the equator. 

38. Let a sphere be mapped on a plane by the equations 

d> 

x = k tan — cos 6. 

2 

cb . 

y~k tan - sin 6. 

This is stereographic projection. Show that angles are preserved and 
distances magnified in a varying manner. Find the curves correspond¬ 
ing to meridians and circles of latitude. 

39. A loxodrome is a curve which cuts meridians on a sphere at a 
constant angle. Show that it becomes a straight line in Mercator’s 
projection (Ex. 37) and a logarithmic spiral in stereographic projection 
(Ex. 38). 

40. Show as a generalization of Exs. 37-38 that if a surface with 
coordinates (u , v) is mapped upon a surface with coordinates ( u' t v') so 
that ds 2 ■= X ds' 2 , where X is a functirn of u' and v', angles will be 
preserved. 
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THE DEFINITE INTEGRAL 

54. Definition. The concept of the definite integral is obtained 
as follows: 

In the interval a ^ x ^ b (Fig. 47) assume at pleasure n 
points xo = a, x lf X 2 , X 3 , • * •, x n _i, where > x if thus dividing 
(a, b) into n smaller intervals. In 
each of these intervals take a value 
of x = £ t \ where ^ ^ and 

form the sum Fig. 47 

'% '/(£* + i)(x i+ i - x,) =Mi)(x 1 - a) +M 2 )(X 2 - * 1 ) 4- 

4-/(€,)(& (1) 

Now let n increase indefinitely while each of the n, intervals 
Ti „i — x t approaches ?.ero. If the sutn (1) approaches a limit 
which is independent of the choice of X; or of that limit is 
called the definite in- y 
tegral of fix) between a 
and 6 and is denoted by 

J C f(x)dx. 

a 

In the next section a 
proof of the exist ence of 
the limit will be given 
under certain condi¬ 
tions. Here it may be 
made graphically plau¬ 
sible that the limit exists 
if fix,) is continuous and c and b finite. For if fix) is expressed 
by a graph, we have a figure like Fig, 48. The sum (1) repre¬ 
sents the sum of the rectangles of the figure, and it. seems 
obvious that the limit of the sum is the area bounded by the 
curve, the axis of x, and the ordinates x = a and x — b. 

134 
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Also, if /(x) has a finite number of finite discontinuities, but a 
and b are finite, as in Fig. 49, the area and the integral seem 
to exist. The student may accept y 
these graphical arguments or read 
the next section. 

55. Existence proof. Let /(x) be 
a function which does not become 
infinite in the interval (a, b), M,+i 
the largest value of f(x) in the inter¬ 
val (Xi, Xi+ 0, and m i+ i the smallest _|—i-i- 1 -j —x 

value of /(x) in the same interval. 

Form the two sums: FlG - 49 


S = Mi(xi — a) + Mz(X 2 — Xi) + • • • + M„(b — x n -i), > (1) 
s = mi(xi — o) + m 2 (x 2 — Xi) + • —h m„(6 — x„_j). (2) 

Then s < S. 


Now let each of the divisions Xi, x i+i be subdivided into smaller 
intervals and let the sums S' and s' be formed as before. We wish 
to show that g/ < g 

s' > s. 


To show this suppose that the points yi, y 2 , ■ ■ -,y k be chosen 
between x» and x i+ \, as sketched in v yv y, 

Kg. bo. 1 

Then, in place of the term M i+ 1 (Xj+i—x») Fig _ 50 

of (1), in S' there appear k + 1 terms, » 

M'i(yi — Xi) + M' 2 (y 2 -yi)-\ -F M' k +i(xi+i — y k ). (3) 

But unless f(x) is constant in the interval (x», x i+ i) some of the 
quantities M p ' are less than Mi+u the points yi, y 2 , • ■ -,y k being 
taken at pleasure. Hence the sum of the terms (3) is less than 
Mi+i (Xi+i — x,), and therefore S' < S. Similarly, s' > s. Hence 
as the subdivision is carried farther and farther, S constantly de¬ 
creases and s constantly increases. There would be an exception 
only in the trivial case in which f(x) is constant between x —a 
and x — b. 

Let us return to the sums S and s. It is evident that no sum s 
can exceed M(b — a) where M is the maximum value of f(x) in 
the interval (a, b). Hence all the sums s which can be formed 
have an upper limiting value J. 

Similarly S cannot be less than m(b — a) where m is the mini- 

c 
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mum value of /(sc) in the interval (a, 6) and hence S has a lower 
limiting value I'. 

Take <S" and s" sums similar to (1) and (2) with the points 
Xi replaced by other points x”, and let S'” and s'” be two auxiliary 
sums where both the points x, and the points x” are used. Then 
S'”, s'” are sums formed by dividing the intervals used in forming 
S, s and S”, s”. Therefore, as before, disregarding the case where 
fix) is constant, 

S'” < S, s'” > s, S'” < S”, s'” > s” 
and hence, since s”' < S'”, we have 

s” < S, s < S”. 

This shows that any sum s is less than any sum S and therefore 

I s 

Now if fix) is continuous in the interval ( a, b), then from IV, § 2, 
we can take all the intervals x i+ i — x ; so small that 

Mi +1 — m 1+ 1 <• e 

for all the intervals at the same time. Then 

S — s < eS(a:i + i — Xi) < e(b — a). ' 

But s —s=(S— /') + (!'-/) + (/ —s) 

and, since the terms on the right of this equation are all positive, 
each must be less than e(& — a). But 7' — I is a constant. There¬ 
fore S — /' < e(6 — a), /' — I — 0, / — s < e(6 — a), whence 

Lim S = Lim s — I. 

We have proved the existence of the limit of the sum (1) when 
f(x) is continuous and the interval (a, b ) is finite. Let us now 
suppose that f{x) has a finite number k of points of finite dis¬ 
continuity such as are pictured in Fig. 49. 

Let the interval (a, b) be divided in any manner, and let the sum 
of the lengths of the intervals in which the points of discontinuity 
lie be l. If the intervals are small enough, only one point of dis¬ 
continuity will lie in any one interval. In these k intervals let 
the difference between the largest and the smallest value of f(x) 
be B. The sum of the lengths of the intervals in which there is 
no point of discontinuity is b — a — l, and the difference between 
Mi+i and m i+ i in each of these intervals may be made less than 
e by taking the intervals sufficiently small. 

Hence, using S and s in the same sense as before, 

S - s < e(b - a — l) + Bl. 
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Now both € and l approach zero as the division is made smaller, 

and therefore r . _ T . 

Lim S = Lim s. 


We have limited ourselves to a finite number of discontinuities. 
As a matter of fact, the reasoning applies to an infinite number 
provided J—>0. A discussion of this case would necessitate a 
treatment of point sets, which we shall not give. 

We have proved that S and s approach the same limit under 
the hypotheses made. It is obvious that the sum (1), § 54, is 
intermediate in value between S and s and approaches the same 
limit. 

We have now the following theorem: 

If f(x) is a function continuous in the finite interval (a, 6), with 
at most a finite number of finite discontinuities, the definite integral 

J' f(x)dx exists. 


56. Properties of definite integrals. As immediate consequences 
of the definition of the definite integral we have the following 
formulas: w, ~ b 

I cf(x)dx — cl f{x)dx, 

J a J a 


f [/i(*) +}i{xy\dx= f fi(x)dx + f f 2 (x)dx, 

a Ja J a 

f f(x)dx = — f f(x)dx, 

Jb a 

f f(x)dx — f f(x)dx -f f f(x)dx, 
f k f(x)dx — (6 — a)f(^). (a < % < b) 


(l) 


( 2 ) 

(3) 

(4) 

(5) 


In proving (3) we have to notice that to interchange the limits 
o and b is to change the sign of each factor Xi + i — x,- of (1), § 54. 
In (4) the order of magnitude of the quantities a, b, c is imma¬ 
terial by virtue of (3). It is of course understood that /(x) has 
the properties required in § 55. 

To prove (5) we shall assume that fix) is continuous and not 
constant and shall let M be its maximum value and m its mini¬ 
mum value in the interval (a, 6). If /(£»•+ 1 ) is replaced by M in 
each term of (1), § 54, the sum becomes M(b — a), which is larger 
than the sum as written. Also, if /(£,•+ 1 ) is replaced by m, the sum 
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becomes m(b — a), which is evidently smaller than the sum as 
written. This is independent of the number of small intervals 
of (a, b). Hence 

m(b — a) < I f(x)dx < M(b — a ); 

a 


whence 


f f(x)dx = n(b — a), 

J a 


where n is some number between m and M. But by II, § 2, since 
f(x) is continuous in the interval (a, b), f(x) takes the value n for 
some value £ of x in the interval. Hence (5) follows. Graphically 
this formula says that the area under y 
the curve y =f(x) between x = a and 

x — b is equal to that of a rectangle _ 

with base b — a and altitude equal to 

the height of some point of the curve / | 

(Fig. 51). This is obviously not neces- / 
sarily true if f(x) is discontinuous. I 

57. Evaluation of a definite integral. ~q —£-1-1 —X 

Let f(x) be a continuous function in 

the interval (a, b). Take x, any value FlG ' 51 

in that interval. Then, since the integral is fully defined when 

the limits a and x are given, and that value depends upon the 

limits, we have, by the definition of a function, 


Fig. 51 


I f(x)dx = <j>(x). 

*■ a r*x + h nx 

Then 4>(x + h) — 4>{x) — I f(x)dx— I f(x)dx 

J a a 

J f'x + h 

f(x)dx 

X 

= (x < £ < x + h) 

where the transformations have been made by the formulas of 
the previous section. 

Our result shows that <f>(x) is a continuous function, since 


Lim [<t>(x + h) — <j>(x)] — 0. 

T . <t>(x + h) - T . 

Lim---- Lim 

h-^0 tl 

3 z 4>(x) = /(*)• 


-- Lim/(f) ~ j(z); 


that is, 


( 1 ) 
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If, now, F(x ) is any function whose derivative is f(x), then, by 
III, § 6, <}>(x) — F(x) -j- C, and we have 


f f(x)dx F(x) + C. 

J a 


If x = a, then, by the definition of the integral, the value of 
the integral is 0. Hence C — — F(a). Using this value of C in 
our last formula and placing the upper limit x equal to b, we have 
finally r f> 

/ f(x)dx = F(b) - F(a). (2) 

o'a 

58. Simpson’s rule. When the integral cannot be evaluated in 
elementary functions, recourse is sometimes had to approximate 
integration. The most obvious thing is to expand into a series 
and integrate term by term. From this method we may develop 
a rule known as Simpson's rule. Let 

/Or) = ay + ai(x — a) + a 2 (x — a) 2 + ds(x — a) 3 + R, (1) 
and let us integrate between a and a + h, omitting the remain¬ 
der R. Then, approximately, 


£ a rh 

f(x)dx : 


dik 2 t <i2h 3 t ash 4 

2 + - 8 ~ + ~ 4 ~‘ 


Let yi be the value of f(x) when x = a, y^ the value of f(x) when 
h 

x — a+--> and y 3 the value of fix) when x a + h (Fig. 52). 

Then, approximately, ^—" 

2/i = o°, h ^ ash3 // 

y 2 = a 0 + oi- + ~ + --> / 

yz — «o + h + a, 2 h 2 + a 3 h 3 ; v \ V 2 v s 

and from (2) it is easy to verify that, a a +k 

approximately, FlG - 62 

f f(x)dx = ~ iyi + 4 y 2 + y-i). (3) 

This is merely approximate, since we have omitted R in (1), 
but the error made is of the order of h 5 and is negligible for small 
values of h. 

Consider now the integral 

J f(x)dz. 
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where 6 (Fig. 53) is too far from a for (3) to be applied to ad¬ 
vantage. Let the interval (a, b ) be divided into 2 n equal parts 

> and take h — -- = two 

2 n n 

of such parts. 

The integral may be com¬ 
puted approximately by (3) for 
the intervals 

i t 

(a, a + h), 

(ft -f- h, ft -f- 2 h'), • * *, 

and the results added. We obtain 1 Fig. 53*’ 

f f(x)dx = (yi + 4 j /2 + 2 y 3 + 4 y± + 2 y 6 4- 

J a on 

+ 4 y-2n + 2/2n + l). 



This is Simpson’s rule for the approximate value of an integr; 
It may be applied to computing an area where the ordinates mi 
be measured from a carefully drawn diagram or computed frc 
the equation of the curve. 

59. Change of variables. Given 



let it be required to place x = <f>(t), where x = a when t = to a 
x = b when t — t\ . A direct substitution gives 


I 


Kmwwt, 


but this needs justification. For 

f f(x)dx = Lim T/(&)(*»- + j - *,-) = Lim T.f(i i )Ax u 

Ja 

and dxi is the principal part of Ax*. The principal part of 1 
however, may be substituted for Ax t by theorem II, § 12. 1 
final work is therefore correct. 

The proof of II, § 12, demands that the infinitesimals be ? r 
positive or all negative, but it is usually possible to split * 
interval (a, b) into regions in which the infinitesimals are alw 
positive or always negative so as to apply the theorem. * 
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60. Differentiation of a definite integral. The discussion of § 57 
shows that the definite integral is a function of its upper limit b 
and of its lower limit a. Also, if fix) is a continuous function of x 
when x = a or x = b, from (2), § 57, 

£jfWr=-/(«). a) 


Suppose, now, that a and b are constant, but that fix) involves 
: a parameter a which is constant in the integration but may vary 
form different integrals; then, by definition of a function, 


I 


f(x, a)dx — 


( 2 ) 


We shall show that in general 4>{a) may be differentiated by 
fferentiating under the integral sign; thus, 


< 


d$_ C b mx, a) 
da J a da 


(3) 


I tiTo prove this and, at the same time, to determine conditions 
idei which the formula is true, we proceed as follows: 

From (2) and the formulas of § 56 we have 


X h s*b 

f(x, a + A a)dx — I f(x, a)dx 
Ja 

i ~f [/(*> a + Aa) — f(x, a)~]dx. ( 4 ) 

Ja 


Graphically d>(oi) is the area ABDC (Fig. 54) and A</> is the 
s. CDFE. If f{x, a) is a continuous function of x and a when 
x s b and a lies between two values, say «o and atj, then, by 
' 'w, we may take A a so small that Y 


a j/(.r, or-f Aa) — f(x, a) | < € 

' . all values of x in the interval 
b). Graphically this means that 
• 1 width of the strip CDFE is 
b than « for all points between A 
Vi B. Therefore, from (4), 



\A(f>\< e(6- a), 


<f>ia ) is a continuous function. 
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From (4), 

df 


A<ft 
A a. 


_ f a ' 

J Cl 


4 A a) -- fix, a) 


Aa 


dx. 


Now if exists and is continuous, then (5) is 

da 


A& 

Aa 


fj^r 

J a OQL xj a 


€ dx. 


(5) 




The last integral in (6) is less in absolute value than jj(& — a ) i 

df 

7i is larger than anv value of e in the interval (a, 6). If ~~ is con 

oa 

tinuous, the value of y; may be made as small as we please b: 
taking e sufficiently small. Hence, taking the limit as Aa —*■ ( 
in '6), we have ^ nb$j 

da J a da 

which is formula (3). 

Now let us suppose that we have 


dx, 


f Six, a)dx = 0(a), 


(7 , 


where a and b are functions of a which take increments A a ant 
A b. respectively, when a is increased by Aa;. 

* b + Ab 


J n b + Ab 

' f(x,a+ Aa)dx 

a x- Aa 


( a r*h 

fix, a 4 A a)dx 4 I .fix, a + A a)dx 

4 Aa Ja 

* b 4 Ab 

fix, QC 4- Aa)dx, 


+ /’ 


J f*a f*b 

fix, a -f A a)dx 4 I [fix. ot 4 Aaj — fix, a)]dx 

a + A a a 


+ J. 


>b-t A b 


f(x, a + A a)dx. 




Graphically A</> is represented in Fig. 55 by the unshaded 
border of the area denoted by 0(a), and the three integrals in 
(8) give the areas of the strips EAHG , CDIH : and BFJI respec¬ 
tively. We may apply ( 5 ), § 56, to the first and last integrals of 
(8) and have 

A<fi = — Aa/(£i, a +■ Aa) + f Ufa, & -f Aa) * f(x. a)~\dx 

a 

4 A&/(£ 2 , a 4 Aar). 
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Dividing by A a, letting Aa —*■ 0, noticing that £1 
£2 -*->'■ by and using the result ( 3 ), we have 

da 
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a and' 

(9) 



As an illustration take 


d»(«) = / — ~ 7 " — dx. 
Jo a: 2 -f- a 2 


If 
If 

The function 


a =s 0, 

« ¥= 0 , 


OL 


+ 1 

<t>(a) = 0. j 

d»(a) = tan^ 1 — • 
a 


( 10 ) 


. , , is not continuous at the point x = 0 , a — 0 , 

x 2 + or 

and the function d>(«) has a discontinuity when a — 0 . In fact, 


x 


<£(<*) approaches ± 77 according as a is positive or negative. The 

graph of the function is shown in Fig. 56.. 

If we differentiate under the integral sign in ( 10 ), we have 


*'<“> = l'w+^ 7 ‘ ix - [“ 


1 + a 2 


x 2 + a 2 ' 

which is true for all values of a except a = 0 . 

The principle of differentiating under the integral sign may 
sometimes be used to evaluate a definite integral. For example, 
take 


4>ioi) ~ 


d<j> 

da 


n oga- 

Jo 

=r- 

Jo 1 


2 a cos x + a 2 )dx. 


2 cos x + 2 a 


2 a cos x + a" 


dx 


X 2 f, ,/1 + a x\r 


<ii) 
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^ r j , Q* 

As x varies for 0 to ir, - -tan - varies through positive values 

1 ~ a 2 1+a x 

from 0 to oo when — 1 < a < 1, and --tan - varies through 

1 — a 2 


negative values from 0 to — oo when a < 
Hence 


1 or a > 1. 


-(I±2 tan I' 

VI -a 2/ 


when 


and 


)I-I 

tan -1 tan |)1 = — ^ when a < — 1 

\1 — a 2/Jo 2 


1 < a < 1, 

or a > 1. 


Therefore 

d<p 


and 

whence 

and 


= 0 when 
2 7T 


1 < a < 1, 

when a < — 1 or cf>l; 


da 
d<p 

da a 
4> — Cl when — 1 < a < 1, 

4>—tt log a 2 + C 2 when a < — 1 or a > 1. 


We may determine Ci by placing a = 0 in (11). Then CJ = 0. 


Hence 


<t> — 0 when — 1 < a < 1. 


( 12 ) 


To determine C 2 in the same manner we should need 
stitute in (11) a value of a greater numerically than 1. 
not convenient. Instead, we will place 


to sub- 
This is 


a = where 

P 


1 ,< 0 < 1. Then 

H s*yr 

*Ka) = / Dog (1 - 2 0 cos x + P 2 ) 

0 - log (3 2 ]dx 

= — log P 2 C”dx [by (12)] 
Jo 

— — IT log P 2 

= 7r log a 2 when a < — 1 

or a > 1. (13) 




-1 O: 


Fig. 57 


Therefore C 2 = 0. 

The definition of 4>(a) is now complete. Its graph is shown 
in Fig. 57. < 

The foregoing discussion does not apply when a = ± 1, since 
the conditions for differentiability are not met. We shall see later 
(Example 2, § 65) that in this case <t>{a) = 0, so that the function 
is continuous for a = ± 1. 




INTEGRATION 


145 


61. Integration under the integral sigr.. The possibility of differ¬ 
entiating under the integral sign leads conversely to the possi¬ 
bility of integration. Let b 

<£(<*) = / f(x, a)dx, (1) 

0 

where a and b are constants. Multiply by da and integrate with 
respect to a between ao and a. Then 

'b 

( 2 ) 


pa pa pb 

I <f>(a)da — | da I f(x, a)dx, 


where the integrations on the right are to be carried out from 
right to left. 

On the other hand, consider 


J pb pet 

dx I f(x, a)da. 

a 


(3) 


We wish to show that (3) and (2) are the same. We differen¬ 
tiate (3) with respect to a. By the previous section the differen¬ 
tiation on the right may be carried out under the integral sign, 
and by (1), § 60, g 

- I f(x, a)da —f(x, a). 


daJ« n 


Hence, from (3), 


Then 


or 


’ />& 

<£'(“) = f fix,, a)dx = <f>{a). 
Ja 

J r* a r* a 

Q'(a)da~ I <b(a)da, 

a Q J a 0 

J r*> a 

4>(a)da, 


(4) 


(5) 


since, from (3), <f>(a:o) = 0. Hence, by replacing the two members 
of equation (5) by their respective values as given in (3) and (2). 
we have rb /--« /•»& 

f dx I f(x, a)da — j da I f(x, a)dx, (6) 

a <x Q Jtto Ja 

as was to be proved. 

This may be considered either as proving the method of inte¬ 
grating under the integral sign or as showing the possibility of 
interchanging the order of repeated integration. 

For example, consider 


X 


x a dx 


a + 1 


(a + 1 > 0 ) 
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Multiply by da and integrate between a and b. Then 


['da f 1 x“ dx — f b ~^j = log 
J a J 0 J a Ci + 1 


6 + 1 


a + I " VB a41 
But, by (6), the left-hand side of this equation is equal to 


Cdx f b x a da= r^-dx, 

Ji) Ja Jo 


and therefore 


I 


1 x b — x n 
log a: 


dx — log 


log X 

6 + 1 


Of +1 


62. Infinite limit. It is possible to consider definite integrals 
with the upper limit infinity if we place by definition 


J ^oo r*b 

f(x)dx = Lim / f(x)dx. 

a b cc J a 


( 1 ) 


The proof of the existence of the integral now breaks down, 
and there is no guaranty that the limit in (1) actually exists. 
When it does, we say that the integral (1) converges. It is impor¬ 
tant to know something of the conditions under which this takes 
place. 

If it is possible to evaluate the definite integral by the formula 


| f(x)dx = F(b) - F(a), 


where F(x) is an elementary function which may be explicitly 
found, the convergence of the integral (1) may be determined by 
examining the behavior of F(b) as b increases indefinitely. For 
example, consider r b dx 

X ;?* 


‘S 1 

' b dx 

Jk 


r o (JX 

—• ~ log b; 
ij i x 

. . r b & 

if k =£ 1, it is I — 

J 1 x 


6 1 " 


I 


1 - k 


As b —► oo, log b oo and b l ~ k —v- cc if k < 1, while b 1 0 if 
k > 1. Hence we have the following theorem : 

I. The integral f ~ cormrges if k > 1 and, becomes infinite if 
k s 1. ,Ai s 
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We may now prove the following theorem: 

X oo 

f(x)dx can be written in the form 

then (1) if 4>(x) is less in absolute value than a finite number M for 
sufficiently large values of x, and k > 1, the integral converges; 
(2) if <f>(x) is greater in absolute value than a positive number m for 
sufficiently large values of x, and k ^ 1, the integral does not converge . 

To prove this let us write 


if f f(x)dx 
•la 


X <iO ni S'co 

f(*)dx--I J(x)dx -fjf f(x)dx; 


converges, it is necessary and sufficient that 


/■»» ’ 

| / f(x)dx j < e for sufficiently large l. Consider, then, the first 
part of the theorem given above. We have 

I r°° i 1 r x 4>(x\ , ! r x dx i i ~ k 

\J, tn*r\J. * r \ <M i ? = 

and by taking l sufficient!}’ large this can be made less than any 
quantity e. 

On the other hand, under the second part of the theorem 

| s , ! r°°6(x) , | r x dx 

U J. ~ 7 rix \ > ”J, ?• 

where the last integral increases beyond any limit. 

As examples consider the following, all of which are integrals 
which cannot be evaluated by elementary means. 

Example 1. f —--i ==—— .. 

v (1 — x 2 ) (l — k 2 x 2 ) 

Tf_- J. /-.\ I 


If we take 


\x 2 / \x 2 


it is evident that as x oo, <f>rx) --; and hence <f>(x) is finite as 

k 2 

x oo, and, for sufficiently large x, d>(x) < ~ or some other quantity 

ic 

chosen at pleasure. The integral is f —~ dx, and consequently 

a a x J 

converges. 
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Example 2. f™ 6 ** dx. 

Take <j>(x) = x 2 e~ x \ Then Lim x 2 e~ x 2 = 0 (§ 10); and, for sufficiently. 

large values of x t <f>(x) < 1. The integral is dx , which 

converges. 

_ , /><» sin x , 

Example 3. / -ax. 

J o x 

No conclusion can be drawn from the theorem for this integral. 
If we place 0(x) = sin x, the absolute value of <f>(x) is always less 
than 1. But k = 1, and therefore the first part of the theorem does 
not apply. On the other hand, there is no positive quantity m < <j>{x) 
for all large values of x, and therefore the second part of the theorem 
does not apply. 


The third example shows that the theorem we have given 
is not sufficient to determine the convergence of al! integrals, 
but its range of applicability is large. The convergence of the 
integral in Example 3 may be established in another way. If we 


graph the function y = 


sm x 


the graph consists of portions alter¬ 


nately above and below the axis of x, and it is evident that the 
integral may be written 


r 00 sin x 

I- dx = Ui - u 2 + u s — u 4 H-, 

J 0 X 


( 2 ) 


where «*. is the absolute value of the integral 


J r>krr 

(fc-lW 


sin x , 
- dx. 


Now as - 
that x 


is constantly decreasing without limit, it is evident 
< u k and Lim u k = 0. 

fc -+ 00 


By | 29 the series (2) converges.' 

63. Differentiation and integration of ah integral with an infinite 
limit. The question naturally arises, When is 


<p(a) 


p 00 

: I /(*, 

J a 


a)dx 


( 1 ) 


a continuous function of a and when may it be differentiated 
under the integral sign? We shall not endeavor to give a 
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complete answer to this question, but will give certain rules which 
are sometimes applicable. We shall assume that f(x 9 a) is a 
continuous function of x and a for any value of x between a 
and oo and for any value of a in an interval (ao, ai). 

Let us write (1) in the form 


J r 00 nl r 

fix, a)dx — I fix, a)dx + I f(x, a)dx, 
a Ja Jl 


( 2 ) 


where l is a large but finite quantity. If, now, e being any as¬ 
signed positive quantity, it is possible to choose l s« that 



(3) 


for all values of a in the interval (ao, «i), then (1) is said to 
converge uniformly in the interval (o-o, ai). We may then prove 
that (1) is a continuous function of a. For we have 


A <*> = 



, a + Aa) 


-f{x, a)]dx + J 

X co 

fix, a)dx. 


00 

fix, a + A a)dx 


By hypothesis we may so choose l that each of the last integrals 
is less absolutely than We may then choose Aa so that 
! fix, a. + Aa) - fix, a) | < 

since, by hypothesis, f(x 7 a) is a continuous function. 


Then [ A<^> | < €, 

and hence (1) is a continuous function of a. 

To differentiate (1) we shall also assume that f«(x, a) is a con¬ 
tinuous function of x and a for all values of x in the interval 
(a, oc) and for all values of a in the interval (ao, ai), and that 

f oe 

JJx f a)dx converges uniformly. 

Let us divide the interval (a, oo) into subintervals (a + n — 1, 
a + n), where n — i, 2, 3, • • •, and write 
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Then, by § 60, 

d , , r a + n df(x, a) J 

- 7 - u H (a) = / —- dx. 

f oe n — cm 

fix, ajdx = 2 “..(a), (4) 

n = l 

and the term by term differentiation of the series (4) gives 

’if f” ■ «) 

n = 1 J a + n - 1 0Ot 

The series (5$ is uniformly convergent because of the hypothesis 
that J' d x i s uniformly convergent. Hence, by Ex. 36, 

P- 62 > d C*t, w r°°df(x,a ), 

-j( /(*, (6) 

In order to apply the theorem it is necessary to be able to deter¬ 
mine whether the integrals involved converge uniformly or not. 
This may often be done by finding a positive function <f>(x) such 

that 4>(x) a f(x, a) (7) 

for all values of x in the interval (l, oo) and for all values of a in 
the interval (« 0 , «i). Then if 

p oo 

j <p(x)dx 

X oo 

f(x, a)dx converges uniformly. . This 

is obvious from the relation 


X oO p c 

fix, a)dx < J 


<j>(x)dx < 6, 


where c can be as small as we please by taking l sufficiently great. 
As an example, consider 


r^ e r ax si 

Jo x 


dx . (0 < ao < a) 


Here f(z, a) 


fc t (x, a) 


er ax $inx, 


and / and satisfy the conditions of being continuous functions 
of x and a if a > 0 and 0 < x < l, where l is any positive number 
no matter how large. We may write 


x £<r ax sm x 


x 
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Now Lim xe ' r ° x = 0. Therefore for sufficiently large values of 

X -+ oo 

xe - ^ < Xe ~a 0 x |. anc ( s i xlce | s j n x j = i t we have 


xe~ ax sm x 


(0 < Q!o < a) 


Then — is the function <f>(x) of (7) and condition (7) is met, 
x z 

and therefore (8) defines a continuous function of a. 


. . , . x 2 e “sin x 

Again, by writing e “sin x — --§-> 

we see that for sufficiently large values of x, |e _ “sin x\< and 

hence fjx, a) meets the required conditions. Therefore formula 
(6) holds for the integral (8). 

An integral with an infinite limit may be integrated under the 
integral sign if the condition of uniform convergence is met by 
the integrals involved. This is proved as in § 61. 

64 . Infinite integrand. In our discussion of the definite integral 
thus far it has been necessary that / (x) should remain finite in the 
interval of integration. It is the purpose of this section to examine 
certain cases in which f(x) becomes infinite at one or more points. 
It will be sufficient to examine the case in which f(x) becomes 
•afinite at the upper limit x — b. For if f(x) becomes infinite 
when x = a, that limit may be made the upper limit by changing 
the sign of the', integral (§ 56 ); if J(x) becomes infinite at any 
intermediate point c, we may use (4), § 56, and examine each 
integral separately. 

If, then, f(b)— >oo, we define the integral by the formula 



When the limit exists, the integral is said to converge. 

■ When the integral may be evaluated by the. formula 

f f(x)dx — F(b) — F(a), 

da 

the convergence may be examined by considering the behavior of 
F{b — e) as e 0. For example, 



a "* dx 

Va 2 — x 2 


— Lim sin~ J 
€ 0 



7r 
2 ' 


c 
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Again, consider 
If k = 1, this becomes 

**-* dx 


f 

*Sa 


dx 


(b - x y 


if k =£ 1 , 


£ 

£ 


b — x 


dx 


log e + log (b- a); 
(b - a ) 1 


\ 1 - k _ — k 


(b-x) k 1-k 

From these results the following theorem is at once evident: 

L The integral I rr - rx converges if k < 1 and diverges if 

g. j Ja (O-X)* 

From this we may deduce the following theorem: 

II. When the integral f f(x)dx can be written in the form 

a 

b <j>(x) 


r 

a 


\k d X > 


(b — x) k 

then ( 1) if f for values of x sufficiently near b, <j>(x) is less in absolute 
value than a number M, and k < 1, the integral converges; (2) if, 
for values of x sufficiently near b, <£>(x) is greater in absolute value 
than a positive number rn, and k ~ 1 , the integral diverges. 


r* i fjtx 

For example, the integral I — 7 :.. == = = ^= 

Jo V(l-i 2 Ul- 

f ~~^L=z dx, where <p(x) = 

J 0 Vl — x 


written 


V (1 — x 2 ) (1 — k 2 x 2 ) 
1 


may be 
and 


k 2 x 2 ) 


V(1 + xj (1 — k 2 x 2 ) ’ 
r ' <1 dx 

therefore converges. The integral j - ■ == == ■ . 

evidently diverges. J ° <* “ 

By repeating in essence the proof in the previous section we 
may show that an integral with infinite integrand f(b') may be 
differentiated or integrated under the integral sign provided the 
functions /(x, a) and }Jx, a) are continuous and that the con¬ 
ditions for uniform convergence are met; that is, 


f f(x, a)dx 


and 


\£ 


da ' 


dx I < 77 


for all values of a between ao and a\ when l is chosen sufficiently 
near h, and rj is any assumed positive quantity. 
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65. Certain definite integrals. We shall discuss in this section 
certain definite integrals of importance by means of certain spe¬ 
cial devices. 

Example 1. e~ x * dx. This integral has been shown to converge. 
I jet I = f V** dx = f V v* dy. (1) 


( 2 ) 


We may use either y or x in writing the integral, since the form of the 
function and the limits only are essential. Then 

I 2 = Jo 6 ~ X * ^ x f 0 € ~ V * ^ =: lo 6 ^ 

where the double integral is taken over Y 
the square OACB (Fig. 58). 

Since all the terms of the sum in (2) 
are positive, the value of 1 2 is greater 
than would be the same sum taken over 
the quadrant of a circle of radius OB = b 
and less than the sum taken over a 
quadrant of radius 

OC = h-y/2. 

In summing over the quadrants we 
may use polar coordinates and have 


f 2 f e~ r *r dd dr < I 2 < f 
Jo Jo Jq 



whence 


- (1 - e ~ b *) < I 2 <-{ 1 - e~ 2b '). 
4 4 


(3) 


NowTet 5 —> oo . By definition I approaches e X *dx, and the first 
inequality (3) app] 
e~ z% dx = \ 


and last members of the inequality (3) approach Therefore 

4 


(4) 


Example 2. C 2 log sin x dx. The function log sin x becomes infinite 

Jo d>(x) i 

when x = 0 ; but we may write log sin x = —> where <$>{x) — xn log sinar, 

and show by § 10 that Lim = 0. Therefore, by § 64, the integral 
converges. x ~* 0 

TT 7r / \ 

Let u log sin xdx =J^ log cos ydy. (?/ = — — x\ (5) 

We may replace y by x in the last integral of (5). Then 

ir 7i- yr 

2 u = f * [log sin x + log cos x]dx = f *log sin 2 xdx — f 2 log 2 dx. (6) 
Jq j o Jo 
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Integrating the last integral of (6) and placing 2 x = z in the next to 
the last integral, we have 


2 u d* 7 T log 2 = i f * log sin £ da: 
2 2 J o 


71 n* 

= if Q *log sin a dz -f if log sin z dz. 


CO 


In the next to the last integral of (7) we place z = x and in the last 

TC 

integral we place z =*= — + y and use (5). Then 

7r 11 

2tt + -log2 = -w + -w; 


whence 


U ~ “ 2 l0g 2 * 


( 8 ) 


This result enables us to complete the discussion of (11), § 60. For 
if we place a = 1 we have 

0(1) = j* iog 2(1 — cos x)dx — log ^4 sin 2 dx 

= log 4 f dx 4- 2 f log sin -- dx 
do d 0 2 

5= 7 T log 4 + 4 log sin y dy (y = 

* 7T log 4 + 4 ~ log 2^ == 0. 


Example 3. - —— - dx. (a > 0) 

x 

We have seen that this integral defines a continuous function of a 
and that it may be differentiated under the integral sign. * Then 


sm x 


J f* oo 

n 
0 

X ao 

e~ ax sin x dx 


- 1 
1 ■+■ a 2 

Therefore 0 = — tan -1 a + C. 

Now as qj —>■ oo, 0(a) —0, and therefore C = ~; 

whence 0(a) = cot” 1 a = tan -1 —* 

a 
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Example 1. 


X 


oo sin x 
x 


dx. 


This integral arises from Example 3 when a = 0. The evaluation of 
Example 3 depends, however, upon the assumption that a =^= 0. We 
cannot place a = 0 in Example 3, therefore, without first showing that 
#(£*0 is a continuous function of a. This we may do as follows. We 


write 


4>(a) = f 

0(0) = f 

Jo 


oo e~ ax sin x 
x 

oo sin x . 

—— ax. 
x 


dx . 


We have already shown that 0(a) and 0(0) converge. In fact, we 
have, as in Example 3, § 62, 


= tti(or) - w 2 (a) + w 3 (a) — • • • ± *»(<*) T * * > 
0(0) = u L (0) — u 2 ( 0) + «a(0) — • * • ± m»(0) =F • • *, 


where the limits of integration for uy(a) and iik( 0) are the same. Let 
e be any ussigned positive number. We may take a finite number of 
terms n 80 that the remainder after n terms in each of these series is 

less than-* Then 
3 

0(a) — 0(0) = [wi (a) ~ »0)] — [wa (a) — (0)3 + • • • 

± [Mn(Of) - M»(0)] -f 1?, 

2 e 

where 1 7 ?! <-Now each of the functions u k (a) is a continuous 

3 

function when a = 0. Hence we may take a so small that each of the 
terms | «&(<*) — Uk( 0) | < Then 

> 

j 0(a) — 0(0) j < €, 

which shows that 0(a) is continuous at a = 0. 


Therefore 


= Limftan" 1 

X «-*Q \ 



Examples. ( er* ix * dz« 

Jo 

Place ax =• y. Then, by Example 1, 



156 


THE DEFINITE INTEGRAL 


Examples. J"°°sin x 2 dx and cos x 2 dx. 

To obtain these integrals we shall use certain properties of complex 
numbers, thus anticipating Chapter XV. This chapter may be con¬ 
sulted in advance or the reading of this example may be postponed. 

By (5), § 26, e~ ix% = cos x 2 — i sin x 2 . 

We shall therefore study 


f °° e~ ix * dx = f °°cos x 2 dx — i f °°sin x 2 dx, 
Jo Jo Jo 


dx = 


2 Vi 


which can be shown to converge by showing, as in Example 3, § 62, that 
each of the two integrals on the right converges. 

J r* oo . • . . VZ 

0 

1 vS 

Now —~ = ——> as may be verified by squaring both sides of the 

Vi i + i 

, V2 l-t 

equation, and --. = —— 

1 + * Vi 

Hence J^°°cos ** ^ x ~ *f 0 °° 8 * n x * ~ ^ ~ 0 > 


and therefore, by equating real and imaginary parts, 

f °°cos x 2 dx = f °°sin x 2 dx = 4 a/?* 

Jo Jo 2 V 2 

i 

66. Multiple integrals. Let a region R (Fig. 59) be given in the 
xy-plane, and let it be divided into 
rectangles by lines 

x — Xi (i = 0, 1, 2, • • •, n ) 
and y — y k . (k — 0, 1, 2, • • •, m) 

Most of these rectangles lie inside 
the region R, but at the boundary 
some will project out of the region. 

Consider any rectangle, with di¬ 
mensions Xi+i — Xi and y k + i — y k , 
which.Jies either wholly or partly 
in R and let (£», Vk) be any point in 
this rectangle and also in R if the rectangle extends outside of R. 

Let /(x, y) be a function which is continuous in the region R. 
Then it may be shown that the sum 

i — n k - m 

Vk)(%i +1 %i)(Vk+l Vk) 

i»0 fe — 0 


Y 
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approaches a limit as n and m increase indefinitely and each of 
the differences x i+i — x,- and y k +i — Vk approaches zero. We shall 
omit the proof, which proceeds on lines analogous to those used 
in § 55. This limit is expressed hy 


///(, 


y)dx dy, 


and the function f(x, y) is said to be summed over the region R. 
It is assumed that the student is familiar, from his study of 
elementary calculus, with illustra- Y 
tions of the use of double integrals. 

In the foregoing discussion the y 

region R may be any shape what- /P ~/j 

ever, with any number of distinct / / j 

boundary curves. In case the region | 

is of the shape sketched in Fig. 60. ! y x j 

where any line parallel to OY meets_1_ ! y 

the boundary curve in two points for 0 a Fig 60 b 

which the values"’of y are yi = fi (x) 

and j /2 = fi(x), and the extreme values of x are x — a and x — h, 
the integral may be evaluated by the formula 

rr r b r vt 

j I K%, y)dx dy= dx I f(x, y)dy ; (2) 

\K) 

or in case a line parallel to OX meets the boundary curve in two 
points x = x = X‘ 2 , and the extreme values of y are y = c, y = d, 
then also rr rd rx 2 

JJ f(x, V)dx dy dy j f(x, y)dx. (3) 

(R) 

In case the area over which the integration takes place is a 
rectangle bounded by the lines x = a. x •= b, y = c, y = d, for¬ 
mulas (2) and (3) yield the result 

J r pd rd rb 

dx | j'(x, y)dy — j dy j f(x, y)dx, (4) 

a r c c a 


which embodies the principle of interchange of the order of 
integration. 

Formula (4) is always valid if the limits a, 5, c, d are finite and 
f(x, y) is continuous in the rectangle. Without formal proof this 
statement is geometrically plausible if we consider the integrals 
in (4) as defining a volume. 
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If one or more of the limits in (4) becomes infinite y) 

has discontinuities, the formula is not necessarily fljlMake 
student will often meet examples, however, in which (4>lS aflpd 
to such cases. This can usually be justified by the theorem^* at 
if fix, y) does not change its sign, formula (4) holds, providecrthe 

integral J f(x, y)dy is a continuous function of x and the inte- 

gral J f(x, y)dx is a continuous function of y, except perhaps 

for isolated points. To determine when the simple integrals 
satisfy the conditions demanded, the tests of § 62 and § 64 are 
usually sufficient. 

The integration over a more complicated region R may be 
carried out by separating that region into smaller regions of the 
simpler type just considered, but in this text we shall be more 
concerned with the properties of a definite integral than with its 
evaluation, which is a subject for the elementary calculus. 

We may write the integral (1) in the form 


ff y)dA, 


where dA is the element of area dx dy. In case the coordinates 
(r, y) are replaced by curvilinear coordinates (u\ v), then, as 
shown in § 53, dA is to be replaced by 


± J ) dn dv, (6) 

\u, v) 

the sign being so chosen as to make the area positive. On the 
other hand, in fix , y) we have simply to make the substitution (5). 
That the integral obtained in this way is exactly the same as the 
original we shall leave as sufficiently plausible, without making 
the careful analysis necessary for rigorously proving this. 

* Again, let a region of space R be divided into rectangular 
parallelepipeds by planes parallel to the coordinate axes in a 
manner analogous to the division of the plane. Let the vertex of 
one such parallelepiped, which lies either entirely or partly in R, 
be (x if y„ z k ), let its edges be x i+1 — x if y j+l — y h z k +i — z k , and 
let (£», 7 ]j, £k) be a point in its interior and in R . Then, if fix, y, z) 
is a function continuous in R, the sum * 

SSSAfc' Vi, f*)(*.-+1 - Xi)(Vi +1 — 2/>)(z*+1 — z*) 

i j k 

* De la Va!6e Poussin, Cours d'Analyse, 4th ed., Vol. II, p. 23. 
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approaches a limit as the number of parallelepipeds increases 
indefinitely and the edges of each approach zero. This limit is 
the triple integral pr p 

JJJ f(x, y, z)dx dy dz. (7) 


(R) 


The region R may be of any shape. If it is such that a line 
parallel to OZ enters the region through a surface zj — fi (x, y ) 
and leaves it through the surface zi — fzix, y), then (7) may be 

written rr r~> 

J J dx dy J f(x, y, z)dz, (8) 


{S) 


where the region S, over which the double integral is taken, is the 
projection of R on XOY. 

The triple integral (7) may be written 


Iff 

(R> 


fix, y % z'dV, 


(9) 


where dV is the element of volume dx dy dz. If it is desired to 
>e curvilinear coordinates (u, v, w) , as shown in § 53, 


dV : 


r (ZILDdu 
\u, V , u>/ 


dv dw. 


( 10 ) 


We have already seen that in cylindrical coordinates we have 
d V r d6 dr dz, (11) 

and in polar coordinates, 

dV = r 2 sin </> dd d<$> dr. (12) 

EXERCISES 

X. If fix) is an odd function, that is, if /(— x) = — fix), prove that 
C a fix) dx = 0. 

*/—a 

5}. If f(x) is an even function, that is, if /(— x) = f(x), prove that 

f a f(x)dx = 2 f a f(x)dx. 

J—a J 0 

3. If f(a •- x) — fix), prove that 

f a f(z)dx = 2 f * a f(z)dx. 

2fc7r /(sin x)dx = k J' Zn f(sin x)dx. {k positive integer) 


4. Show that 
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5. If f(x) has a period a, that is, if f(x + a) =/(x), prove that 


f ka f(x)dx - k f a f(x)dx. 

Jq Jq 


(k = any integer) 


6. If a< b, and/i(x) </ 2 (x) </s(.T)for all x values in the interval (a,6), s 
prove that f b fi(x)dx < f V 2 (x)dx < f%(x)dx. 

Ja J a J a 


7. If m and M are the smallest and the largest values of f(x) in the 
interval (a, b), and > 0 in the interval, prove that 

mj' b <f>(x)dx < j‘ h f{x)<t>{x)dx < M j' b <f>(x)dz 

and therefore 

f b f(x)<f)(x)dx = /(£) j b <t>(x)dx. (a < £ < b) 

3 

8. Evaluate f d (l 4 x 2 f dx 

by Simpson's rule, taking n = 3. 

„ - rZ dx 

9. Evaluate 77 “r ~272 

* ; i (1 4- x 2 ) 2 


by Simpson's rule, taking n = 2. 

10 . Evaluate f 3 log l0 cos x dx 

Jq 

by Simpson’s rule, taking n = 2. 

11 . Examine the integral f for continuity when a === 0, 

* ; o Vo : 2 4 x 2 

. < ^ dx 

12 . Examine the integral f -> 7 ====== in the neighborhood of a = 0 . 

J o Va 2 4x 2 

Find the derivatives, with respect to a, of the following integrals 
without first integrating, and check by first integrating and then dif¬ 
ferentiating : 

J n aX C Va 

0 cos ( x 4 a)dx. 15. x dx . 

14. fjsin^ — dx. 16. (x 2 4 a 2 )dx. 

By differentiating with respect to a , find the values of the following 
integrals: 

17. f log (1 4 oc cos x)dx. 18. -- dx. 

Q J o log X 
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r x 1 

19. By successive differentiations of / x n dx =-obtain 

do n+1 

/ o V(l«g *)-dx = (- 1)" 


80. Prom 


J r* ( 

0 /v — 


dx 


find 


. ,_ (« > 1) 

J 0 a — COS X y / a 2 _ 1 

6 — cos x , , b -f V& 2 — 1 


o - cos x b -+- 

I log - d'X = 7T log - 

J o a — cos a: a 


Va 2 — 1 

Test the convergence of the following integrals : 


r « dx 

/ 

/* 00 x 4 dx 

23 / 

25. 

1 Wl + X 2 

" * Jfl (x 2 + a 2 )* 

22 . r” sin ^dx. 

J o x 2 

24. f £-“*** cos 6 x dx. 

^0 

26. 


4 dx. 


da? 


v^T 

27. By methods analogous to those used in Example 8, § 62, of the 
text, prove the convergence of 

f °° sin x 2 dx. 

J o 

28. Prove the convergence of 

•<* e~ ax sin mx 

JQ x 


/; 


: dx. 


Prove that the following integrals satisfy the conditions for differ¬ 
entiability with respect to a under the integral sign: 


29 

30 


. f*e~* x dx. 31. f°°€' bxi cos ax dx. 

Jo Jo 

. f x e-'**dx. 32. f X -p— 

Jo Jo x 2 + (X 

J r. oc 1 

e~ ax dx~- obtain by differentiation 
o a 


f"V 

do 


e~« T dx = 


a * 


34. From f °°e~ axi dx = ~ \ - obtain by differentiation 

d 0 2 Va 

/"V-e-—dx- —^ ■' .’.ff.’VT 1 . ) . 

Jo 2 2 n a" H 

35. From f obtain by differentiation 

•'o a; 2 + a 2 Va 

f° 

Jo 


dx 


ti- 1-3 • • • (2n-l> 


(x 2 + a) 14 -" 1 2 2-4 


n a 


n >i 
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36. From f°°e~ ax cos mx dx 
Jo 

J * oo e~' 

0 x 


(X 

— -- obtain by integration 

or + m 


tx - e-f* , 1 _ $ 2 + m 2 

- dz = n lo £ ~~2~< - 

sec mx 2 cr 4- m 2 


x 


oo £ 


find by integration 
a 


r oo Tti 

37. From / e~ aX sin mx dx — —-- 

Jo or -f 

- e~^ x 6 

- dx — tan -1 — tan -1 

x qsc mx m m 

38. From f°°e~ ax dx = - obtain by integration 

Jo a 


J * oo e 

o 


a 

ax 


-bx 


X 


■ dx = log — 
a 


x 


V7T 

Ta 

«3 (e~ a%xi — p~^ x *\ 


p 00 

39. From J Q c~ a ° xi dx = obtain by integration 

2 a 


x A 


Jdx = (6 — a)V?i 


Investigate the convergence of the following integrals: 

x dx _ oo dx 


40. f 1 (logx) n dx. 42. f 1 
Jo Jo 

1 log X 


/• 1 log X _ 
4i. f r ^-~-dx. 
J o 1 — x 2 


43 . r 

Jo 


(1 - X 4 ) 7 

3 dx 
x*(l + x) 


44. 


s 


xVx 2 — 1 

, „ C 1 /I — & 2 x 2 

45. / -~ 

Jo > 1 ~ x- 


dx. 


Evaluate the following integrals. The results of the chapter and 
any elementary integrals may be used; and in any exercise the result 
of a previous exercise may be used. In some cases*a change of variable 
is the only step necessary. 


46. f 
Jo 


oo sm mx , t r .. 

-— dx = — if m > 0, 

x 2 

= 0 if m = 0, 


~ — if m < 0. 

2 

2 

47. fjx log sin x dx = —~ log 2. 

48. f"°e~ aV dx = — V^. 

J o 2 a 


f* 1 dx 

49. / 


Jo ^ l0g § 


2a 

v;. 
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50. f 
Jo 


« sm x cos mx 


51 




o -X s , 

e x dx 


■dx = 0 

if 

w < 

— 1 or m > 1, 

II 

if 

m = 

— 1 or m = 1, 

II 

if 

- 1 

< w < 1. 

e -2a^J fjr 





Hint. Representing the integral by u, first show that 


du 

da 


2 Uc 


52. f 

J o 

53 


oo e~~°* sin bx , J ,5 
dx = tan -1 — 

a 


x 

c 00 cos x , r* 
. / -—=rdx=r- / 


oo sin a; , 
— dx 




=4 


54, 

55 


f ” L°-gJl+A- c -°^ dx = 7Tsin~>fc. (0 < k < 1) 
ms x 


COS X 

1 4* k sin x dx 
A: sin x sin x 


= 7r sin _1 /c. (0 < A: < 1) 


. p logi± 

a/0 1 — 

J r* 00 — 02 

0 ^~**cos/3xdx = ^^ 

57. f Va 2 — x 2 cos” 1 - dx = a 2 ( — -f --V 
Jo a \16 4/ 

J r* sin x dx 

0 


vr 


— = 2 if a 2 5? 1, 
2 a cos x -f a 2 o 

= - if a > 1. 
a 


59. Show that for large values of x 
y°°_, dx 


\X X 2 X 3 ^ / 


X 

Show that the series diverges but that I? n is less in absolute value than 
the last term in parenthesis. This is an asymptotic series. 

60. Show T that 


dx 9 T . \ 


2 x \ 


W 8 

o ' < 


•+(-]) 


„ 1 - 3 • 5 ■ • • (2n — 1) 


+ i?. 


and show that this is an asymptotic series as in Ex, 59, 
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67. The Gamma function. By application of the tests of § 62 
and § 64 it is easy to show that the integral 


£ 


x n ~ l er 


' dx 


converges when n is positive and therefore defines a function of 
n for positive n. This function is called the Gamma function, 
and we have roo 

T(n) = f x n ~ l e~ x dx. (n > 0) 

Jo 


J r* oo 

e~ x dx — 1. 

0 

By integration by parts we have the identity 

f x n e~ x dx =\—x n e~ x 1 +nf x n ~ 1 e~ x dx = nf x n ~ 1 e~ x dx, 
J o L Jo J o J o 


a) 

( 2 ) 


and therefore 


T(n + 1) = nT(n), 


(3) 


which is the fundamental formula for the manipulation of Gamma 
functions. 

It is evident that if the value of T(w) is known for n between 
any two successive integers, say between n = 1 and n — 2, the 
value of I’(n) for any positive n may be found by successive 
applications of (3). Tables for logT(w) for 1 < n < 2 have been 
computed and may be found in various places.* 

Moreover, formula (3) may be used to define T(«) for values 
of n for which the definition (1) fails. For if we write (3) in the 

,onn rw =!>+«, (4, 


n 


then, if — 1 < » < 0, formula (4) gives us T(n) since (n -f 1) is 
positive. We may then find T(n) when — 2 < n < — 1, since 


* Consult, for example, B. O. Peirce’s "Short Table of Integrals/* 
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now T(tc + 1), in the right hand of (4), is known: and so on 
indefinitely. 

We have, then, in (1) and (3) the complete definition of T(ra) for 
all values of n. 

From (3) it follows that 

r(») = (n— l)r(n— 1); (5) 

and hence, from (3) and (5), 

r(n + 1) = »(» - l)r(» - 1), 

or, more generally, 

T(n + 1) = n(n — 1 )•••(« — 

where A; is a positive integer. 

If n is a positive integer and we take k 

with the aid of (2), _ 

I (n + 1) = n\ 

or r(«) = (»-!)! 


■Jb)r(»-Jfe), ( 6 ) 

= n — 1 in (6), we have, 

(7) 

( 8 ) 


Accordingly the Gamma function reduces to a factorial number 
when n is a positive integer, and may therefore be considered as a 
generalization of n ! for the case in which n is fractional or negative. 
From (3) we also obtain readily 


r(n + k) = (n + k — 1) • • • (n + l)nr(»), (9) 


or, what is the same thing, 

T-y v_ r(w + AQ _ 

' '’ ~ n(n+ 1) • • • (n + k-1)’ 


where in both (9) and (10) A; is a positive integer. 

It appears from (10) that the Gamma function becomes infinite 
when « is zero or a negative integer; for k can be taken large 
enough in (10) to make n -f k positive, and the fraction in (10) 
then contains a zero factor in the denominator. 

The integral (1) may be reduced to other forms, some of which 
we give, together with the substitution which reduces (1) to each 
of the new forms: 


r(«) = « n fV-.- d v> 

Jo 

ii 

(ii) 

T(«) = 2 f”y Zn ~ 1 e~ v ' dy, 
Jo 

/—V 

N 

II 

& 

(12) 
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f(w) = (to + 1)"J^ y m (y log h dy. {x = — (to + 1) log y) (13) 

If we put n = ^ in (12) and use the result of Example 1, § 65, 
we * et r(i) = Vt. (i4) 


68. The Beta function. The integral 

f'x m ~ 1 (l-x) n - 1 dx 

■'0 

converges when to and n are positive (§ 64) and defines a function 
of m and n called the Beta function. Hence 

B(to, n) — l a: m-1 (l — x) n ~ l dx. (1) 

Jo 


It is important to notice that to, and n may be interchanged in 
(1). To see this, place x — l — y. We have 


B(to, n) — f (1 — y) m dy 

Jo 

— f (1 — x) m ~ l x n ~ l dx — B(n, to). 
Jo 


( 2 ) 


Other forms of the Beta function are of importance. In (1) place 
x = ^; then 

B(to, ») = f y m - 1 (a - y) n 1 dy. (3) 

(l J o 

In (1) place x — sin 2 (j>. We get 

rr 

B(to, n) — 2 j "sin 2m_1 <j> cos 2 ” -1 <j> d<}>. (4) 

y 

Again, place x — --- in (1). We get 

1 + y 

r°° y m-l 

B(m ’ n) "i o T i rt " 7 * * (6) 

A relation between the Beta and Gamma functions may be 
worked out as follows: Using (12), § 67, we have 

T(?»)r(n) = 4 f % 2n ~ 1 e~ x * dx ( y 2m ~ 1 e~ y% dy 
Jo J o 

- 4 ( f t 2 n ~ s y 2m ” yl ) dx dy. 

J o Jq 
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The double integration is to be taken over the first quadrant of 
the XOY plane. Replacing Cartesian coordinates by polar coordi¬ 
nates, we have 


r(w»)r(n) = 4 


pf 

Jo Jo 


^2(m ~h n — l)g — r 


sin 


2 m — 1 


6 cos 2, ‘~ 1 dr dd dr 




= 4 f 2 sin 2 ”*” 1 6 cos 2 ** 1 6 dd ( 

Jo Jo 

= B (m, n)V(m + n), 

by (4) of this section and (12), § 67. Hence 

F(m)r(w) 

B (to, n) = 

C l <- 

As an example, consider J 
1 

Placing x* = y, this becomes 

f 4 ?/ 3 (l - V )"* dy = 4 B(4, J) 

° = ■ 

r(D ' 

but r(4) ~ 3!, r(t) — y/i r, r0§0 = i ■ § • If - • ^vV. 

^ dx 128 


dr 


F(m + n) 
1 dx _ 

x* 


( 6 ) 


Therefore 


h Vi _ x* 


35 


69. Dirichlet’s integrals. As an interesting example of Gamma 
functions let us endeavor to evaluate the integral 


I zzzJJ'J'x L ~ l y m 1 z n ~ 1 dx dy dz 


over the octant bounded by the ellipsoid 

a 2 T b 2 + c 2 


and the coordinate planes. 
We begin by placing 
«2 


t Ml 

a 2 ~ J ’ b 2 


v, 


Then 


a l b m c n 

“IT 


■fff^-'v'-'rz-'dudvd? 


over the octant bounded by the coordinate planes, and 

£ + v + f = 1. 
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Putting in limits, we have 

a l b m c n r 1 r 1-f r 1 -*-'< i_j 


/ I 2 V r 

Jq 

2 a l b m c n r x C l ~* *-x *>_, * 

~~ 8 ^~JoJo ^ V * 


Carrying out the integration in which $ is constant, we have, by 


(3), § 68, 


a l b m c n f 1 ' i 




and carrying out the second integration, we have, by (1) and 
(6), §68, a i b m e n n m + n \ jm n , A 


2 2 




a l b m c n \2j \2 

4« „/i + m 


r r-*r= + ir 


ra + w 


a l b m c n ^ \2 




Z W™W- 

2/ \2/ \2 


8 r ^! + »±» + 1 ^ 

If Z = 1, m = 1, n = 1, we have for the volume of an octant of 


an ellipsoid 


Tr abcT{$)T$)T$) a6c _ 

f® 


If l = 3, m — 1, n — 1, we have 

rrr_,_ •wmBi) _ «*(* 


Similarly, 


fffz’dxdydz-^- 

rly, SSS y2 


, ab 3 c 

dz ~lo T ’ 


and therefore the moment of inertia of an ellipsoid of mass M 
about OZ is ,,h r 

P 30 (° 2 + = ^ M ^ a ' 2 + b2 - ) ‘ 


Again, if l = 2, w = 2, « = 1, we have the product of inertia 

rrr , , , o 2 6 2 cr(i)r(i)r(i) a 2 b\ 

“JJJ =»*<*»*=-g—T®-^ - -if- • 
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A more general formula than (1) is 


JJJ' z l ~ l V m 1 z n_1 dx dy dz = 


a l b m c n \p/ \ q 


r(‘+5 + 5 + i 

\p q r 


over the octant bounded by a portion of the surface 

&+(tf+(#-i 


and the three coordinate planes. The proof of this we leave to 
the student. 

This discussion may be extended to any number of variables. 

70. Special relations. We shall obtain in this section certain 
relations involving Gamma functions which are less fundamental 
than those of § 67. 

In (5) and (6). § 68, place m = 1 — n, assuming that 0 < n < 1. 
There results r* u n ~ 1 

r(»)r(l - ») = / ~—dy. (1) 

J o 1 + If 

We shall show in § 149 that 


r m v 

X i 


00 ytl-l 


r o l + v 


(0 < n < 1) 


Assuming this for the present, we have 

T(n)T(l - n) = (3) 

sm nir 

We note in passing that by placing n — ^ we have again the 
result found in § 67, a ^ (4) 

^ 2 ^ p_ ^ 

In (3) let us place in succession »=->->-»••>, -. where 

V P P P 

p is any positive integer, and multiply the results together. We have 

r„/l\„/2\ „/»— 1Y1 2 tt ”- 1 


- 1\12 


. 7T . 2 7T 

sm — sm — 
P P 


. p- 1 

sm- ir 

P 


We shall show in § 136 that the denominator on the right is 
P 

equal to p Hence we have 


r w- r 
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To obtain the next relation which we desire we begin with the 


elementary integral 


f 

Jo 


„-ba 


da = r 


1 

b ; 


whence 



logx. 


The double integral satisfies the requirements of § 66 for inter¬ 
change of the order of integration. 

X oo /»* 

daj e~ 


ba 


db 


-£ 


3 e — e~ 


a 


da . 


( 6 ) 


The integral (1), § 67, defining T(n) may be differentiated under 
the integral sign with respect to Representing the result by 
F'(w), we have ^ « 

T ; (n) = I x n ~ 1 e~ z log x dx; 

Jo 

<md substituting the value of log x from (6), we have 

J r oo C x, e~ a e~ ax 

x n ~ 1 e~ x dzl - da. 

o J o a 


The order of integration may be interchanged by § 66. Hence 

flrv r 00 

— / ( e~ a — e~* x )x n ~ 1 e~ x dx 

0 «Jo 

= fz-e-""”*'. 

Jo oc Jo Jo 01 Jo 

The first integrals in each pair may be evaluated by (1), § 67, 
and (11), § 67, respectively. We have 


F'(«) 


= r(n) 

Jo \ 


da 


(1 + a)"/ a 


-) 


( 7 ) 


By placing ti — 1 in (7), we have 

p (i) = r 

•Jo 


-)— > 


1 + a/ ol 


T'(n) 

and subtracting this from - - - - - > as given in (7), we have 


F(n) 


PCn) 

r(») 


:P(1) + 


■ 1 

1 1 da 

1 + a 

(1 + a) n J « 


( 8 ) 
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If n is an integer greater than unity, this may be reduced 
further by placing 1 + ol — t. The integral in ( 8 ) becomes 

fV 2 + r 3 + --- + nd( = H-UU... + ~. 

J i AS n — 1 

The constant r'(l) is called Euler’s constant. It is represented 
by — 7 , and it has been computed that 

7 = .5772157 

We have, finally, from ( 8 ), for integral values of n, 


n») 

r(»> 


y+i+l+l 

u a 


(9) 


EXERCISES 


1. Prove that 


where k is a positive integer. 


2. Prove that 


J 2 k + 1\ 1 * 3 5 * - (2 A: — 1 ) 


) r( 9 + 1} 

\ m / 


JV( 1 -x m )^dx 


JP + 1 


+ 9 + 1 


8. Prove that f 1 —= —4=[r(^| . 

J o VIT-x* 4V2 7rL WJ 

/’l x 2 dx 1 |t,/3V1 2 

4. Prove that / , —— — —p== 1 ( 7 ) • 

VT^ V2 ttL WJ 


5. Prove that f 

t/o 


7 V [-f 


0 Vi - X 2 2 


•( 1+0 


' 2 / 

/»i x n dx 1 • 3 • 5 • • • (n — 1) 7r 

and then show that / —p=:= = —-—-o 

2 • 4 • 6 • • • n Z 

if n is an even integer, and 

fi x n dx _ 2 • 4 • 6 - - • (n- 1) 

•m> Vl — x 2 1 ' 3 • 5 • • • n 


if n i * an odd integer. 
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^ r(-) 

6. Show that f 1 —j=^L= = —— — - • 

P *4” 1 

7. From Ex. 2 show that if —— is a positive integer k. 


m 

fV(l - x m ydx - - 

Jo m 


Oc - D! 


m (q 4-1 )(q + 2) ■ ■ ■ (q + k) 


p + i 

8. From Ex. 2 show that if q -f -—— is a positive integer k, 


m 


rVa - x m )*dx= ^ —- —— x. 

J o m * k ! sm qw 

9. Prove that 

f 2 sin n xdx = f 2 cos n xdx = - B( ? -—iV 
Jo Jo 2 \ 2 2/ 

Hence prove that 

ir rr 

f^sin n xdx= f 2 cos n xdx 
J o J o 

if n is an odd integer, and 

r\ . n a c\ n f 1 • 3 • 5 • • * (n — 1) 

I 2 sm n x dx = / 2 cos n xdx — -- 

Jo jo 2 • 4 • 6 • • • n 

if n is an even integer. 

10. Prove that 2 „_, f r / w + 1 \'| 2 

r^sin" 2 xdx = ■ L 2 
J 0 


_ 2 • 4 - 6 - > (ft - 1) 
1 • 3 • 5 • • • n 


11. From Ex. 10 prove that 


f 2 sin*x dx = ■ 
Jo 


r(n + 1) 

±(=H 

r(n + l) 

12. By combining Exs. 9 and 11 prove that 

2 ^ r (iii) r (|) =V j r < „ ) . 

18. Prove that 

s. 


* * eos 6x , 6 

-ax = 


P n 0 n7r 
2 cos — 
2 


(0 < n < 1) 


by placing 


1 1 c 00 

— = -— I a n - l e~ ax da* 
x n P(n) J ° 


reversing the order of integration, and making use of (2), § 70. 


& i CM 
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m 


14. By a method similar to that of Ex. 13 prove that 


rnsmbx , b n ~ l 

| - ax = 

Jo x n 


.. (0 < n < 1) 


T(») „ . me 

2 sin — 

2 

16. Find the area of one loop of the curve in polar coordinates 

r 4 = sin 3 $ cos 0. 

16. Prove formula (2), § 69. 

Use the Diric’nlet integrals to obtain the volume, the center of 
gravity, and the moment of inertia of an octant of each of the soliita 
bounded by the following surfaces: 

17. x* + V* + z* = a*. 18. x* + y* + z* — a*. 19. x 3 + i* 2 + z* = 1 

20. From (6), § 68, prove that 

' 1 x m ~ l 4- x n ~ l 


X 


(1 -4- x) m+ri 


dx = B(m f n). 


21. Prove that 


22. Prove that 


Bin, n) = 2 l '~ in B(n, £). 


Vir ( „,=2-.r(:)r(l±i). 

2ft. From (7), § 70, prove that 


log T(n) 


Jo 


1)6"* 4 


(1 4 a)" 1 — (1 4 ot)~ n da 
log (1 4 ol) a 


24. From Ex. 23 prove that 


C ™\€-« (1 + o :)- 2 1 

I-:— -r fia = 0. 

Jo l a log (1 4* a)_ 


log (1 4* a) 

26. From Exs. 23 and 24 prove that 

, _ rl (1 + a) 

‘•* r< “ )=! l |aT^- 

26. From Ex. 25 prove that 

log r(») 


(1 4 a)-* 
a 


da 


log (1 4 a) 


X °l>" 
®L e * - 


- (n — l)e' 


r da 

a 
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71. Line integrals. Consider a function P{x, y) defined and con¬ 
tinuous for a certain region of the plane XOY, and take in the 
region a curve C (Fig. 61) ex- Y 
tending from a point A(«i, &i) 
to a point S(«2, 62). Divide the 
curve C into n segments by points G 

y\), M 2 (« 2 , V 2 ), • ■ •, let j 

(£i, v>) be a point in the seg- MjS ! 


merit Mo, and form the 




M, 

m m *s 

c 


n —a 


The limit of this sum as n is -q ----jj=r —X 

indefinitely increased and each 

' < Ftg. 63 

factor Xi — Xi -1 approaches zero 

is the line integral of P(x, y) along the curve C and is indicated 
by the symbol r(a,_, b,> 

I P(x, y)dx (.1) 

(a x , 6j) 

along C. r fhe value of this integral depends not only on the 
limits but also on the curve C. If the equation of the curve is 
known in the form y <£(#), (2) 

the integral (1) may be reduced by substitution to an integral 
in one variable, r a -> 

I Plx, <p(x)ldx; (3) 

%Ja K 

or if the equations of the curve are given in terms of a parameter t 

y =f 2 (t), ( 4 ) 

i •■.e integral (1) becomes by substitution 


f F{t)dL 


Either ( 3 ) or ( 5 ) may be evaluated by direct substitution. 

i 74 
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Some very elementary integrals connected with a curve may 
be looked at from this point of view. For example, P(x, y ) may 
be simply y. Then (1) is the area ADEB, of which C is the upper 
boundary; and if P(x, y) is iry 2 , then (1) is the volume of a solid 
found by revolving ADEB around OX. 

If Q(x, y) is another continuous function, we may form the sum 

i~n 

2 } — 1 ); 

»=i 


and the limit of this sum is another line integral, 



( 6 ) 


taken along C. Thus, if Q(x, y) is x, the integral (6) is the area 
FABG, of which C is part of the boundary; and if Q is irx 2 , the 
integral (6) is the volume of a solid formed by revolving FABG 
around OY. 

In practice it is more common to find line integrals occurring 
in the form /*(a 2 ,w 

I [ P(x , y)dx + Q(z, y)dy], (7} 

J {a u b t ) 

which means the sum of (1) and (6). It is this form which we 
shall generally have in mind when we speak of a line integral. 
The evaluation of (7) when the equation of C is given in the 
form (2) or (4) is made by substitution and direct integration. 

It is not necessary that the curve C should have the same equa¬ 
tion for its entire path, but it may be of the form noticed in § 1. 
For example, consider the integral 



4 -ydx]. 


The curve C may be the parabola y 2 = x. 


I 


(y + y 2 )dy 


= *■ 


Then the integral is 


Or the curve C may consist of a piece of the axis of x from 
(0, 0) to (1, 0) and then the line x — 1 from (1, 0) to (1, 1). The 
integral is then ri 

j (v-l)dv = -h 

Jo 


since on the first part of the path y = 0, dy = 0, and on the second 
portion x ~ 1, dx — 0. 
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We are, however, interested in properties of (7) which may be 
discussed without direct integration. By the definition, (7) has a 
distinct meaning as a limit of a sum whether C be an open or a 
closed curve. In the latter case we write (7) as 

f (Pdx + Q dy). 

Jo 


As an example of (7) consider a field of force; that is, let 
there be a force F determined in direction and magnitude at 
every point of the region of the plane 
considered. 

We wish to find the work done on 
a particle moving from A to B along a 
curve C (Fig. 62). Let C be divided into 
segments each of which is As and one 
of which is MN. Let F be the force at 
M, MR the direction in which it acts, 

MT the tangent at M, and 6 the angle 
RMT. Then the component of force in 
the direction MN is F cos 6, and the 
work done on a particle moving from M to N is F cos 6 ds except 
for infinitesimals of higher order. The total work W in moving 
the particle from A to B is then 




F cos 6 ds 


( 8 ) 


taken along C. This is properly called a line integral, but it is 
not in the form (7). It may, however, be put in that form. For 
if a is the angle between MR and OX, and <j> the angle between 
MT and OX, then . , a . 

whence W = f (F cos a cos <j> + F sin a sin <f>)ds. 


But F cos a — X, F sin a = Y, where X and Y are the com' 
ponents of force parallel to OX and OY, respectively, and 
cos <f>ds = dx, sin <p ds = dy. 

Therefore W (X dx+Y dy), (9) 

which is the form (7). 

As another illustration, suppose a fluid flowing over the plane 
XOY, the lines of flow being all parallel to XOY. We wish to 
find the amount of fluid per unit of time which flows across a 
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curve C (Fig. 63). Let q be the velocity of the fluid, a the angle 
which the direction of its motion at each point makes with OX, 
u — q cos a the component of velocity 
parallel to OX, and v — q sin a the com¬ 
ponent of velocity parallel to OY. Take 
an element of the curve MN = ds and 
neglect all infi n itesimals of higher order 
than ds. In the time dt the element 
has been transferred to M'N', where 
MM'=NN’=q dt. The amount of fluid 
crossing MN is therefore the amount in 
a cylinder of base MM'N'N. The vol¬ 
ume of this cylinder is hMM’MN sin 6 
= hq dt sin 8 ds, where h is the depth of the liquid, and 8 the 
angle between MM' and MN. The amount of fluid crossing MN 
is therefore hpq dt sin 8 ds, where p is the density. Hence the total 
amount crossing MN is 



Pig. 63 


h dtjpq sin 8 ds. 


To put the integral in the form (7), note that if <f> is the angle made 
by MN with OX, 6 = <fi — a. Therefore the amount flowing across 

C per unit of time is r 

hi (— vp dx + up dy). (10) 


where the integral is of the form (7). 

73. Plane area as a line integral. In using line integrals around 
closed curves we need some method of distinguishing between the 
two directions in which the curve may be 
traversed. Accordingly, when the curve is 
part of the boundary of a specified region, 
we shall say that the positive direction is 
that in which a person walking around 
the curve has the region on his left hand. 

Thus, if a circle is the boundary of the 
region included within it, the positive direc¬ 
tion is counterclockwise; but if the same 
circle is part of the boundary of region 
exterior to it, as in Fig. 64, the positive Fig. 64 

direction is now clockwise. 

With this fixed, let us now consider the integral 




(1) 
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taken in positive direction along a closed curve C which bounds 
a region of area A (Fig. 65). For simplicity we shall assume 
first that C is such that a line parallel to OY or OX meets it in 
two points or not at all, with the Y 
exception of four tangents which 
are parallel to OX or OY at points 
L, K , M, and N. Here L is the 
extreme left-hand point of the 
curve, K the extreme right-hand 
point, M the highest point, and N 
the lowest point. We draw the 
tangents LF , KB , MD, and NE. 

The integral (1), taken along C 
from L through N to K y gives the 
area FLNKB . The integral (1), 
taken along C from K through M 
to L, gives in magnitude the area 
FLMKB, but with a negative sign, since dx is always negative. 
Hence (1) taken in the positive direction around C gives the 
algebraic sum of these areas; namely, the area bounded by C 
with a negative sign. That is, 

A — - Jy dx. (2) 



Fig. 65 


Consider in a similar manner the integral 

x dy. 


/. 

Jo 


(3) 


The integral (3), taken along C from N through K to M, gives 
the area ENKMD. The integral (3), taken along C from M 
through L to N, gives the area ENLMD with a negative sign. 
Hence 

A — I x dy. (4) 

Jo 

By adding (2) and (4) we have 


A = i I (xdy — y dx), 
Jo 


(5) 


which expresses the area in terms of a line integral taken around 
the boundary of the area. 

Formula (5) has been proved for an area of simple type. It is 
readily shown to be true for any area which can be cut up into 
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areas of this type. For example, consider the area bounded by 
the curve C (Fig. 66 ). By drawing the lines MN and LK the 
area is divided into three areas At, A 2 , A 3 , to each of which 
formula (5) applies. By adding these results we have the area A. 
But examination of the arrows 
shows that the curves MN and 
LK have each been traversed 


Fig. 66 Fig. 67 

twice, in opposite directions. The integrals along these Knee 
therefore cancel, leaving only the integral (5) around C, traversed 
continuously in the positive direction. 

The theorem is also true for an area bounded by more than 
one curve. For example, consider Fig. 67. By drawing LK and 
MN the area is turned into one bounded by a single curve, and 
formula (5) is applied. The two inte¬ 
grations along LK and MN, however, 
cancel, leaving the integrals around the 
boundary curves each traversed in a 
positive direction. 

We have also in the proof assumed 
that C did not cut OX or OY. The 
student may easily show that this is 
immaterial. 

As an example let us first consider the area bounded by an 
ellipse and the chord connecting the ends of the major and minor 
axes (Fig. 68 ). 

The equation of the ellipse is 

x = a cos </>, y ---• b sin 6, 
so that on the ellipse x dy — y dx = ah d<j> . 
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The equation of the chord is 

y — — -x + b, 
a 

so that on the chord, x dy — y dx = — b dx. 

Hence 

A = Uo (Xdy - ydX) =Uo 2abd + + Uo (- hdx ) = ^ 


ab 

¥' 




Again, consider the area of the triangle OPiP 2 (Fig. 69). 

Vi 

The equation of OPi is y — — x; so that along OPi, xdy—ydx — 0. 

X! 

Similarly, along OP 2 , x dy — y dx — 0. The equation of P\P 2 is 
y-yi = - (x - xi), 

X2 — Xi 

so that along P 1 P 2 , 

x dy — y dx = — \yi — — 

L X 2 — X 1 J 

Hence 

2 Jo 2j Xl L x 2 ~ri J 2 

Finally, consider the area of the figure OP 1 P 2 (Fig. 70) when 
the curve P 1 P 2 is given in polar coordinates. Along this curve 

x — r cos 6, dx — cos 6 dr — r sin 0 dd, 
y — r sin0, % = sin#dr + rcos0d0; 
xdy — ydx — r 2 dd. 


whence 
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Along the lines OPi and OP 2 we have, as shown in the previous 
example, xdy — y dx = 0. Therefore 


J\x dy — y dx) = J r 


the familiar formula of polar coordinates. 

73. Green’s theorem in the plane. Consider a region R bounded 
by a curve C (Fig. 71). We shall assume for convenience that any 
line drawn through R meets O in two 
and only two points. If the line is 
parallel to OY, one of these, for which 
y = y u is on the lower boundary of R, 
and the other, for which y — y 2 , is on 
the upper boundary. Let a and b be 
the extreme values Of x for points in R. 

Let P(x, y) be any function which 
is continuous in R and on C and for 

which —— is continuous. 

8P dy 



Fig. 71 


We shall consider the double integral of 


dy 


over the area R. Then, by (2), § 66, 


fS e ^ dxdy= £ dx £% da 

tR) b 

=J t P(x , y 2 ) - p(x, yi)]dx 

— — f P(x, yi)dx— f P(x,y 2 )dx. 
Ja Jb 


( 1 ) 


But by the definition of a line integral the expression on the 
right in (1) is, except for sign, the line integral of P dx around C 
in the positive direction. 


Hence we have 


(R) v 


dx dy ■■ 


-s 

(C) 


P dx, 


( 2 ) 


where the indices R and C are used to denote the region and 
the curve over which the integrals are to be taken, and where 
the direction along C is to be positive. 

Similarly, if Q is another function of x and y continuous in R 

On 

and on C, and such that ■— is continuous in R, we may show that 

dx 
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By continuation of (2) and (3) we have, finally, 

f dP , 

! dx < 


ff 


dv=-f 


(P dx + Q dy). 


(4) 


.dy dx) 

(R> ( C ) 

We have proved this result for a simple region R. It is easily 
extended, as in § 72, to regions of more complicated form. This 
is the first form of Green’s theorem. 

Modifications of (4) follow. 

Let a be the angle made with OX 
by the positive direction of C, and 0 a 
the angle made with OX by the normal /( 
drawn outward. 

Then, as shown in Fig. 72, for any 
point of the curve 



and 


a. 

dx 

ds 

dy 

ds 


+ 


7T 
2 

cos a 


sin /3, 


• a 

— = sm a = cos p. 


If F is a function of x and y, its derivative in the direction along 
the outward normal to C is, by § 35, 

dF dF _ . dF . „ dF dy dF dx 


dn 


dF dF . dFdy 


dy ds 


In (4) we may put P = 

'd 2 F . d^F 
dy 2 


and have 


//( 


dF 

dy’ 


Q — 


dF 


dx 2 


<R) 


whence, by (5) 


■/ 

(C) 


dF 

dn 


ds 


dx dy — J ' ^ 

■mi 


dx 

dF 


dx 


dy 


dF 


(C) 

2 F 


Again, if we place in (4) 

P — — G 


(R) 

dF 

dy 

dG dF 


dx 2 dy 


d 2 F^ 


dy 
dx dy. 


dx 


(5) 


( 6 ) 


(7) 


Q 


dF 

G ~d~x 


r„ dF . ff r dG dF 

J c s*=Jj biVx + 

(O (R) 


dG dF' 


dx dx dy dy 
d 2 F d 2 F ' 


(R) 


dx d y 
dx dy. 


( 8 ) 
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The equations have special interest when F is a function which 
satisfies Laplace’s equation 


d 2 F g 2 F 
dx 2 dy 2 


0 . 


In that case (7) becomes 


/ 

(C) 


d£ 

dn 


ds = 0. 


(9) 


This discussion will be continued in connection with the treat¬ 
ment of Laplace's equation. 

74. Dependence upon the path of integration. Consider a region 
R which shall have the property that any curve in it connecting 
two points may be gradually deformed into any other curve 
connecting the same two points without passing out of the region. 
Such a region is called simply con¬ 
nected '. A region shown in Fig, 67 is 
evidently not simply connected until 
the cuts NM and LK are made, when 
it becomes simply connected. 

We are to inquire under what con¬ 
dition a line integral connecting any 
two points A and B of such a region 
depends only on these two points and 
not on the curve which connects them. A Fjg 73 

It is evident in the first place that if 

the line integral along the curve Ci from A to B (Fig. 73) is 
equal to that along C 2 from A to B, then the integral along the 
closed curve which we may form by going from A to B along C\ 
and from B to A along O2 is zero. Hence, since the points A and 
B may be any two points and the curves C\ and C 2 any two 
curves, the statement that the line integral between two points 
is independent of the path is equivalent to the statement that 
the line integral around any closed curve is zero. 

It is evident that in a simply connected region any closed curve 
bounds a region to which the results of § 73 may be applied 

That is, if and are single-valued and continuous in R, then 

dy ox 

for any closed path C inclosing a region T, 

f(Pdr, + Qdy) = -ff( -!?)«*. ,1 

(C) C T) 



c 



0 at all points of R, then 
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It is first evident that if ~~ — ~~ 

oy ox 

the integral on the left of (1) is zero. This is then a sufficient 
condition that a line integral around any closed path in R is zero. 

The condition is also necessary, for suppose ^ — were not 

oy ox 

zero at some point. Then it would be possible to take T so that 
d P dQ 

--— would be of the same sign at all points in T, since the 

oy ox 

functions concerned are by hypothesis continuous. Hence the 
integral on the left of ( 1 ) could not be zero. Therefore we have 
the following theorem: 

In a simply connected region in which P, Q, and their first partial 
derivatives are continuous , the necessary and sufficient condition that 
the integral r 

j (Pdx + Q dy) 


around a closed path should he zero and that the integral along a 
path connecting two points should be independent of the path is 

oP_SQ 
8y dx 

As an example, consider 

f\~2~r~2 dx + tt —2 d y I* 

J [x 2 + y 2 x 2 + y 2 *] 

Here — = — = 7 - 5 --—and the condition is met. But 
dy dx (x J + y 2 y 

P and Q and their derivatives are discontinuous at the origin, 
and hence the theorem may be applied only to simply connected 
regions which do not contain the origin. In other words, the 
integrals along any two paths which do not inclose the origin is 
the same, but the integral around two paths which do inclose the 
origin is not necessarily the same. This may be verified directly. 

For if we use polar coordinates the integral becomes J* dd, and 6 

returns to its original value after traversing a path which does 
not surround the origin but is increased by a multiple of 2 rr for 
any path surrounding the origin. 
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( 1 ) 


75. Exact differentials. We have already seen, in § 36, that 

dP__dQ 
dy dx 

is the necessary and sufficient condition that 

P dx + Q dy 

is the exact differential of some function </>. By the use of the 
line integral we may establish this result independently of § 36. 
In the first place, the condition (1) is necessary, since if the func¬ 
tion exists such that dcj>- Pdx + Q dy, (2) 

dP 8 2 <b dQ 
dx 


then 


dy dx dy 

We shall proceed to show that, conversely, if (1) is satisfied 
for any two functions P and Q, there exists a function 4> for which 

dx ' dy Q ’ 

and therefore P dot -f Q dy = dcf). 

Consider for that purpose the integral 

* (a, V) 

(P dx + Q dy), 


j 

(x 


' Vo) 

where ( xo, yo) is a fixed point Mo 
and (x, y) is a variable point M. 
Under the assumption that (1) is 
fulfilled, (3) is independent of the 
path, and its value is therefore 
determined when (x, y) is given. 
Hence, by the definition of a func¬ 
tion, we are justified in writing 

* (*, v) 


O 


(3) 

M(x,y) Q(x+h,y) 

I 


M 0 (%,y o ) 


Fig. 74 


/ 


(Pdx + Q dy) = 4>{x, y). 


Then 


/ 


(*0, Vo) 
(x-f h, y ) 


{Pdx + Q dy) = d>{x + h, y). 


(4) 


(5) 


(*o> Vo) 


Since this integral is independent of the path, we may take the 
path as made up of a curve drawn to M and a line MQ parallel 
to OX from M to Q (Fig. 74). Then ' 

* (a? + h, y) 


<\>{x + h,y) = y) + 


r<* + - 

J (X, |f) 


(P dx + Q dy). 


( 6 ) 
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In the last integral of (6) y is constant. Hence dy = 0 and 
(6) becomes -(*+*,„> 

4>{x + h, y) — <p(x, y) = I P(x, y)dx 

Jtx, v) 

= hP(£, y)> (*<!<« + &) 
the last transformation being made by § 56. 

Then + 

h-* o h 


whence 


h 

H 

dx 


t-*X 


P{x, y ). 


Similarly, we may prove that 


dtp 

dy 


= Q(x, 


y)- 


We have therefore proved the theorem. 

The discussion also suggests a method 
for determining tp. Since <p as defined 
by (4) is independent of the path, we 
may take the path as composed of MoR 
fFig. 75), parallel to OX, along which 
P dx -f Q dy — P(x, y 0 )dx, and the line 
RM, along which P dx + Q dy — Q(x, y)dy 
with x constant. We have, therefore, 


y 



<P(x, y) 


= f P(x, y 0 )dx + f Q(x, y)dy, (7) 

Jx* JVq 


where in the last integral x is constant. 

Similarly, by first integrating parallel to OY and then parallel 
to OX, we have 

<P(x, y) = f P(x, y)dx + f Q(x 0 , y)dy, (8) 

Jxo J Vo 


where in the first integration y is constant. 

The point (xq, y 0 ) may be chosen in a manner to make the 
integration as simple as possible, since a change in ( xo , Vo) simply 
changes the constant of integration. Of course a point {xq, yo) 
must be avoided which would make P or Q infinite or discontinu¬ 
ous along the path of integration. 

As an example, consider 

(4 x 3 + 10 xy 3 — 3 y A )dx + (15 x 2 y 2 ~ 12 xy 3 + 5 y*)dy . 
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Here —■ = ^ = 30 xy* — 12 y 3 . We may take (xo, yo) as (0, O'), 
oy ox " 

and, using (7), 

cf>(x, y) = I 4 x 3 dx + I (15 x 2 y 2 — 12 xy 3 + 5 y 4 )dy 
J o Jq 

= x 4 -f 5 x 2 y 3 — 3 x# 4 + y 5 . 

Again, consider 

(-- 7== — ) d* -f— - . 1 dy. 

\x x Vy 2 — x 2 / Vy 2 — x 2 

dP dQ x 

Here — = —=-j- 

dy dx (j/2 _ a 2 )’ 

We cannot take x 0 as zero, since P is then infinite. We may, 
however, take (xo, yo) as (1, 0), and, using (7), 


<t>( x > V) =J 


'y 2 — x* 


= log x + log (y + Vy 2 — x 2 ) — log xV^L 
= log (y + Vy 2 — x 2 ) — log V^"l. 

Here log V— 1 is a constant (§ 140) which may be dropped in 
writing 4>(x, y). As a check take (x 0 , yo) as (1, 1). Then 

n 1 i w, r ^ 




'y 2 — x 2 


1+vl — x 2 _ 

= log X + log-+ log (y + Vy 2 - x 2 ) 

x 

— log (1 + Vl —x 2 ) 

= log (y + Vy 2 -x 2 ). 

76. Area of a curved surface. We have seen in § 53 that if a 
surface is defined by the equations 

x=fi(u, v), 

V=h{u,v), (1) 

Z=f3(u, V), 

the element of area may be taken as 

dS = VEG- P 2 du dv. (2) 

In fact, we defin\e the area of any portion of the surface (1) as 
the integral rr 


=//' 


f EG - F 2 du dv, 
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the integration to be extended over the portion of the surface 
considered. 

We have laid down somewhat arbitrarily the definition of a 
curved area. Its validity will depend upon the fact that the 
number obtained for S is independent of the coordinate system 
used. This may be shown to be true, but we shall omit the proof. 
It may be shown without difficulty by the student that our defi¬ 
nition gives the usual result for elementary surfaces the areas of 
which have been found by other methods. For example, the 
equations z = a cos 0 sin <*>, 

y = a sin 0 sin 4>, 
z — a cos 4>, 

define a sphere of radius a. The entire surface of the sphere is 
obtained by allowing <fi to vary from 0 to ir, and 0 to vary from 
0 to 2 ir. Hence, if 6 — u and <f> = v, 

E = a 2 sin 2 <j>, F — 0, G — a 2 , 

J f* 2 tt nix 

I a 2 sin 4> dd dcj> — 4 ira 2 . 
o Jo 

A particular case of equations (1) is 


x — u, 

y=v, (4) 

z~f(u, v ) =/(*, y). 


In this case the coordinate curves on the surface are the curves 
cut out by planes parallel to OZ and making elements of area 

dx dy on the XOY plane. If we place, as usual, p — — > q = —, 
wehave - - ■ - - - - • • ^ ^ 


E=l-j-p 2 , 


PQ, 


G=l + q 2 


whence 


dS — Vl + p 2 + q 2 dx dy. 


(5) 


From §47, if a, y are the angles made with the axes of 
x, y, z by the normal to the surface at the point (x, y, z ), we have 


1 

cos y = - , . ■ ===> 

Vl + p 2 + q 2 

and (5) becomes dS — sec 7 dx dy, 

or dx dy = cos 7 dS. ( 6 ) 


From this it appears that dS is rigorously the portion of the 
tangent plane which projects upon the rectangle dx dy, so that 
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the area of the surface is considered as the limit of the sum of the 
areas of such portions of tangent planes. 

Similarly, in the case 


x = u t 

V = f(n, v) = f(x, z), 
z — V, 

we have ' dS = yjl + (§*)’ + dz dx; 

whence dz dx — cos f3 dS, (7) 

where dS projects upon the plane XOZ into the rectangle dz dx. 
Again, if x = f(u y v) == /(*/, 2 ), 

y = w, 

whence % ate = cos a dS. ( 8 ) 


In the use* of formulas ( 6 ), (7), and ( 8 ) it is convenient to 
consider dS as always positive. Then the projections dx dy , 
d?/ dz, or dz dx will be positive or negative according to the sign 
of the cosine factor. 

Consider, for example, the sphere 

x 2 -f V 2 + z 2 = a 2 . 


If the normal is always drawn outw r ard from a point on the 
sphere, and 7 is the angle between this normal and the positive 
direction of OZ , then in the use of ( 6 ) the projection of the upper 
hemisphere is positive and of the low r er hemisphere is negative. 
Consequently, .for the upper portion of the sphere we have, by the 
use of (5), 


dS 




: dx dy. 


( 9 ) 


■ x- • 


If we wish the area cut out of the upper part of the sphere by 
the cylinder x 2 + y 2 -ax = 0 , 

we have to compute the integral 

a 


S ■■ 


n 


v ax - x 2 


vsrr7*Va 2 -x 2 -y 2 


dx dy. 
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This is best done by using polar coordinates in the plane. Then 


= 2 fX' 


aous< ' ardddr 


Va 2 


= a s (x - 2). 


77. Surface integrals. Let F be a function which is defined for 
each point of a surface S; then 



( 1 ) 


is a surface integral, the summation taking place over the surface. 

Here F may be given as a function of (u, v), the curvilinear 
coordinates on S. Then (1) may be written 


// 


F(u, v ) VEG- F 2 du dv. 


( 2 ) 


Or F may be given in terms of (x, y, z), and its value on the 
surface then determined by the equation of the surface. This 
gives various forms of the surface integral. For example, we may 
have pf 

JJ F(x, y, z) sec y dx dy, (3) 


where z and sec y are to be computed from the equation of the 
surface S. In (3) we may place 


Fix, y, z) sec y = R(x, y, z) 


and have the form 


If 


Rix, y, z)dx dy. 


(4) 


In (3) or (4) dx dy is to be taken positive or negative according 
to the law of projection given in § 76; that is, according as cos y 
in (3) is positive or negative. v 

Again, we have as surface integrals on S 


jj' P(x, y, z)dy dz, 

(5) 

JJ Q{x, y, z)dz dx, 

(6) 


where dy dz — cos oe dS, dz dx — cos /S dS, and the signs of the 
differentials are to be determined as in § 76. 
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In applications surface integrals frequently appear as the sum 
of the three integrals (4), (5), and ( 6 ); namely, 

(P dy dz + Q dz dx + R dx dy), (7) 

which is the same as 

(P cos a -f Q cos jd + R cos y )dS. ( 8 ) 

As an example, suppose fluid flowing through the surface S with 
a velocity v. Let PQRS be an element of the surface dS and let 
the lines of flow be as indicated in Fig. 76. In the time dt the 
particle of fluid at P will flow to T, 
where PT — v dt. Hence the vol¬ 
ume of fluid flowing in the time dt 
across dS is equal to the volume of 
the figure PQRS-TUVW. Consid¬ 
ered as an infinitesimal prism this 

volume is „ „„„ , 

v dt dS cos <p, 

where 4> is the angle between PT and the normal PN to the sur¬ 
face. The amount of fluid in this volume is 





pv dt dS cos 4>, 

where p is the density. The amount flowing across the entire 
surface in the time dt is therefore given by the surface integral 

dtif pv cos 4> dS, (9) 

where v and cos 0 are functions defined for each point on £. 

The integral (7) may be transformed as follows: By the law 
of composition of velocities 

V COS 0 — I'n — v x cos a + V y COS (3 V z COS 7, 

where v n is the component of velocity normal to S; v x , v y , v z are 
the components of velocity parallel to OX, OY, OZ; and cos a, 
cos / 8 , cos 7 are the direction cosines of the normal to S. Hence 
the surface integral in (9) may be written 


or 


dt Jp(v x cos a + v y cos 8 + v z cos y)dS, 
dtjf (pv x dy dz + pv y dz dx + pv z dx dy), 


( 10 ) 

(ID 


where the signs of the differentials in (9) must be taken as in § 76. 
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78. Green’s theorem in space. Let R be a function of x, y, and z 
and consider the integral rrr?R 


Jff 


cz 


dx dy dz 


( 1 ) 


dR 


taken through a volume T in which R and —~ are continuous. 

dz 

Let us first suppose the region T bounded by a surface S which 
projects upon the XOY plane into a region S' such that a straight 
line drawn parallel to OZ from any point in S' meets S in two 
and only two points (Fig. 77). Let z\ and z 2 (Zi < z 2 ) be the values 
of z at these points. Then the integral (1) may be written 

ff dx dy j ~ dz = ff[R(x, y, z 2 ) - R(x, y, z x )]dx dy. (2) 
(S') ** V) 

Let the normal to the surface be drawn outward at each point, 
let a, (3, 7 be the usual angles, and let 7 = 71 when z = z x and 
7 — 72 when z — z 2 - Then it is 
evident that 71 is obtuse and 
that 72 is acute. In ( 2 ), how¬ 
ever, dx dy is positive from the 
nature of the triple integral 
involved. Hence we have, if 
dS is the positive element of 
area on the surface, 

dx dy = — cos 71 dS 
when z — zu 

dx dy = cos 72 dS 
when z = z 2 , 

and then (2) may be written Fig. 77 

ff I '[R{x > V, 22 ) + R(x, y, Z))] cos 7 dS. 

Iso 

But this is simply the surface integral of R cos 7 over the sur¬ 
face, and hence we have 



dzdydz=ff K cos yds. 

(7) (S) 

Finally, in (3) place cos 7 dS — dx dy, and we have 
J ff ~ dx dy dz = ff R dx dy. 


(3) 


(4) 
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In (4) dr dy is to be given a sign m accordance with the conven¬ 
tion of § 7b. Tins makes an essential difference between the right- 
hand side of equation (4) and the right-hand side of equation (2). 

We have assumed for convenience a simple form of the volume 
T. It is easy to extend the result to volumes which may be split 
up into volumes of this type. This we leave to the student. 

In the same manner we have 


j) I ^ d % ~ SJ® cos & — ff* dz dx, (5) 

(tF (S) \s) 

JjJ Tkc d x dy d % ~ fj ** cos a dS ™ Jj P dy dz. (6) 

m * (S) is) 

By adding (4), (5), and (6) we obtain the result which is most often 

= JJ* (P cos a + Q cos 8 + R cos y)dS 

< s) 

= JJ (P dy dz + Q dz dx + R dx dy). (7) 

(S) 

This is one of the relations which are .known as Green's theorem, 
As an illustration of the meaning of (7) let us consider the integra; 


si «** 


yz)dy dz — 2 x 2 y dz dx + z dx dy] 


( 8 ) 


taken over a cube of side equal to a, three of whose edges lie along 

the coordinate axes. Applying (7), this is equal to 

1 a 5 

(3 x 2 — 2 x 2 + 1 )dx dy dz~ — + a 3 . (9'; 

o 


s* a /-»« 

Jo Jo Jo 


On the other hand, proceeding directly and considering 




— yz) dy dz, 


we have dy dz positive on the face x — a, negative on the face 
x ±= 0, and zero on all other faces. Hence the integral is 


n (a 3 — yz)dy dz+ ( f yzdy dz — a 5 . (10) 

Jo Jo 


Tn the integral 


JOT* 


■ 2 x 2 y)dz dx 
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dz dx is positive on the face y = a, negative on the face y = 0, 
and zero on all other faces. Hence the integral is 


In the integral 



(— 2 ax 2 )dz dx = — § a 5 . 


Jf- 

(S) 


z dx dy 


( 11 ) 


dx dy is positive on the face z — a, negative on the face 2 = 0, and 
zero on all other faces. Hence its value is 



a 

a dx dy 


( 12 ) 


Combining (10), (11), and (12), we find the result (9). 

As an application consider the surface integral as given in 
(11), § 77, for the amount of fluid flowing out across a surface in 
the time dt. This must be equal to the loss of fluid in the volume 
bounded by the surface. The amount of fluid in an element 
dx dy dz at the time ^ is p dx dy dz and in the time t + dt it is 

(p + dt)dx dy dz. The loss in a single element is, then, 
dt 

— dt dx dy dz, 
dt 

and in the whole volume it is 

— dt JJJ* ~ dx dy dz. (13) 

( T) 

But the surface integral in (11), § 77, may be transformed by« 
means of (7) into the space integral 

(T> 

The two integrals (13) and (14) are equal, and hence we have 

!)***-* 

Now (15) is to be true for any volume T, no matter how small, 
within which the integrand is continuous. Hence the integrand 
must be everywhere zero, for if it were not, it would be possible 
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to find a volume for which (15) would not be true. We have, 


therefore, 


<KpVx) . g(pt>y) g(pttz) dp 
dx + dy + dz + dt ’ 


the so-called equation of continuity in hydromechanics. 

In the particular case of a liquid for which p = constant, equa¬ 
tion (16) becomes d d 8 

dx^ dy^ dz ' ; 

79. Other forms of Green’s theorem. Let F{x, y, z) and G(x, y, z) 
be two functions which are continuous and have continuous first 
derivatives in the region in which S lies. Then the derivative' of 
F normal to 5 is, by (10), § 35, 

dF dF dF dF 

— = — cos a + — cos p + — cos y. (1) 

dn dx oy dz 

dF dF dF 

In (7), § 78, let us place P = G — > Q — G —R — G —— We 
obtain, with the use of (1), dx ^ dz 


~ dF , 
G — dS 
dn 


fffi 


dF_ 

\dx dx dy dy dz dz, 


dx dy dz 


h fff G 


d 2 F , d 2 F , d 2 F\, J 
dx 2 + ~dy 2 r dz i) dxd V dz > •-> 


another form of Green’s theorem. 

It is allowable in (2) to place G — 1. We then have the simpler 
form rrd F rCC(d 2 F d 2 F d 2 F\, , , 


Also, in (2), we may interchange F and G and, subtracting the 
new result from (2), have 


„dF „ dG 
° dn F dn 




(T) 

d^G d 2 G d 2 G 
dx 2 dy 2 " r dz 2 


?rF d 2 F d 2 F \ 
dx 2 dy 2 ' dz 2 ) 


dx dy dz. 


The results (2), (3), and (4) take simpler forms if F and G are 
functions which satisfy the Laplace differential equation 

g 2 <ft d 2 <f> _ 

dx 2 dy 2 dz 2 


0 . 
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For example, (3) then gives 

ff d £ ds =°- ® 

(S) 

As an application coi sider a charge of electricity e at a point 
(a, b, c). The potential at a point P{x, y, z) at a distance r is 

F = ~, 
r 

where r — V(x ■ - a) 2 + (y — b) 2 + (z — c) 2 . 

Then for a region T which does not contain (o, b, c) we have 
formula (5). But if the region T contains (a, b, c) the formula is 
not applicable, since F is discontinuous when r = 0. We will 
compute 


directly for a sphere of center (a, b, c) and radius r which we will 
denote by 2. We have for this sphere 

dF dP_d_/e\_ e_ 
dn dr dr\rj r'~' 



where the normal is drawn outward from the sphere, and on the 
sphere r = ro. Hence 

ff^ ds “-^ff ds= - iTe - <6) 

(S) (2) 

Consider any surface S surrounding (a, b, c) and construct a 
sphere 2 about (a, b, c) as a center. In the region T, bounded 
by S and 2, formula (5) applies. Hence 


JJ dn dS+ JJ 

(S) (2) 


In the second integral of this formula the normal must be 
drawn outward from T and therefore into the sphere S. Hence 
the sign of (6) must be changed, and (7) gives 
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In the same manner, if we have n charges of electricity e\, ez, ■ • •, 
e n at points (ai, bi, c 1 ), ( az, bj, cz), ■ • •, (a„, b n , c„) inside of S, 
we find that 


SS~dn ^ ~ ~ ^ 7r ^ 1 + 62 + ‘ ' ' + e n) — — 4 ire; (9) 

(S) n dF 

or if we place N — — — > the normal force or intensity perpen¬ 
dicular to S, then dn 


ff 

(s ) 


N dS — 4 ire. 


( 10 ) 


"We will apply (10) to finding the intensity N due to a spherical 
conductor of charge e. Take as the surface S a sphere of radius H 
concentric with the conductor and surrounding it. By symmetry 
the intensity N is constant on S. Hence (10) gives 


whence 


N jj*\dS = 4 t rR 2 N = 4 ire; 
(S) , » 


N: 


R 


2 * 


Again, we will apply (10) to finding the intensity due to an 
infinite circular cylinder of charge e per unit length. Take as the 
surface S a circular cylinder of height unity and radius R the 
axis of which coincides with the axis of the conductor. The charge 
inside S is then that on a unit length of the conductor, it being 
assumed that R is greater than the ladius of the conductor. 

On the upper and lower bases of S we have N — 0, since the 
force is perpendicular to the conductor by symmetry. On the 
curved surface of S, by symmetry, X is constant. Hence we 
have, from (10), 

<s) 2 e 

whence N — * 


N ff 


dS = 2 vr RN = 4 ire; 


80. Stokes’s theorem. If P, Q f and R are three functions of x, 
y. and z, the line integral 

f (Rdx + Qdy+ R dz) (Is 

;’c) 

along a space curve C is defined in a manner precisely similar to 
the definition of a line integral along a plane curve. 
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Let C be a closed curve, and let a surface 8 be bounded by C. 
Let the equations of S be in the general form (1), § 53, and for 
convenience let us write 


8x 

8x 

8y 

8y 

dz 

du 

e 

II 

-J 


II 

S’} 

%u — "7 

du 


— 

dv 


Then we have 

JP dx =j'(Px u du + Px v dv) 


(C) 


(C) 


-M 

( s) 


dv (PXu) du (PXv) 


du dv, 


( 2 ) 

( 3 ) 


since the argument which was used to obtain (4), § 73, may be 
transferred without change to the surface S with the curvilinear 
coordinates ( u f v). The expression (3) is easily reduced to 


/ 


P dx — 


<o 



(*^uVv X v y u ) ~f~ 


dz 



dudv; 


( 4 ) 


whence, by (11) and (9), § 53, 

fp dx = - ff( ^ cos T - g cos e)ds. 


( c) 


Similarly, J' Qdy — — JJ' /- 

(C) (S) 


8Q 


8Q 


„ cos a — — cos 7 Ids, 
8z 8x ' 


and 


Jr dz = -JJ(If cos 0 - d f cos a)dS. 

(C) (S) 


( 5 ) 

( 6 ) 
( 7 ) 


By adding (5), (6), and (7) we have Stokes’s theorem; namely, 
f(Pdx + Qd„+Rdz) = -ff[(^- §5)cos<, 

(C) ( S ) 



A word about signs is necessary. A change in the direction in 
which the line integral is taken would change the sign of the left- 
hand rriember of (8), and a change in the direction in which the 
normal to the surface is taken would change the signs of cos a , 
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cos ( 8 , cos 7 and therefore change the sign of the right-hand 
member of ( 8 ). Hence there must be a relation between the direc¬ 
tion of the normal to the surface and the direction of integration 
around the curve. From the proof it appears that the relation 
between the normal to the surface and the direction of integra¬ 
tion must be the same as the relation between the normal to a 
plane and the direction of the integration in § 73. Hence an ob¬ 
server standing with his feet on the surface and his head in the 
direction of the normal will see the integration around C taken in 
the positive direction. 

From equation ( 8 ) it follows, by arguments similar to those of 
§ 74, that in a simply connected region of space in which P, Q, R 
and their derivatives are single-valued and continuous, the neces¬ 
sary and sufficient conditions that the line integral ( 1 ) between 
fixed limits should be independent of the path connecting those 
limits, and that the same integral around a closed path should 

be zero, are a , v , „_ „_ „_ 

dP^_dQ dQ_dR dR dP / 9 % 

dy dx dz dy’ 8x dz 


If these conditions are met, the line integral 

* (*, V, z) 

(P dx + Q dy + R dz) 


J r (3 
(So. 


Vo, Zq) 


defines a function <f>(x, y, z) such that 


d<t> 
dx ’ 


Q = 


d<t> 

dy’ 


R 


d<$> 
dz ’ 


( 10 ) 


as is easily shown by the methods of § 75. 

Conversely, if there is a function <fi for which equations (10) 
are true, then equations (9) follow immediately. Hence equa¬ 
tions (9) are the necessary and sufficient conditions that such a 
function <£ exists, or, in other words, that P dx + Q dy + R dz 
is an exact differential, so that we may write 


P dx + Q dy + R dz — d<j>. 


( 11 ) 


Apply this to a field of force in which the components of force 
at each point are X, Y, Z. By definition the force has a potential 
V if there is such a function V that 
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From the discussion given above the necessary and sufficient 
conditions for this are 


dX oY dY__dZ dZ dX 
dy dx ’ 8z dy dx dz' 

and we have, then, v 7 . ,, , . „ , ,, r 

’ X dx + 1 dy + Z dz = — dV. 


The work done in passing between two points (xo, Vo, Zo) and 
(xi, yi, Zi) is 


f 


(*1» Vu Z\) 


Vo, *o) 


(Xdx + Ydy + Z dz) 


L 


Vi, Zx) 


dV 


'(*<>, Vo. *o) 

V(x 0 , Vo, Zo) - V(xi, Vu Zi). 


The work done is then independent of. the path and equal to 
the difference of potential between the beginning and the end of 
the path. 

Again, if P = v xy Q = v y , R = v tf 


are the components of velocity of a liquid, that velocity is said 
to have a velocity potential <f> if there exists such a function <j> that 


dx 


= v», 


d<j> 

dy 


Vy> 


d4> 

dz 


V z . 


In this case the motion of the liquid is called irrotational, 
whereas motion without a velocity potential is called vortex 
motion. The necessary and sufficient conditions for irrotational 
motion are that v x> v y , v x satisfy the relations 

dv x _ dvy dvy dv^z foz dv x 

dy dx dz dy dx dz 


> eiiiA vy 


From (17), § 78, it appears 
ential equation ^ ^ ^ 


dx 2 dy 2 dz 2 


= 0 . 


In hydromechanics the integral 



dx + v y dy + v 8 dz) 


along any path is called the circulation along that path. It 
appears that for irrotational motion the circulation around a 
closed path is zero. 
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EXERCISES 

1. Find the value of 

f (h 2) [(£ 4- y 2 )dx + 2 xy 2 dy ] 

J ( 0 , 0 ) 

along the following paths: 

(1) A straight line. 

(2) A parabola y 2 = 4 x. 

(3) A portion of the a>axis and a straight line perpendicular to it. 

2. Find the value of 

/ (l ’ ' i} [y 2 dx 4 (xy - x 2 )dy ] 

17 ( 0 , 0 ) 

along the following paths: 

(1) y = 3 

(2) y 2 = 9r. 

(3) A portion of the ^/-axis and a straight line perpendicular to it. 

3. Find the value of 

f U 0) f (x 2 - 4 x dy] 

J (0, 2 ) 

along the following paths : 

(1) A straight line. 

(2) A circle with center at O. 

4. Find the area of the four-cusped hypocycloid x a cos 3 <(>, 
y = a sin 3 

5. Find the area between one arch of a hypocycloid and the fixed 
circle. 


6. Find the area between one arch of an epicycloid and the fixed 
circle. 

7. Find the area of the loop of the curve x = -- - - -— --- > y = —-— 

1 4 £ 2 14 - £ 2 

corresponding to values of t between — 1 and 4 1. 

8. Find the area of the segment of a circle of radius a cut off by a 
chord 6 units from the center. 


9. Show that the integral 

f 

day 


x(.r + 2 y)dx 4- (3 x e - y z )dy] 


is independent of the path, and find its value. 

v)f 2 x 
. n * 


10. Show liiat 


r 

J (i. 1 


y d-r + 2 


' x* -{- y~ x 

is independent of the path, and find its value, 


y + x \ 
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11. Show that 


f. 


(2,1)/1 -f y 2 
u, o) 


dx ' 


1 + x 2 


V dy 


x° x 

is independent of the path, and check by evaluating for two different 
paths. 

12. Find the area of the surface cut from the cylinder y 2 4- z 2 = a 2 
by the cylinder x 2 -f y 2 = a 2 . 

13. Find the area of the surface of a sphere of radius a intercepted by 
a right circular cylinder of radius § a if an element of the cylinder 
passes through the center of the sphere. 

14. Find the area of the surface of the cone x 2 + y 2 — z 2 = 0 cut out 

by the cylinder x 2 4- y 2 — 2 ax = 0. _ 0 

x z m — y £ 

15. Find the area of that part of the surface z =-— the projec- 

2 a 

tion of which on the plane XOY is bounded by the curve r 2 = a 2 cos 2 0 . 

16. Find the area of the surface cut from the paraboloid y 2 4- z 2 = 4 ax 
by the cylinder y 2 = ax and the plane x — 3 a. 

17. Find the area of the surface of the cone x 2 + y 2 — 4 z 2 = 0 cut 
out by the cylinder x 2 -f V 2 — 4 r = 0. 

Apply Green's theorem to the following integrals and verify by 
direct calculation : 

18. fj {xz dy dz 4~ yz dz dx 4- z 2 dx dy) over the sphere x 2 + y 2 4- z 2 = a 2 . 

19. (x dy dz 4- y dz dx 4- 2 dx dy) over the cylinder x 2 4- y 2 =a 2 , z =± 5. 
2°. // (d?/ dz -f dz dx 4- dr dz/) over any closed surface. 

21. fj* (x 2 dy dz 4- y 2 dz dx 4* z 2 dx dy) over the sphere r 2 4 -y 2 + z 2 ~a 2 . 

22. Compute f (1 ’ l) (y 2 dr 4- xy dy + zx dz) along the following paths: 

'Ao, o, o) 

(1) A straight line from the lower limit to the upper limit. 

(2) A broken line consisting of parts parallel to the axes. 

23. Compute ^ (yz dx 4 - zxdy + xy dz) along the same paths as 

those given in Ex. 22. 

24. Show that 

f (P dx + Q dy + R dz) -f VP + Q 2 + R 2 cos 6 ds, 

where ds is the element of arc of the curve and 6 is the angle between 
the curVe and the direction P : Q : R. 

25. If F satisfies Laplace's equation, show that 


f/f [(£)’ + (0 + O']" 1 r S ds - 
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VECTOR NOTATION 

81. Vectors. A vector is a directed magnitude. Examples are 
force, velocity, acceleration. A vector may be graphically repre¬ 
sented by a portion of a straight line with a definite length and a 
definite direction. The position of the line is unessential. Two 
vectors are equal if they have the same 
direction and magnitude, no matter how 
they may lie in space. One vector is the 
negative of another if the two have the 
same length and opposite directions. 

A scalar is a magnitude without direc¬ 
tion. Examples are temperature, density, 
potential. The length of a vector is a scalar 
quantity. 

It is customary to represent vectors by 
Greek letters, a, 0, y, • • •, or blackface a, 
b, c, • • •. The length of a vector may then 
be denoted by |« [ or | a j or the corresponding lightface letter a. 

Two vectors are added by the law of composition of forces or 
velocities. Thus, if a and 0 are two vectors, their sum is the 
diagonal of the parallelogram of which a 
and 0 are two sides. Thus, in Fig. 78, 

7 = « + 0 . ( 1 ) 

Any number of vectors may be graphically 
added by taking them in any order and 
placing the beginning of each on the end of 
the preceding. The sum is then the vector 
which joins the beginning of the first vector 
to the end of the last vector. Thus, in Fig. 79, 

f = a4-/3-f7 + 5. 

Take three mutually perpendicular directions from a point O 
(Fig. 80). Let i, j, k be the vectors of unit length in these 
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directions. These directions shall be taken so that an observer 
standing with the vector k running from his foot to his head 
sees the rotation from i to j as a positive rotation. 

Let a be any vector from 0 whose projections on the three 



a + 0 =. (At + A a )i -f (Bi + B 2 )j '+ (C x + C 2 )k. (5) 


A vector is multiplied by a positive scalar quantity by multi¬ 
plying its length by that quantity without changing its direction. 
It is multiplied by a negative scalar quantity by reversing its 
direction and multiplying its length by the absolute value of 
the scalar. 

Two vectors may be multiplied in two ways, giving rise to a 
scalar product or a vector product, to be discussed in the next 
sections. 

82. The scalar product. The scalar product, or the dot product, 
of two vectors a and ft is defined by the equation 

a-ft — ab cos 6, (1) 

Where a and b are the lengths of a and ft respectively, and 6 is 
the angle between them. 

In Fig. 81 let OA be the vector a, 

OB the vector ft,- ON the projection 
of ft on a, and OM the projection of a 
on ft. Then 

ab cos 6 = ON • OA = OM ■ OB, (2) 0 

so that the scalar product of two vectors 
is the product of the length of either vector by the length of 
the projection of the other upon it. 

From (1) we have ft-a — a-ft, (3) 

so that the scalar product is commutative. 

Also from the projection' property (2) it is evident that 

(0 + 7 ) = a-ft + a-y, 



(4) 
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so that the scalar product is distributive. From (4) it follows that. 

(a + S)-(0 -f 7 ) = a-0 + a-y 4 ~ 8-0 + 8-y, 
as in ordinary multiplication, and so for more extended products. 
From (I), a-a — a 2 , (5) 

so that the scalar product of a vector by itself is equal to the 
square of its length. 

From ( 1 ), if a 0 — 0, 

we have either a■ — 0 or h — 0 ot cos 8 =- 0; that is, one of the 
vectors is of zero length or the two vectors are perpendicular. 
Assuming that the vectors are not of zero 
length, we say that the Banishing of the 
scalar product of two vectors is the condition 
for their perpendicularity. 

It follows that '‘cancellation” as em¬ 
ployed in algebraic equations is not legiti¬ 
mate for vectors. That is, if 

a-0 — a-y, (6 ) Fig. 82 



it does not follow that 0 = y. For from (6) we have, by subtract¬ 
ing a.y from each side, a ^ a y = ^ 

and, by (4), a-{0 - 7 ) = 0; 

# 

whence it follows that 0 — 7 is perpendicular to a. This is graph¬ 
ically shown in Fig. 82, where the projections of 7 and 0 on a 
are equal. 

If i, j, k are the perpendicular unit vectors defined in § 81, then 
id —1, j*j —1> k*k = 1, 

i-j = 0, j-k = 0, ki = 0. (l) 

If a = Aii + Bij + Cik 

and 0 — A 21 + B 2 j 4~ C 2 k, 

a-0 may be computed by the distributive law of multiplication 
and reduced by (7), with the result 

a -0 = A1A2 + B\B<z -f- C1C2. ( 8 ) 

From (1) of this section and (4) of § 81 we get 


* A1A2+ BiB 2 + CtC-i 

COS 8 — --= ====r-^=^---- p = =r ^^ , 

VAr + Bv + Cv- V.4a 2 4- 82 2 -1- CV 


( 9 ) 


and the condition for the perpendicularity of the two vectors is 


A1A2 4 ~ B1B2 h (’ 1 — 0 . 


(10) 
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83. The vector product. The vector product, or cross product, of 
two vectors a and (3 is defined by the equation 

a x 8 = v ab sin f), ( 1 ) 

where a and b are the lengths of a and 8 respectively, 6 is the 
angle between them, and v is a unit vector perpendicular to a 
and /8 and in such a direction that an observer standing so that 
v runs from his feet to his head sees 
the rotation from a to 8 as positive. 

This is shown in Fig. 83. The length 
of the vector a X 8 is in linear units 
equal to the area in square units of the 
parallelogram determined by a and (3. 

From the definition we have 

a X a = 0, 

so that the vector product of a vector by itself is zero. In general, if 

a X /3 = 0, (3) 

the vector a is parallel to the vector (3, so that the condition 
for the parallelism of two vectors is the vanishing of their vector 
product. 

From the definition it follows that to interchange the order of 
the factors a and (8 changes the direction of v. Hence 

8 X a — — a X j3, (4) 

so that a vector product is not commutative. 

Also a X (j3 X 7 ) is not equal to (a X (3) X 7 , where a, (3, and y 
are three vectors in general positions. For the vector 8 X y is 
perpendicular to the plane of 8 and 7 , and therefore the vector 
a X (8 X 7 ) must lie in the plane of 8 and 7 . Similarly, 
(a X ,3) X 7 lies in the plane of a and 8 - Hence in general 

a. X (8 X 7 ) (a X 8 ) X 7 , (5) 

so that a vector product is not associative. 

It is true, however, that 

7 X (<* + 8 ) = 7 X a + 7 X 8 > ( 6 ) 

so that a vector product is distributive. 

To prove this we use the fact that the projection of any closed 
surface on any plane is zero if the sign of the projection of each 



( 2 ) 
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portion is determined, as in § 76, by the cosine of the angle 
between the outward normal to the surface and a fixed normal 
to the plane. Apply this to the prism OAB-CDE (Fig. 84), 
where OA is the vector a, AB the vector j 8 , OB the vector a + j3, 
and OC the vector y. 

Then the vector §(a + /3) X ol is equal to the area of AOB, the 
vector (a + /3) is equal to the area, of CDE , the vector 

/3 X y is equal to the area ABED , the 
vector 7 x (a + /3) is equal to the area 
OBECy and the vector a X y is equal 
to the area OADC, and all these vectors 
are directed outward from the prism. 

Also the sum of the projections of these 
vectors on any line is zero, since it is 
equal to the sum of the projections of 
the faces of the prism on the plane 
perpendicular to that line. Hence the sum of these vectors is 
a vector whose projection on any line is zero, and therefore that 
vector is zero. Hence 

§(a + &) X a + ? a X (cl + P) + P X y + y X (a + /3) + a X y ~ 0. 

Reducing this by the aid of (4), we have 

■— 7 X j8 + 7 X (a /3) — y X a = 0; 

whence ( 6 ) follows. 

From ( 6 ) follows 

(7 + 5)X(a+jS)”7Xo; + 7X/3 + 5xa + 5x/3, (7) 

as in ordinary multiplication, with the single exception that the 
order of the factors must be carefully preserved. The extension 
to any number of vectors in each factor 
is obvious. 

As in the case of the scalar product, 
so-called "cancellation” in a vector 
equation must be avoided*. The equation 

a X y = a X a Fig. 85 

leads to a X (y — (3) = 0, which; by (3), means in general that 
a is parallel to 7 -/ 3 . This is shown in Fig. 85, where the area 
of the parallelogram defined by a and 0 is equal to that of the 
parallelogram defined by a and 7 . 
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Let i, j, k be as in § 81. Then 

0, j X j = 0, k x k = 0, 
jXk = — kxj — i, k X i = — i X k = j. 

« — Ali +■ Bij + Cik, 

P = A 2 i + Bz j + C 2 k, 
and we form a x (3 by Y7) and reduce by (8), we have 
ot X (3 = (BiC 2 — B 2 Ci)i -j- tC'i — C2-4i)j -j- (A\B 2 — A 2 Bi)k 

i j k 

= A, B\ Ci . 

A 2 B 2 C 2 

84. Curves. From the origin of coordinates O draw a vector 
OP — r. Then, if r is a function both in direction and magnitude 
of a, single parameter t, the extremity of r 
describes a curve, the equation of which may 
be written r = f(*). (1) 

This may be brought into connection with 
the notation of § 51 by drawing the unit 
vectors i, j, k as in § 81. Then, if x, y, z are 
the coordinates of P, 

r = .ri + yj + zk, (2) 

and if the equations of the curve are those 
given in § 51 equation (1) becomes 

r = /i(0i + / 2 OOJ 4~/s(0k; (3) 

so that (1) represents in one equation the 
three equations of § 51. 

Let P (Fig. 86) be the point corresponding to a certain value 
of t and let Q be the point corresponding to t + A£. Then OP = r, 
OQ = r + Ar, and, by the law of addition of vectors, Ar == PQ. 
Ar 

Hence — is the vector PR in the direction of the secant PQ. 
At 

As At approaches zero as a limit, the point Q approaches P, and 
the secant approaches the tangent at P, under the assumption 
that the curve is continuous and has a tangent. At the same 
time, under the assumption that" the curve has a length, the ratio 
of the chord PQ to the increment At is the same as the limit of 
the ratio of the arc PQ to At. 



iXi-- 

i X j = — j X i k, 
Then, if 
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Hence we may write Lim — = —, 

i -»0 At dt 

.. dr . 

where lit 1S a vec ^ or ^ with the direction of the tangent to the 
curve and with a length s being the length of the curve. 


(A) 


( 5 ) 


Taking r as a unit vector along the tangent, we have 

di ds 

di^ r Jt y 

or, in differential notation, 

dr~r ds. 

This result may be checked-from (2) since 

dr = dx i + dy j *f dz k, (6) 

which is a vector with the direction of the tangent and with the 
length + dy 2 + dz 2 = c/s. 

Let F be any function which has both direction and magnitude 
at each point of a certain region. Such a function is a vectoi 
function , and we may write 

F = F(x, y 9 z)i -f- Q(x, y 9 z )j + R(x, y, z) k. 


Then, if F makes an angle 4> with the direction of the curve, 
and |F| = F, we have F*dr — F cos <f> ds, which is the product 
of the projection of F on ds multiplied by ds. On the other hand 

F = Pi + Qj + RK 
dr = dx i + dy j + dz k; 

whence F-cZr =. P dx + Q dy + R dz. (7; 


A simple illustration is obtained by letting F be a force, Ther 
P, Q f R are the components of the force, and F-rfr = F cos 4> ds 
is the element of work done in moving through a length ds of the 
curve. 

85. Areas. A vector is a magnitude with which a definite direc¬ 
tion is associated. Now a plane area determines a definite direc¬ 
tion; namely, that of the normal to the plane. Hence a plane 
area may be represented by a vector whose magnitude is equal to 
the scalar area and whose direction is perpendicular to the plane. 
Let there be given an area of scalar magnitude A lying in a plane 
the normal to which makes angles a , /3, y with OY, OY, OZ 
respectively. The vector A is then a vector of length A making 
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angles a, fi, y with the coordinate axes. The projections of this 
vector on the axes are, respectively, A cos A cos (3, A cos y. 
Hence A — A cos a i + A cos /3 j + A cos y k. (1) 


It is to be noticed that A cos a is the projection of A on the 
plane YOZ, that A cos (8 is the projection of A on the plane ZOX, 
and that A cos y is the projection of A on the plane XOY. 

If we have a surface S, there is obviously no definite direction 
connected with S. There is, however, a definite direction to each 
element dS ; namely, that of the normal to the surface. We have, 
therefore, a vector element of area dS where, as in (1), 

dS = cos adS i -f- cos /3 dS j + cos y dS k. (2) 

Now, if F = Pi + Qj + Rk 

is defined at all points of the surface S, 


F-dS = F cos <fi dS — (P cos a + Q cos /3 + R cos y)dS, (3) 

where 4> is the angle between F and the normal to S. 

An example is obtained by letting F = pv, where p is the den¬ 
sity of a fluid and v its velocity. Then F-dS is the amount of 
fluid per unit time which flows over the area dS (§ 77). 

86. The gradient. We have defined vector functions in § 84. In 
distinction, a function F(x, y, z ) to which a magnitude but no 
direction is assigned at a point (x, y, z ) is called a scalar function. 

We have seen in § 35 that for such a function we may construct 
a family of surfaces F(Xj y> z) = c> (1) 


and that the maximum rate of change of F takes place in a direc- 

dF 

tion normal to these surfaces and is equal to — > where n is meas¬ 
ured along the normal. n 

Let v be a vector of unit length and let us write 


VF = 


dF 

dn 




( 2 ) 


Then VF (read " del F ”) is a vector function which gives in 
direction and magnitude the maximum rate of change of the 
function F at each point of space for which F is defined. It is 
called the gradient of F . 

We have seen in § 35 that if a distance s is measured in a 
direction making an angle with n, then 


dF 

ds 


dF JL 

:= — COS <f>. 
dn 


(3) 
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We may apply (3) to istances measured parallel to the coordi¬ 
nate axes and obtain 


dF dF 
— = — cos a, 
ox dn 


dF dF 0 dF dF 

^ = * cosft 


(4) 


where cos a, cos /?> cos 7 are the direction cosines of the normal 

dF dF 

and where the change from — to etc. is made to conform to 

dx ox 

usage. Hence we have in (4) the components of VF. Consequently 
VF 


dF . dF . dF , 

“T~ 1 IT' J7T 
da; dy dz 


' Vf, l = S“N 

Equation (5) may be written 


\dx) \dy) +\dz, 


(5) 

( 6 ) 


and we define 


v = ri+#i+ 

dx oy 



(7) 


(8) 


as the operator del. The manner in which del operates on a scalar 
function is shown in (7) as interpreted by (5). 

The operator V has many properties similar to those of differ¬ 
entiation. Thus V(F + G) = VF + VG, 

V(FG) = FVG + GVF, (9) 




GVF — FVC 


87. The divergence. In § 86 the operator V has been applied to 
a scalar function. That operator may, however, be applied to a 
vector function and in two ways: either by analogy to a scalar 
product or by analogy to a vector product. The first method 
gives us, by definition, 

v - F= (l i+ | i+ l k )' (Pi+ei+Rt) 

_dP dQ dR 
dx dy dz 
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This is called the divergence of F and is written div F. 


div F = V-F — 


dPdQ dR 
dx dy dz' 


We have 


( 1 ) 


If we apply this result, together with (3), § 85, to Green’s 
theorem in the form (7), § 78, replacing the element, dx dy dz by 
a general volume element dV, we have 

f ff div F dV = fJJ V-F dV = Jj F-dS. (2) 

(T) . ~cr; (S) 


The reason for the choice of the name divergence may be seen by 
interpreting F as equal to pv, where p is the density of a fluid and 
v its velocity. Then each integral in (2) is the amount of fluid per 
unit time which flows out of a space region. Applied to an infini¬ 
tesimal volume it appears that div F represents the amount of 
fluid per unit time which streams or diverges from a point. 

88. The curl. It is also possible to combine the operator V with 
a vector function by analogy to a vector product. The result is 
a vector called the curl of F. We have, by definition, 


curl F = V X F = 


i j k 

d_ d_ d_ 
dx dy dz 


\dy oz> \oz ox/ \dx dy 1 


( 1 ) 


If we apply this to Stokes’s theorem, (8), § 80, and use also 
(7), §54. we have r rr rr 

j F-dr = l j curl F-dS = jj V X F-dS. (2) 

in V) (S) 

The reason for the use of the word curl is hard to give without 
extended treatment of the subject of fluid motion. The student 
may obtain some help by noticing that if F is the velocity of a 
liquid, then for velocity in w'hat we have called irrotational 
motion, curl F ~ 0, and for vortex motion, curl F =£ 0. 

It may be shown that if a spherical particle of fluid be consid¬ 
ered, its motion in a time dt may be analyzed into a translation, a 
deformation, and a rotation about an instantaneous axis. The curl 
of the vector v can be shown to have the direction of this axis and 
a magnitude equal to twice the instantaneous angular velocity. 
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1 . If a y ft, y are vectors to the three vertices of a triangle, show that 
the vector to a point two thirds of the way from any vertex to the middle 
point of the opposite side is a _|_ p y 


2 . Find the direction and the magnitude of each of the v ectors 


a* (3 


ct-a 


and 


a X (3 


X a. 


3. Show that x 7 ) is the volume of a parallelepiped three 
edges of which are the vectors a, /3 , 7 meeting in a point. When will 
the volume so computed be positive ? negative ? 

4. From Ex. 3 show that 

a*(/? X 7) = (3»(y X a) = 7*(a X 0 ). 

5. From Ex. 3 show that 

X 7 ) = 0 

is the condition that a , 7 lie in the same plane or are parallel to the 

same plane. 

6 . Show that a-(a X (3) = 0. 

7. From Ex. 3 show that the volume of a tetrahedron the vertices of 
which are ( 0 , 0 , 0 ), (x u Vu Zi), (^ 2 , # 2 , z 2 ), ($ 3 , Vs, z 3 ) is 


Xi 

y 1 


X 2 

V2 

z 2 

X 3 

2/3 

z?, 


8 . Using the unit vectors i, j, k, prove that 

(a X fi) X (7 X 5) = (a.. 7 X 5)/8 — (/S -7 X 5)a. 

9. Using the unit vectors i, j, k, prove that 

(fit X 0)-(y x 8) = (ce- 7 ) (/3-5) - (P-y)(a-8). 

10 . Using the unit vectors i, j, k, prove that 

<2 X (/3 X 7 ) = (ac-7)/S - (<x-ff)y, 

(a X /3) X 7 = (a* 7)/3 — (y-fi)a. 

11 . Given a triangle with vector sides a, /?, 7 , prove that directions 

may be so taken tnat y.y ( a — - 0), 

and thence obtain c 2 = a 2 + b 2 — 2 ab cos 0 . 


12 . Prove by vectors that the sum of the squares of the diagonals of 
a parallelogram is equal to the sum of the squares of the sides. 

13. Find the gradient of xyz. 

14. Find the gradient of x 2 + y 2 4- £ 2 . 
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15. Find the gradient of log (x 2 4- y 2 4- z 2 ). 

16. Prove formulas (9), § 86. 

17. Find “the divergence and the curl of the vector function 

r = xi 4- yj 4- zk. 

18. Find the divergence and the curl of the vector function 

-i-f-j-f-k, where r — Vx 2 4- y 2 4- z ? \ 
r r r 

19. Find the divergence and the curl of the vector i unction 

(bz — cy)i 4- (cx — az )j 4- {ay — bx)k. 

•20. If dr is defined as in § 84, show that 

V/’dr - df, 

where df is the differential change in / in the direction dr. 

21. Show that the derivative (or differential; of a vector of constant 
length is perpendicular to the vector. 

22. Show that if r is a vector of unit length, then dr is a vector per¬ 
pendicular to r and equal to the angle dd between r and r 4- dr. 

d 2 r 

23. For a curve show that C = —- 

ds 2 

is a vector whose direction is that of the principal normal and whose 
magnitude is that of the curvature, and hence that 

d ^i 1 

ds 2 R C ’ 

where R is the radius of curvature and c a unit vector along the prin¬ 
cipal normal. 

24. If n, t, and c are unit vectors along the binormal, tangent, and 
principal normal respectively, show that 

_ dn d . . 

T = — = T (t Xc ) 
ds ds 

is a vector whose magnitude is the torsion. 

25. If a body describes a curve r = f(t), the velocity is defined as 

v = — • Show that v — vr, where v is the speed ~ and r is a unit 
dt dt 

tangent vector. 

26. A vector force being defined as 

dv d 2 r 
F = m — — m —- > 


show that the components of force parallel to OX, OY, and OZ are 
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27. Placing v = vr, where v is the speed — and r a unit vector along 

dt 

the tangent, show from Ex. 25, and using Ex. 23, that 


F=m 5? T+ -ir- 

Hence infer that the moving particle is acted on by two forces: one 

d 2 s mv 2 

equal to m — along the tangent, and the other equal to —— directed 
dt z P 

toward the center of curvature. 

28. Show that the vector area dA between r and r + dr is 

dA = ^(r X dr), 

and hence that ^ 1 ' ' 


|(r X v). 


29. Show that if the force acting on a moving particle passes through 
a center O, then r x F = 0 

and hence the rate of charge of A is constant. Prove the converse. 

80. If a curve is given in polar coordinates (r, 6), place 

r = rri, 

where r is the scalar length and r x is a unit vector. Hence show that 

dr d9 

, = 5 n + r S”' 

where n is a unit vector perpendicular to r. 

Then show that 

rd 2 r /dd\ 21 / dr dd d 2 0\ 

¥ — ml -r( — ) ri + wf 2 --h r~— )n, 

Ld^ 2 \dt! J V dt dt dt 2 / * 

and find the components of F along r and perpendicular to it. 

31. A body is revolving about an axis OA with constant angular 

velocity Let a be a vector in direction O A with magnitude equal to 
co, r a vector from O to any point P of the body, and v the velocity 
of P. Prove that v = a x r. 

32. Prove that if v is as in Ex. 31, curl v = 2«. 

33. Prove that 

ff GVF-aS = fff VF-VGdV+fffGV-VFdV. 

(S) (T) ( T) 

34. Show that 

i-v<£ = v^- 

dx V dx 
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DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 

89. Introduction. The equation 

/(*, y, c) = 0, (1) 

where c is an arbitrary constant, defines a family of curves, one 
curve of the family being determined by a given value of c. 

The direction of a curve of the family at any point is given by 

M 

(2) 

dx dj_ 
dy 

which in general involves c. 

By § 40, equation (1) determines c in general as a func¬ 
tion of x and y, and the substitution of this value of c in 

(2) gives an equation of the form 

(3) 

This gives a relation between a 
point and a direction of a curve 
through that point which is true 
for any point and any curve of the 
family (1). It is called the differen¬ 
tial equation of the family. 

Conversely, to any given equa¬ 
tion of the form (3) corresponds 
an equation of form (1). This we shall prove in the following 
section, but it may be made graphically plausible as follows: 

If the coordinates of a point Pi are assigned to x and y in (3), 
that equation determines one or more directions through Pi 
(Fig. 87). Following one of these directions, we may determine 
another point, P 2 . If the coordinates of P 2 are substituted in 

(3) , a direction is determined by means of which a third point, 
Pa, is found. Proceeding in this way, we trace a broken line such 

216 
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that the coordinates of every vertex and the direction of the 
following segments satisfy (3). 

Now it may be shown that this broken line approaches a curve 
as a limit as the length of each segment approaches zero, and this 
curve has the property that the coordinates of any point on it 
and its direction at that point satisfy (3). 

Since in this construction Pi may be any point of the plane, 
there is evidently a family of curves satisfying (3). The constant c 
in the equation ( 1 ) may be taken, for example, as the ordinate of 
the point in which a curve of the family cuts the axis of y or any 
other line x = x\. 

90. Existence proof. Consider the differential equation 

!-'<*•»>> ' (i) 

with the assumption that f(x, y) may be expanded into a power 
series in the neighborhood of x — x 0 , y -- Vo- Without loss of gen¬ 
erality we may take x 0 — 0 , yo = 0 , since this amounts to a change 
of coordinates, and write ( 1 ) in the form 

du 

* ~r — «oo + ttior + a 0 iy f o 20 z 2 + a n xy + o 0 2 y 2 H-. (2) 

ax 

In (2) substitute 

y = cix + czx 2 + c 3 x 3 H-. (3) 

The coefficients c* are readily obtained by comparing like 
powers of x. We have 

Cl = ctoo, 

2 c 2 = Oxo + OoiCi, 

3 C 3 = 020 + OnCi + OosCx 2 + OoiC 2 , 

4 C 4 = O 30 + 0 2 lCi + Oi 2 Cx 2 + O 03 C 1 3 + 2 Oo 2 CjC 2 + OxiC 2 + O 03 C 3 , 

etc. 

The coefficients of (3) are then completely determined. If (3) 
converges, it defines a function y which satisfies equation (1). We 
must therefore prove the convergence of (3). For that purpose 
consider the equation 

-boo + box + boiy H-, (4) 


dy _ _ M 
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where M, r, p are determined as in § 28 with reference to the 
series (2). The function ** 



dominates the function fix, y), so that b ik > | a, k \ . Then, if we 
solve (4) by a series 

y = Cix + C 2 x 2 + C 3 x 3 + • ■ (5) 

the coefficients Ci > |c*|. 


Hence if (5) converges, so does (3). 

But equation (4) may be solved directly, since it may be 
written 

V' 


1 - 


i> dy= 


M 

1 -- 

r 


dx ; 


whence 


JT 
2 P 


— Mr log 


(x-4 

\ r! 


the constant of integration being so taken that y — 0 when x = 0. 
Then 


y 


■ P - \jp 2 + 2 pMr log (^~~y 


(6) 


where w T e take the sign of the radical so that y = 0 when x = 0. 
Now by direct application of Maclaurin's expansion of a func¬ 
tion, (6) may be expanded into a convergent series which can be 
no other than (5), Hence (3) converges. 

We have shown that for any point (aro, yo) for which f(x, y) has 
a series expansion, there is one and only one solution of (1). If 
f(x, y) is a multiple-valued function, there will be a series expan¬ 
sion and a solution corresponding to each value of the function. 

For example, for ^ __ 

y- = x ± Vz 2 + y 2 (7) 

/T/V* 


there will be through each point two solutions corresponding to 
the two signs of the radical. 

Also if f(x, y) cannot be expanded into a series, the proof fails. 
This may happen at a point for which f(x, y) becomes infinite or 
indeterminate. For example, consider 

dy __ y. 
dx x 


(8) 
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Our method fails for any point for which x = 0, y =£ 0. But 
this difficulty may be removed by writing the equation as 

dx __ x 
dy y 

and finding x as a series expansion in y . A more fundamental 
difficulty occurs when x — 0, y = 0, for then the right-hand side 
of (8) is indeterminate. In fact, the solution of (8) is 

y = cx, 

and through the origin go all the lines of the solution. 

91. Equations of the first degree. The problem of proceeding 
from a differential equation ( 3 ), § 89, to its solution (1), § 89, is a 
difficult one which can be solved explicitly only in the simpler 

cases. We shall consider in this section equations in which ~ 

dx 

appears in the first power only, so that the equation is of the form 

Mdx + N dy = 0. (11 

We have the following cases: 

Case I. Variables separable . If the equation is in the form 

fi (x)dx + h(y)dy = 0 , (2) 

the variables are said to be separated. The solution is then 

Jfi(x)dx +j*. f 2 (y)dy = c, ( 3 ) 

where c is an arbitrary constant. 

The variables can be separated if M and N can each be fac¬ 
tored into two factors one of which is a function of x alone and 
the other of y alone. The equation may then be divided by the 
factor of M which contains y multiplied by the factor of \> which 
contains x. 


For example, 

(1 — x 2 )dy + (xy -- ax)dx = 0 

may be written 

dy x dx 

y — a 1 — x 2 

which gives 

log (y — a) — \ log (1 — X 2 ) = c 

or 

, y-a 
log T —^ = c ; 

VI — x 

whence follows 

y — a — k Vl — x 2 , 


where k is an arbitrary constant. 
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Case II. Homogeneous equation. When M and N are homo¬ 
geneous functions (§ 34) of the same degree n, equation (1) is 
said to be homogeneous and may be solved as follows: 

Place y = vx. Then dy — vdxffi x dv, and (1) takes the form 

x n fi(v)dx + x n / 2 (y) (v dx + x dv) — 0, (4) 

and the variables are easily separated. The substitution x — vy 
may also be made if more convenient. 

For example, in (x 2 — y 2 )dx -f 2 xy dy = 0 

place y — vx. There results 

dx ,2 v dv 

7 + i+7 = 0; 

whence x(l + v 2 ) — c. 

V 

Replacing v by - gives the solution 

x 2 + y 2 — cx. 

Case III. Equation igith linear coefficients. The equation 

(a t x + biy + ci)dx + (a 2 x + b 2 y + c 2 )dy = 0 (5) 

may usually be made homogeneous as follows: 

Place x = x' + h, y — y'ffik, 

after determining h and k so as to satisfy the two equations 

«i h + bffi + Ci — 0 and a 2 h + b 2 k + c 2 = 0. (6) 

The differential equation then becomes 

(aix' + biy')dx' + (a 2 x' + b 2 y')dy' = 0, (7) 

which is homogeneous. 

An exception to this method occurs when equations (6) can¬ 
not be solved for h and k. In this case a 2 = ka i, b 2 = kb\, where 
k is some constant. Then, by placing «jx + b x y — x’ the variables 
x and x' are easily separated and the equations can be solved. 
Case IV. Linear equation. The equation 

! + ( 8 ) 

where P and Q are functions of x only, or are constants, is a 
linear equation of the first order. 



LINEAR EQUATIONS 

Since -j- (ye^ pdx ) = eJ pdx ~ + P yef Pdx , 

ax dx 

equation (8) may be written as 



£(yef Pd *)=Qef Pd *; 

whence 

yeJ Pdx = JQef pdx dx + c, 

and 

y — e~f Pdx JQe$ Pdx dx -f ce~f Pdx . 

For example, 

(1 — x 2 )^ + xy — ax 

may be written 

dy x ax 

dx 1 — x 2 V 1 — x 2 * 


X Q/X 

which is of type (8) with P — -—Q — -—Then 


/ xax 1 

_ v I — I s —_ * s ) _ . 

Vl — X 2 

Therefore y = Vl — x 2 / ———j cfo + c Vl — x 2 

J (l-z 2 )* 

= a + c Vl — x 2 . 

Case V. Bernoulli’s equation. The equation 
dy 


dx 


+ Py =* Q» n , 
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( 9 ) 


( 10 ) 


(ID 


where P and Q are functions of x, or constants, is a Bernoulli 
equation. It may be made linear by dividing by y n and substi¬ 
tuting y l ~ n = 2 . 

Case VI. Exact equation. By § 36, when 


8M dN 
dy dx 

equation (1) may be written df = 0, (12) 

the solution of which is / = c. 

The function / may be found either by the method of § 36 or 
by that of § 75. 
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Case VII. Solution by integrating factors. The equation 

M dx + Ndy = 0 (13) 

always has a solution of the form 

f{x, y, c ) = 0, 

which, by the theory of implicit functions, may be written 

i>(x, y) = c. (14) 

d4> 


From (14) we get 


dy _ dx 
dx df> 


which must 
that 


and 

Then 


dy 

agree with (13). Hence there exists a function y such 
d<t> 


dx 
' dy 


= yM 


= yN. 


8<p 


d<f> 


y(M dx + N dy) = — dx + ~ dy 
ox oy 


d<f>. 


(15) 


(16) 


The function y is called an integrating factor. Our work shows 
that an integrating factor always exists, and that if an equation 
is multiplied by it the equation becomes exact. 

There are an infinite number of integrating factors for a given 
equation. For if 4> is determined by (16), and /(</>) is any function 
of </», then (m dx + N (hj) = f^dcp = dF, (17) 


so that yf{<t>) is an integrating factor. 

No general method is known for finding integrating factors, 
but the factors are known for certain cases. We give a list of the 
simpler cases, leaving it as an exercise for the student to verify 
by differentiation that each of the equations mentioned satisfies 
the condition for an exact differential equation after it is multi¬ 
plied by the proper factor. 


1. If 

2. If 


du 

did 


dx 

N 


8M 

ON 

dy 

dx 


= f(x), then ef f(x)dx is an. integrating factor. 


= f(y), then e~$ miv is an integrating factor. 


M 
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3. If M and N are homogeneous and of the same degree, then 

---is an integrating factor. 

xM + yN 

4. If M — yfi(xy) and N = xf 2 (xy), then —-is an inte- 

,. , . xM — yN 

grating factor. 

5. ef f,{x)dx is an integrating factor of the linear equation 

+ yfi(x) =/2(x). 

As a practical point the student should look for an integrating 
factor only after he has tried to integrate by other methods. 

As an example, consider 

(4 x 2 y — 3 y 2 )dx -f (r 3 — 3 xy)dy = 0. 
cM 8N 

t , ?y bx. i 


Consequently x is an integrating factor. After multi¬ 

plication by the factor the equation becomes 

(4 x z y — 3 xy 2 )dx -f (:e 4 — 3 x 2 y)dy — 0, 
the integral of which is x*y — f- x 2 y 2 = c. 

Case VIII. Solution by scries. Let the differential equation be 
put into the form . 


Six, y). 


We may then compute 

d~y __ of •&[ dy' 
dx 2 ox o n dx 


a 2 / . o w d i , d i 


*> r_ ± a i __ t 

~ dx dy dx by 


IJWY,* 

2 \dxJ ^ b: 


and all succeeding derivatives. We may then substitute the values 
x — x 0 , y = yo. obtaining ( "y ) , (~;y) , etc., and the Taylor series 

V — Vo + (—■) U - - X,u 4- ( TV ) (x — *o) 2 H-» 


* = yo + \M u 


2! [dx 2 / I,' 


which is a solution of the differential equation. 


( 19 ) 
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Another way is to substitute in (18) the series 

y = Vo + ai(x — Xo) + a 2 (x--x 0 ) 2 -\ - (20) 

and determine oi, a 2 ,'- • • by the method of undetermined coeffi¬ 
cients. If f(x, y ) is expanded into a Tayior series in the neigh¬ 
borhood of (xo, ?/o), equation (18) takes the form 

d/ii 

-j- = Co +• Ci(x — Xo) + c 2 (y - Vo) + c 3 (x - Xo ) 2 
+ c 4 (x - Xo )(y - y 0 ) + c 5 (y — y 0 ) 2 d-. 

Substituting from (20), we have 

ai + 2 a 2 (x — xo) + 3 a 3 (x — x 0 ) 2 + • • • — c 0 + Ci(x — x 0 ) 

+ c 2 [«x(x — Xo) a 2 (x — x 0 ) 2 d-] 

-f c 3 (x — Xo ) 2 + c 4 (x - x 0 )[ai(x — x 0 ) d-] 

+ c 6 [aj(x - xo) -1-] 2 d-; 

whence by equating coefficients of like powers of (x — xo). 


ai = Co, 

2 o 2 = Ci + c 2 ai, 

3 a 3 = c 2 a 2 + c 3 + c 4 aj. + c s cii 2 , 

etc. 

As an example, consider 



and let us look for a series in ascending powers of x. We have 
x 0 — Q, yo = c, c being arbitrary. 

By the first method, 


8*1# 

IS 

- x 2 + y 2 , 

(dy 

\dx, 

)= c 2 , 

'0 


d 2 y 
dx 2 ~ 

= 2 x -f 2 y 

dy 

dx’ 

(<Py\ 

\dx 2 l~ 

~ 2 c s , 

d s y 

dx 3 


) 2 +; 

, d 2 y 

[d 3 y\ 

' dx 3 }) 

d*y 

„ d 2 y dy 


d 3 y i 

f d 4 y\ t 

dx 4 " 

= b in t + z y 

dxs dx 

dx 3 

\ilXid 


2 + 6 c 4 , 
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Therefore 


y = c + c 2 x 4- c 3 x 2 + 


1 -f 3 c 4 


x 3 + 


c + 6c 5 


X 4 + 


By the second method, place 

y ~ c + aix + a 2 x 2 + a 3 x 3 + • • • 
and substitute in the equation. We have 


cti + 2 a 2 x + 3 U 3 X 2 + 4 a*x 3 + • • • 


•— x 2 + (c + aix + a 2 x 2 4 - (I 3 X 3 4 - • • -) 2 

— c 2 + 2 «i cx 4- (1 4 - «i 2 + 2 a 2 c)x 2 4* (2 ai «2 4- 2 a 2 c)x 3 4-; 

, , , 14- 3 c 4 c 4 6 c 5 

whence ai — c , a 2 = c, <13 = —-- > a t =—-—» 


as before. 

92. Equations not of the first degree. We may write equation 
(3), § 89, in the fonn 

* FQc, y, p) = G, (1) 


where p = —• This is the general differential equation of the first 

order and may sometimes be solved in the following cases: 

Case I. Equations solvable for p. If (1) is considered as an 
equation for p y it may sometimes be solved into a number of 
distinct equations of the type 


p = <f>(x, y). 


( 2 ) 


If f(x, y, c) “ 0 is a solution of (2), it is obviously a solution 
of (I). We shall have as many solutions of (1) as we have equa¬ 
tions (2), and these solutions may be left distinct or combined 
into one by multiplication. 

As an example, consider 

x 2 p 3 — 2 p 2 x 2 + (2 x 2 y — x 4 — y 2 )p — 2(2 x 2 y — x 4 — y 2 ) =. 0, 

This may be solved into the three equations 


V = 2, p~- — x, p =-- - - 4- x, 

x x 

the solutions of which are 

y = 2 x 4* c, y 4- x 2 — cx = 0, x 3 —- 3 xy 4- c = 0, 
and the solution of the original equation may be written 
(y — 2x4- c)(y + x 2 — cx)(x 3 — 3 xy 4- c) = 0. 
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As another example, the equation 
V 


<W + 2z^. 

dx 


dx 


V = 0 


gives 




x , Vz 2 + y 2 
_ , 

y y 


the solution of which is ?/ 2 + 2 cx — c 2 = 0, 


independently of the sign of the radical. 

Case II. Equations solvable for y. Solving (1) for y, we may 
have one or more equations of the form 

p). (3) 

dy 

Differentiating with respect to x and replacing by p, we have 
an equation of the form / , \ ax 

V=4>(x,P,/ x } ' (4) 

where p and x are the variables. 

Let the solution of (4) be of the form 

'Kx, V , e) = 0. (5) 


The elimination of p from (3) and (5) gives an equation between 
x , y, and e which is in general the solution of (1). But the process 
of elimination may bring in extraneous factors, and the solution 
should be tested by substitution in (1). 

If the elimination cannot be performed, equations (3) and (5) 
may be taken simultaneously as the parametric form of the solu¬ 
tion, with p as the parameter. 

As an example, the equation 

xp 2 — 2 yp -f ax = 0 (6) 


may be written y = 

whence, by differentiating, 


xp 

~2 


ax 



or 



ax \dp 
2 p 2 / dx ’ 

) — o. 


( 7 ) 


The first factor gives p = ± Va, and this value, substituted in 
(O, gives y-=±x Xo.„ (8). 


This is found on trial to satisfy (6). 



CLAIRAUT’S EQUATION 


227 


The second factor of (7) gives 


dp dx 
V % 


whence p = cx . If this is substituted in (6) it gives 


y = 


2~ + 27 


(9) 


which also satisfies (6). 

It appears that (9) contains an arbitrary constant and therefore 
represents the family of curves which form the general solution. 
The solution (8), however, is peculiar, or singular, in that it contains 
no arbitrary constant and does not belong to the family (9>. 
Singular solutions will be discussed in § 95. 

A note of caution is necessary here. The student may be 
tempted to integrate each of the equations 


p — ± Va and p = cx 


instead of substituting in (6). If he does, he will find 

r- cx 2 

y = ± x Va + cj, y — — + c 2 . (10) 


However, the constants of integration are not arbitrary, for 

substitution in (6) gives cj = 0, C 2 = ■— • Hence (10) agrees with 
(8) and (9). 2 c 

Case III. Clairaufs equation . The equation 


y = px+f(p) 


(ID 


is called Clairaut’s equation. It is a special but important case of 
an equation solved for y. 

Differentiating with respect to x , we have 


The factor 
equation is 


dp 

dx 


C * +/,(p)3 ds • (12) 

= 0 gives p = c; whence the general solution of the 
y = cx +/(c), (13) 


which may obviously be written down at sight of the equation. 
Equation (13) represents a family of straight lines. The other 
factor in (12) combined with the given equation gives 


s = —/'(P), 
y = - pf'(p) +Kp)> 


04 ) 
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a parametric form of another solution of the equation. This is a 
singular solution. It is a curve for which the direction at any 
point is p. Hence the equation of the tangent line at a point for 
which p — cia 

V + cf (c) - /(c) = c [x + / (c)], 
which reduces to y — cx + /(c). 


Hence the lines (13) are the tangent lines to the curve (14). 
For example, consider 

y » px -f a Vl + p 2 . (15) 


The general solution is 

y = cx + a VI + c 2 , (16) 

where c is arbitrary. The second solution is 

ap 

x ~~nTW 2> 

a 

y = —7 == s ss s« 

Vl + p 2 

Eliminating p, we have 

x 2 + y 2 = a 2 , (17) 

a circle to which the lines (16) are tangent. 

Case IV. Equations solvable for x. Solving (1) for x, we have 
one or more equations of the form * 

x = 4>(y, p). (18) 

cfcc X 

Differentiating with respect to y and placing — = -> we have 

ay p 

(i9) 


If this can be solved for p, the elimination of p between (1) and 
(19) gives the solution of (1). 

As an example, consider 

x — 2 p — log p = 0. (20) 

Solving for x and differentiating with respect to y, we have 

1.(2 + 1)*; 

V \ P/ dy 

dy = (2 p + l)dp, 
p = p2 + p + c. 


whence 

and 


(21) 
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Since the result of eliminating p from (20) and (21) is compli¬ 
cated, we take x = 2 p + log p, 

V = P 2 + P + c, ( 

as the parametric form of the equation (20). In (22) p may be 
given any value, and x and y may then be found. In this way the 
curve may be sketched. 

93. Envelope of a family of plane curves. In the previous sec¬ 
tion we have met examples of a family of curves each of which is 
tangent to the same curve. When that happens, the latter curve 
is said to be the envelope of the 
family. Obviously, any curve is the 
envelope of its tangent lines. Let 
fix, y, e) = 0 (1) 

be a family of curves (Fig. 88), 
and let C be a curve which is 
tangent to each curve of the family 
and such that each point of C is 
a point of tangency of some curve 
of (1). Then each point is deter¬ 
mined by c of (1), and therefore if 
P(x, y) is such a point we have 
x = (f>iic), y — (2) 

which is the parametric equation of the curve C. But the x and y 
of (2) satisfy (1). Hence we have 

dx + ~ dy — dc — 0. (3) 

ox oy ■ dc 

(J/U 

In this equation x and y are determined by (2), and therefore — 
is the slope of C. But the slope of (1), with c constant, is given by 

<4) 

and since C and (1) are tangent their slopes are the same, and 
we have, by comparison of (3) and (4), 

(5) 

dc 

Equations (1) and (5) together will determine x and y as func¬ 
tions of c, as in (2). The elimination of c between these equations 
will give the equation of C in x and y. 
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Therefore we say, The envelope of a family of curves (1), if such 
exists , is found by eliminating c from equations (1) and (5). 

For example, consider 

(x — 2 c) 2 + y 2 = c 2 , 


a family of circles as shown in Fig. 89. The envelope is found 
by eliminating c from 
equation and 

— 4(x — 2 c) =s 2 c. 

The result is 

v==± w 



two straight lines to which each circle is tangent. The equation 
of the envelope may also be written in the parametric form (2) as 

3 c V3 

* = ¥’ v = ± -2~ c - 


It does not follow from what has Joeen said that a family of 
curves necessarily has an envelope, nor that the elimination of 
c between (1) and (5) may not give 
curves which are not envelopes. 

For example, if we apply the method 
to the family of parabolas (Fig. 90) 

„2 . 


r 

df 


cx, 


the equation = 0 is x — 0. and the 
dc 

elimination of c gives the point x = 0, 
y = 0 and not a curve. The family has 
no envelope except that in a certain 
generalization the point O may be called 
an envelope. 

Again, consider the family (Fig. 91) 



df 


(y — c) 2 = x(x — 1). 


Fig. 90 


Here —- = 0 is y — c = 0, and the elimination of c gives 
x = 0 and x = 1. 


A glance at the figure shows that x — 0 is an envelope, but the 
line x = 1 is the locus of the double points and is not an envelope 
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In fact, if there is a singular point for which — = 0 and — = 0 

ex dy 

on each curve of the family, the locus of that point will always 
appear as part of the curve found by eliminating c between (1) 
and (5). For if there is a singular point on 
each curve, the locus of the singular points is 

x = \f'i(c), y = fa(c). 

Then, from (1), 

JLto + §U + §U- 0 , 

ox oy oc 

df 

which reduces to — = 0, 

Oc 

so that the singular points satisfy equa¬ 
tions (1) and (5) simultaneously. 

Other extraneous factors may appear in 
handling equations (1) and (5). Hence it 
is necessary to test geometrically a solution found for an envelope 
to see if it really is an envelope. 

We shall prove in the next section the theorem that the enve¬ 
lope is the limit of points of intersection of two neighboring 
curves of the family. 

94. Envelope as locus of limit points. Let 

fix, y,c) = 0 :1) 

be a family of plane curves, and let LK (Fig. 88, § 98) be a par¬ 
ticular curve of the family corresponding to a definite value of c. 
Let c be given an increment Ac. Then LK is displaced to a posi¬ 
tion MN, the equation of which is 

fix, y, c + Ac) = 0. (2) 

The two curves LK and MN intersect in a point Q, the coor¬ 
dinates of which are found by solving equations (1) and (2) or, 
what is the same thing, by solving equation (1) and 

fix, V, c + Ac) -f(x, y, c) = 0 
Ac 

As Ac —► 0, the curve MN approaches coincidence with the 
curve LK, but the point Q will in general approach a definite 
limiting point P on the curve LK. We may call this point the 
c 
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limit point on the curve LK, and it may be found by solving the 
two equations /(*, y , c ) = 0, 



(4) 


where the last equation is obtained by taking the limit of the 
left-hand member of (3) as Ac —> 0. The locus of the limit points 
is the curve found by eliminating c from equations (4). This is 
the same locus found in § 93. 

95. Singular solutions. The general solution of 

f(x, y, p) = 0 (1) 

is a family of curves 1 F(x, y, c) = 0. (2) 


Any curve of the family (2) is such that the coordinates of any 
point on it and the slope of the curve at that point satisfy (1). 
Hence if the family (2) has an envelope, the equation of that 
envelope is also a solution of (1), since the slope of the envelope 
at any point is the same as the slope of some curve of (2) at the 
same point. The equation of the envelope is called the singular 
solution of (1), since it is not obtained by giving c a special value 
in (2). The first method of finding the singular solution is, then, 
to solve for (2) and then find the envelope of (2). 

It is sometimes possible, however, to find the singular solution 
of (1) without first finding (2). A glance at Fig. 88 shows that at 
Q there are two values of p satisfying (1), but at P these two values 
coincide. Hence the singular solution of (1) is the locus of points 
for which two or more values of p in equation (1) coincide. 

Now it is a well-known theorem of algebra that any multiple 
root of the equation _ q 

is also a root of f(x) — 0. 


To prove this, note that if a is a multiple root of f(x) — 0, then 
f(x) = (x ~ a) r 4>(x ); 

whence f'(x) = r(x — a) r ~ l <j>(x) -f (x — a) r <t>'(x), 
and the theorem is obvious by inspection. 

Applying this to f(x, y, p) — 0, (3) 

we see that a double root of this equation is also a root of 



(4) 
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If p is eliminated from these two equations, the result is the 
locus of the points at which two curves of the family defined by 
the differential equation coincide, and this is in general the 
singular solution of (1). 

It should be noticed that either method of finding the singular 
solution may lead to extraneous solutions, and any apparent solu¬ 
tion should be tested by substitution in (1). 

For example, consider the Olairaut equation 

y — px + a Vl + p 2 . (5) 

The general solution is the family of straight lines 

y = cx -f a vT+ c 2 , (6) 

the envelope of which is the circle 

x 2 + y 2 — a 2 . (7) 

On the other hand, (5) may be written as the quadratic equation 

(x 2 — a 2 )p 2 — 2 xyp -|~ ( y 2 — a 2 ) = 0, 

which gives two equal values of p when 

x 2y2 _ ( x 2 _ a 2'j (y? _ a 2) -E 0 , 

which reduces to (7). By trial (7) is seen to satisfy (5) and is 
therefore the singular solu¬ 
tion of (S)'. 

96. Evolute and involute. 

The evolute of a curve is the 
envelope of its normals. Let 
the equation of a curve C j be 

»=/(*), ( 1 ) 

and let P(c, b) (Fig. 92) be a 
point on it. Then 

b — f(c). 

The equation of the normal 
at (c, 6) is v Fig - 92 

= ( 2 ) 

from a well-known formula of analytic geometry. 
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This is a family of straight lines involving one parameter c. To 
find the envelope we differentiate equation (2) with respect to c, 
obtaining ,,,,, 1 

(3) 

and equations (2) and (3) give 


a - c - LH L / W . . 

/"(c) /(C) ’ 


2/ = /(c) + 


1 + [/(c)] 2 
/'(C) 


(4) 


which are the parametric equations of the evolute C 2 . Here (a:, y) 
are the coordinates of the point M corresponding to the point P. 


From (4), (x — c) 2 -f [y — /(c)] 2 


{1 + [/'(c)3 
[/"(c)] 2 


2,3 


(5) 


The expression on the left of (5) is the square of the line MP, 
and the expression on the right is the square of the radius of curva¬ 
ture p of the curve (1) at the point (c, b). Hence the point M is 
the center of curvature of the point P, and therefore the evolute of 
a curve is the locus of the centers of curvature ofHhe given curve. 

We may write equations (4) in the form 


x~c 


whence dx — 


Pf'ic ) 


{1 + [/'(c)] 2 F 

/"(C) 


1 - p 


{i + r/'MPF 
/(c) , 

- dp, 


y = /(c) + 

I dc — 


{1 + [/(c)] 2 } 

/(C) 


(1 + [/(c)] 2 } 


t dp 


and 


dy = 


{i + [/"(c)] 2 F 

p/(c)/"(c) 


/(C) 


a + r/(c )] 2 > 5 


dc + ■ 


(1 + [/(c)] 2 )- 5 


t dp 


- dp, 


{i + [/'(c)] 2 } 5 
and therefore dx 2 4 dy 2 — dp 2 ; 


( 6 ) 


whence, if s is the length of the curve C 2 , 


ds -- dp, p = s 4- c, 


(7) 
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or the length of the line MP is equal to the length of the curve C 2 
measured from a proper origin, and therefore the curve C\ may be 
unwound from C 2 . 

We have started with a given curve Ci and have obtained C 2 . 
Conversely, let us start with the curve C' 2 , lay off on the tangent 
lines to C 2 distances equal to s, where s is the length of C-> from 
a fixed point, and find the locus of P. This locus is called the 
involute. 

The equation of the tangent line at M (x, y) is 


and since this passes through P(c, b ), 


Also, by hypothesis, 


dy _ y — b 
dx x — c 


( 8 ) 


(x — c) 2 + ( y — b) 2 = s 2 . 


(9) 


Let M move on the curve GY Then (x, y) and (c, b) both vary. 
Hence, from (9), 


(x — c)dx + (y — b)dy — (x — c)dc — (y — h)db = ds. (10) 
But ds 2 = dx 2 + dy 2 

(2/ - 6) 2 + (x — c) r 


(x — c) 2 


ax~; 


whence ds =-dx. 

x — c 


Also, from (8), 

(x — c)dx + ( 2 / — 6)d«/ = 


(x-c) 2 + (V — b ) 2 


dx 


■ ax . 


X — c x — c 

Hence equation (10) reduces to 

(x — c)dc + (y — 6)d6 = 0; 
whence, from (8), dc dx + db dy — 0, 


that is, the tangents to C?_ are the normals of C±. Then C 2 is the 
evolute of C\. Since the point from which we measure s in is 
arbitrary, it follows that a curve has an infinite number of invo¬ 
lutes but only one evolute. 
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97. Orthogonal trajectories of plane curves. A curve which inter¬ 
sects each curve of the family 

fix, y, c) = 0 (1) 

at a given angle is called a trajectory. In particular, if the given 
angle is a right angle the curve is an orthogonal trajectory. 

To find the orthogonal trajectories of (1) we must first find the 
differential equation of the family (1). This is done by differen¬ 
tiating (1) with respect to x and eliminating c between the 
result and (1). We then have 

F(x, y, y) = 0. (2) 

Now since the trajectories intersect (1) at right angles, the p 
of the trajectories is equal to minus the reciprocal of the p in 
equation (2). Hence if v, 

place pin (2)by— -> obta 
P 

F(x, y, — = 0, 

we have the differential < 
tion of the orthogonal 

• , • A' 1U. JO 

jectories. 

As an example, consider the family of circles 

(x - c) 2 + y 2 - a 2 , (4) 

where c is an arbitrary constant and a is fixed (Fig. 93). The 
differential equation of the family is 

p 2y2 _|_ y2 _ a 2_ (5) 



Therefore the differential equation of the orthogonal family is 


whence 


+ y 2 = a*; 

y 


( 6 ) 

(7) 


from which we have the family of tractrices 

a + x/o 2 " 


c 


= ± Va 2 ‘ 


V* 


alog- 


V 


( 8 ) 
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It is evident that through any point of the plane between the 
lines y — ± a there go two circles and two tractrices, since both 
(5) and (6) are quadratic in p. 

These curves must be properly 
paired to show the orthogonal 
relation. For instance, if we take 

, Vo. 2 — y 2 

P = -\ - 

y 

from (5), we must take 
V 

V —- ■===. Fig. 94 

Va 2 — y 2 

from (6). Plotting these together we have the configuration shown 
in Fig. 94. 

98. Differential equation of the first order in three variables. 
Any equation of the form 


y 



f(x, y, z, c) = 0, (1) 

where c is an arbitrary constant, satisfies a differential equation 
P dx + Q dy + R dz - 0, (2) 


of the form 


where P, Q, and R are functions of (x, y, z) but do not involve c. 
For from (1) we have 

f* + f* + l* = °. ( 3 ) 

and the elimination of c from (3) and (1) gives (2). 

This elimination may theoretically be carried out by solving 
equation (1) for c (§ 39), obtaining 


<t>(x, y, z) — c; 

, d4> , , d<t> , n 

whence — dx -f — dy + — dz = 0, 

dx dy dz 

which must be the same equation as (2). Therefore either 


(4; 

(5) 


or 


^ = p 
dx ’ 



ft-* 

dy 

d<t> n 
dy 




( 6 ) 


(7) 


In the first case equation (2) is exact; in the second case it has 
an integrating factor ju which makes it exact. 
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We now ask, conversely, if an equation (2) always has a solu¬ 
tion of the 1 form (1) or, what is the same thing, of the form (4). 
It is obvious from the foregoing that when this happens, P, Q, 
and E must satisfy either conditions (6) or conditions (7). Hence 
we make three cases for equation (2). 

Case I. Exact equations . Equation (2) is exact if a function 
exists for which conditions (6) hold. The necessary and sufficient 
conditions for this are (§ 36) 

dP 8Q dQ dR d R dP 

dy dx 9 dz 8y dx dz ^ 

When these conditions are met, the function cp may be found 
by § 86, and the solution is then 

<p = e. 

The solution may also be found by the method to be outlined 
in the next case. 

The simplest case of an exact equation is that in which the 
variables are separated and the equation takes the form 

fi (x)dx 4- f 2 (y)dy + fs(z)dz = 0. 

Conditions (8) are obviously met, and the solution is 

Jji{x)dx + J' h(y)dy + Jfs(z)dz = c. 

Case II. Equations having integrating factors . If equation (2) 
has an integrating factor y, conditions (7) must be satisfied, and 

fiP dx + yQ dy + yR dz = 0 
is exact. Therefore we must have 

cXpP) _ d(nQ) ' d(yQ) _ d(yR') , d(yR) _ d(yP) 

dy dx dz dy ’ dx dz 

Equations (9) may be written 



( 9 ) 
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Multiplying the first of these equations by R, the second by P, 
and the third by Q, and adding the resulting equations, we hftve 
(since, of course, ju^O) 



which may be written in the symbolic form, easy to remember, 


P Q R 
d_ d_ . 
8x 8y dz 
P Q R\ 


( 11 ) 


This is, then, a necessary condition that must he satisfied in 
order that (2) should have an integrating factor. We shall prove 
that the condition is also sufficient by outlining a method of solu¬ 
tion which will work when (10) is satisfied. 

Suppose, then, that the coefficients of (2) satisfy condition (10). 
We will begin the solution of (2) by temporarily holding one of 
the variables constant. Let us choose to hold ? constant. We 
have then P dx-\- Qdy — 0, 


which will have a solution of the fonn 


f{x, y, z) - c. 

But c here means merely a constant as regards x and y. It 
therefore may be a function of z, and we write 

f(x, y, z) — 4>{z), (12) 


We wish to determine 0 so that (12) is a solution of (2). From 
equation (12) we have 

/* dx + f v dy + (j z - <t>')dz = 0, (13) 

and if (12) solves (2), equation (13) must be the same as (2) except 
for a factor. Therefore j x _ 

fy = XQ, (14) 

/,-*' = \R. 

The last equation in (14) may be written 

f,-\R = 0'. (15) 

If this equation contains on the left only z and 0, it is a differen¬ 
tial equation to determine 0. Let us, then, solve (12) for y, thus, 

y = F(x, z, 0), 
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and make the substitution in f z — XR, the first member of (15). 
The necessary and sufficient condition that x should not appear 
in the result is that \d(j z — XA')1 

L dx J 


0, 


z, <f> 


(16) 


where the expression on the left means the partial derivative when 
z and 4> are constants. But by the laws of partial differentiation, 




J z,4» 


=/« 


L dx 
Now F x means 
and, from (12), 
whence (§ 40) 

or, by use of (14), 


dR 
' dx 


d\ 

-R-r+ 

dx 

( 11 / 


(l 


dR 

w ' A dy' 


aX\ 

R dy) Fx ' (17) 


fx dx + fy dy + f z dz~ d<j>; 

k 

fy 


F x = 


P 

f *-q- 


We assume that Q =£ 0, for it is obvious from (9) that if Q — 0 
the equation (2) may be reduced to one which does not contain y. 
Hence we may place (17) in the form 


\d(f,-\R) 


dx 


= Qfzx~ Pfzy+ M F 


z, $ 


dR 

Q die 


But, from (14), 


u 


whence 
and therefore 

r d(f z -XR) 


.dR 
dy 

. dp , „ ax 

dz dz 

+ Q Tz’ 

g(xp) = a(XQ) . 

dy dx 

1 dy Q dx~\dx dy)’ 


, Jd\ d\\ 

+ \ dy Q ~d-} 


fz 


zy • 


dx 


dR 

dx 


L-'Ks-SM" 

( d A~ d JX\ 

\dx dy) \ 


+ * 


(18) 


Hence if condition (10) is satisfied, then equation (16) is satis¬ 
fied, and equatibn (15) can be made an equation in <p, 4>', and z 
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and can be solved for <p. This solution involves an arbitrary 
constant c. Then (12) is of the form 

4>(x, y, z, c) * 0, 

which satisfies (2). If (10) is not satisfied, this method of solution 
fails, as it should, since (10) is a necessary condition for the 
solution of (2). 

Condition (10) is obviously satisfied if the equation is exact. 
Hence we may say: 

The necessary and sufficient condition that the equation 
P dx + Q dy + R dz~ 0 
may have a solution of the form 


is that 


f(x, y, z, c) ~ 0 





= 0 . 


Geometrically we may say that the coefficients P, Q, R deter- 
mine a vector Pi + Qj + Rk (13) 

at each point of space, and the differentials dx, dy , dz determine 


a vector 


dx i + dy j + dz k. 


( 20 ) 


The differential equation (2) asserts that these two vectors are 
perpendicular to each other. Hence the vector (20) is restricted 
to lie in a plane perpendicular to. (19). In other words, the dif¬ 
ferential equation defines a plane of infinitesimal vectors (20) at 
each point of space. The totality of these vectors forms what we 
may call a planar element. The problem,* of integration is to 
arrange these planar elements into surfaces. This is possible only 
when the condition in the theorem is satisfied. 

As an example of the practical application of the method of 
solution just outlined in theory, consider 

yz 2 dx + (y 2 z — xz 2 )dy *- y 3 cfo = 0. (21) 


The condition for integrability is satisfied. To integrate, it is 
convenient to begin by holding y constant. We have then 

yz 2 dx — y z dz = 0, 

y2 

of which the solution is x H-- 

z 


(22) 
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Differentiating (22) we have 
(2 y 


dx + 


sr 


<t>' )dy - -dz — 0. 


(23) 


Dividing equation (21) by yz 2 '.nd comparing with (23) gives 
v_%_ 2 y 
2 V~, 


-d>'. 


(24) 


But, from (22), 
and therefore (24) is 


d>- 


yZ 


or 


d> 

y 

__dv _ c, 

— 

<fr V 

4> = cy. 


which gives 

Substituting this in (22) gives 

y 2 


x + — = cy, 

Z 


as the solution of (21). 

Case III. The nonintegrable case. If condition (10) is not satis¬ 
fied, the equation has no integral of the form 

f(x, y, z, c) = 0, . 

and it is customary to say that the equation cannot be integrated. 
There is here a striking difference between the equation 


M dx + N dy — 0 

in two variables, which can always be integrated, and the similar 
equation in three or more variables. 

Geometrically we may do something with the equation even in 
the nonintegrable case. As we have seen, equation (2) asserts 
that the direction dx :dy : dz is perpendicular to the direction 
P :Q : R. To solve the equation is to determine geometric loci 
so that the condition of perpendicularity is fulfilled for directions 
on each locus. In the integrable case these loci consist of surfaces 
which are perpendicular at each point to the direction P :Q : R. 
Then any curve whatever drawn on the surface has this property 
of perpendicularity at each of its points. 



THREE VARIABLES 


243 


In the nonintegrable case no such family of surfaces exists. We 
may, however, upon any surface whatever find a family of curves 
which has the property of being perpendicular to the direction 
P :Q: R. For if F(£, z ) — 0 (25) 

is any arbitrarily assumed surface, then any direction on this 
surface satisfies the equation 


dF 

dx 


dF 

dx + —dy + 
dy 


dF 

dz 


dz — 0. 


(26) 


This equation taken simultaneously with (2) defines a family 
of curves, as will be shown in the next section. These curves 
necessarily lie oh (25). 

For example, consider 

xy dx + y dy + z dz = 0, (27) 

which is nonintegrable. 

Assume the sphere x 2 + y 2 + z 2 — a 2 . 

Then xdx + y dy + zdz = 0. (28) 

Taking (27) and (28) simultaneously, we have 

dx — 0; 

whence x — c. 

Hence the circles cut from the sphere x 2 + y 2 + z 2 — a 2 by the 
planes x — c satisfy (27) in a sense. 

Again, still considering (27), assume the paraboloid 

z = xy. (29) 

Then y dx + xdy — dz — 0. (30) 

If (27) and (30) are taken simultaneously, we find that 
xy dx + y dy + xy{y dx -f- x dy) = 0; 
whence (1 + 2 /)Vl + x2 — c. (31) 

The curves defined by (29) and (31) satisfy (27). 

99. Simultaneous equations in three variables. Let there be given 
two equations, Pl dx + Ql dy + R) dz — q, 

P 2 dx "h Q 2 dy -|- R '2 dz — 0, 

where Pi, Qi, R\, P 2 , Q 2 , R 2 are functions of x, y, and z. These 
equations may be written in the form 

dx dy dz /n . 
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where P = Q 1 R 2 — Q 2 R 1 , Q = R 1 P 2 — R 2 P 1 , and R = P r Q 2 — P 2 Q 1 . 
Accordingly we shall consider equations in the form (2). 

Since dx : dy : dz gives a direction in space, it seems graphically 
evident that the solution of (2) consists of a family of curves. 
Such a family is represented by two simultaneous equations of 
the form fi(x, y, z, d) = 0, 

f 2 (x, y, z, c 2 ) = 0, 

A proof will be given in the next section. 

It is instructive to compare equations (2) with the equation 

P dx + Q dy + R dz = 0, (4) 

discussed in § 98, considering P, Q, and R as the same in both 
(2) and (4). Equations (2) define a family of curves which every¬ 
where have the direction of the vector 


Pi + Qi + Rk. (5) 

If equation (4) has a solute , it defines a family of surfaces 
everywhere normal to the vector (5) and hence normal to the 
curves defined by (2). Now equations (2) always have a solution, 
but equation (4) does not. 

Hence if a family of curves is given, it is not always possible to 
find a family of surfaces orthogonal to them. On the other hand 
if a family of surfaces is given, P, Q, R are determined and equa¬ 
tions (2) may be solved. Hence a family of curves may always 
be found orthogonal to a given family of surfaces. 

Three methods of solution of equations (2) may be tried: 

1. It may be possible to find two equations each of which con¬ 
tains only two variables and their differentials. For example, 

consider d x dy dz ... 

— = ~ = ( 6 ) 

xy y z 

We readily find the two equations 

dx _ dy — d z 


the solutions of which are 


y =r az, x = c 2 e v , 


and equations (7) are the solutions of (6). 

2. It may be possible to find readily one equation containing only 
two variables and their differentials. The solution of this equation 
may then be used to obtain another equation in two variables. 
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For example, consider 


dx 

x 


From the equation 
we find 


dy 

V 

dx 

x 


dz 


( 8 ) 


xyze M 
dy 
V 

y = ca. (9) 

Taking the first and third fractions of (8) and using (9), we 
have 

dx 


dz 


whence 


Ci (a; — l)e x 


Cixze* 
log C 2 Z. 


( 10 ) 


Then (10) and (9) taken simultaneously form the solution of (8). 

We may, if we like, eliminate Ci from (10) and write the solution 

of (8) in the form „ _ r ~ 

V - c x x, (n) 

y(x — l)e x = x log c 2 z . 


3. By the theory of fractions we may write 

dx __dy __dz __ k\ dx + k 2 dy + k$ dz 
T~~~Q~~~R = " k 1 P + k 2 Q + faR 


( 12 ) 


where k\ f k 2 , k$ are any multipliers, not necessarily constants, 
chosen at pleasure. In this way we may form new differential 
equations which may possibly be solved. 

Particular interest attaches to the case in which ki, k 2y k% can 
be so taken that hp + hQ + hR = 0 

We then have the differential equation 

k] dx + k 2 dy + ks dz = 0, 
which may perhaps be solved as in § 98. 


As a first example, consider 

dx __ dy 
x x + y 


dz 


Txr dx d y 

We may write — =- : 

x x + y 


dz 


x + z 
dy — dz 


(13 > 


The equation 
gives 


dx 

x 


x + z y- 
dy — dz 
y — z 
x = ci(y — z). 


C14 
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Using this in the equation 

dy dz 
x + y~ x + z’ 

y 

we get log (y - z) = c 2 + -7 -r* (15) 


Then (14) and (15) together form the solution of (13). 
As a second example, consider 


dx _ dy _ dz 
y + z~-x~ x + y + z 


We have, in the first place, 


(16) 


dx _ dy _ dz _ dx — dy — dz _ 

y + z~ — x~~ x +. y + z~ y + z — x) - (x + y + z) ’ 
whence dx — dy — dz — 0 , 

and therefore x — y — z ■— c\. (17) 

Using (17) in the first fraction of (16), we have 

dx _ dy 
x — Ci — x ’ 

whence x + ci log (x — Ci) — C 2 — y, (18) 


and (17) and (18) taken together form the solution of (16). 
100. Existence proof. Given 


dx _dy _ dz 

T = ~q = ~r’ 


which are equivalent to 
dy 
dx 
dz 
dx 


y, z), 

^=fz(x, y, z). 


( 1 ) 


( 2 ) 


We assume that both fi(x, y, z ) and f 2 (x, y, z) can be expanded 
into a power series in the neighborhood of (x 0 , yo, zo), and shall 
take Xo = 0 , y 0 ~ 0 , zo = 0 . 
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Assume two power series, 

y = aix + a 2 x 2 + a,$x 3 + • • (4) 

z = b x x + b 2 x 2 + bsx 3 + • • *, (5) 

and substitute in (3). It is easily seen that the unknown coeffi¬ 
cients <z, and bi are uniquely determined in terms of the known 

coefficients am and b ik u and that each successive coefficient or 
bi is expressed as a polynomial in the coefficients am, bm and the 
coefficients a* and hi already obtained. 

The series (4) and (5) are thus obtained. It remains to prove 
them convergent. For that purpose take a dominant function 



for each of the functions fi(x, y, z) and f 2 (x, y, z). In (6), (a, b, c ) is a 
point at which each of the series in (3) converges absolutely, and M 
is a number which no coefficient in (3) can exceed. Consider then 
the differential equations 


dy M 



If equations (7) are solved in power series 

y = A\X + A 2 x 2 + • • •, (8) 

z = B 2 x + B 2 x 2 + • • *, ( 9 ) 

in the same manner as equations (3) were solved, the manner in 
which these coefficients are found shows that 


\Ai\ > |a*|, | Bi\ > | bi\ y 

and hence if ( 8 ) and (9) converge, so will (4) and (5). 

Now (7) may be solved in an elementary manner. It is evident 
that y — z, and therefore c = 6 , and we have only to solve 


dy ■■ 


M dx 


x 

a 


whence 

c 


3 3 aM 


log 




( 10 ) 
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This may be expanded into a convergent series which can be 
none other than (8). The series (9) is the same, since z = y. Hence, 
as shown above, the convergence of (4) and (5) is proved. 

For convenience we have used (0, 0, 0) for (x 0 , yo, z Q ). Replacing 
(xo, yo, zo), we may write (4) and (5) as 

y = yo + ch(x — x 0 ) + a 2 (x-x 0 ) 2 -i -, 

z = z o -f bi{x — xo) + b 2 (x — xo) 2 -J- • • •. 


Here the coefficients yo, Zo are purely arbitrary, and the other 
coefficients are determined by them and the coefficients of the 
given equation. 

We see, then, that equations (1) have solutions involving two 
arbitrary constants. The most general form is to write these as 

f(x, y, z, ci, c 2 ) = 0, ^ 

F(x, y, z, Ci, c 2 ) = 0. 

These solved for y and z are equivalent to (8) and (9), and the 
constants are determined if we know that for x = x 0 , y becomes 
yo and z becomes zo. 

The methods we have used are evidently extensible to the 
equations dx 1 = dx 2=z = dx» 

X 1 x 2 ’ ’ ’ x n 9 

and we say that these equations have solutions of the form 

fiiptIt * * *> %ny ^2; ' * * C n ) ^ 0, 

where there are (n — 1) functions /*• involving n — 1 arbitrary 
constants. 

EXERCISES 


Solve by one of the first seven methods of § 91: 

1. tan x tan y dx 4- sec 2 y dy — 0. 

2. (1 -f x 2 )y dx + (1 — y 2 )x dy = 0. 

3. xy( 1 + x 2 )dy — (1 — y 2 )dx *=; 0. 

4 . (x -}- y)dx + x dy = 0 . 

6. (y — y/x 2 + y 2 )dx — x dy = 0. 

6 . ( x sin - + y cos - ) dx — x cos - dy = 0 . 

\ x xf x 

7. (x -f 2 y — 3 )dx -f (2 x — y — 1 )dy = 0. 

8. (x -f y)dx + (x 4- y + 1 )dy = 0. 
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9. dy + {y — cos x)dx = 0. 

10. xdy + (y — xe?)dx = 0. 


13. (1 + x 2 ) ^ + i/ 2 = 0. 

dx 


11. (1 + x 2 )^~ — xy = x(l + x 2 ). 
ax 


14. x 2 (l -f x 2 ) — — x 3 |/ = i/ 3 
ax 


12. 2 ^ — 2 i/ 2 = x 2 

ax 


-f 1. 


15. -—~ dx + — / y dy - 0. 
x 3 x 2 


16. (x — y) 2 dx — (x 2 — 2 xt/ + 3 y 2 )dy = 0. 

17. (x + y + x 2 y)dx -f- (x + x 3 )dy = 0. 

_ X x 

18 .ye * dx — (xe y + y 2 )dy = 0. 

19. (xy 2 + y)dx+ (x 2 y — x)dy = 0. 

20. (x 3 + 2 / 3 )dx — xi/ 2 di/ = 0. 


Solve the following equations by series: 


dy 

dx~ V " 

„„ dy 

23. — = xy. 
dx 

25. ~ = x 3 + y 2 . 
da: 

jj 

II 

^ 1^3 

24. — = X + y 2 . 
dx 

26. ^- = 1 / 2 -x. 
dx 


Solve the following equations by the methods of § 92: 

27. xy(p 2 + 1) — (x 2 + y 2 )p = 0. 31. p 3 + 4 xyp — 8 y 2 = 0. 

28. x 2 p 2 -f xyp — 2 z/ 2 = 0. 32. x 2 p 2 — p 2 + 1 ~ 0. 

29. t/(l — p 2 ) — 2 px ~ 0. 33. p?/ 2 ~ 2 p 2 X 2 / ~f p 3 x 2 = 1. 

30. y = 2 px — p 2 z/. 34. (1 + p 2 )p 2 — 2 xyp 3 + z 2 p 4 = 1. 

In Exercises 35-38 show that the differential equation of the curve 
in each case is a Clairaut equation, and find the curve: 

35. A curve such that each tangent makes intercepts on the coor¬ 
dinate axis whose sum is k . 

36. A curve in which the projection upon OY of the perpendicular 
from the origin to any tangent is k . 

37. A curve in which the portion of the tangent between the coor¬ 
dinate axes has the length k . 

38. A curve such that the area between the tangent and the coor¬ 
dinate axes is k 2 . 

39. Find the envelope of the family of straight lines y = 2 cx 4- c 4 . 

40 . Find the envelope of the family of parabolas y 2 = c(x — c). 

x 2 y 2 

41 . The semi-axes of the ellipse — + ~ = 1 are such that ab = A; 2 , 

a 2 b 2 

where k 2 is constant. Find the envelope of the family. 
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42. Find the envelope of the straight lines y = cx — 2 ac — ac 3 . 

43. Find the envelope of the family of circles having their centers on 
the line y = 2 x and tangent to the axis of y. 

44. Find the envelope of the family of circles which have their centers 
on the parabola y 2 = 4 ax and pass through the vertex of the parabola. 

45. If rays of light emanating from a fixed point in a plane are re¬ 
flected from a curve, the envelope of the reflected rays is a caustic curve . 
Show that the caustic curve of rays issuing from a point on a circle and 
reflected by the circle is a cardioid. 

46. Find the evolute of the parabola y 2 = 4 ax. 

47. Show that the evolute of a tractrix is a catenary. 

48. Show that the evolute of a cycloid is an equal cycloid. 

49. Find the evolute of an ellipse 

x 2 y 2 

(1) from the equation — + -r — 1; 

(r b 1 

(2) from the equations x — a cos <£, y = b sin </>. 

50. Find the evolute of the four-cusped hypocycloid x = a cos 3 <£, 
y = a sin 3 </>. 

51. Find the orthogonal trajectories of the family of parabolas 

y 2 = 4 cx. 

52. Find the orthogonal trajectories of the ellipses 

£? + J!?_ _ 

a 2 a 2 +c~ 9 
c being the variable parameter. 

53. Find the orthogonal trajectories of the confocai parabolas 
y 2 = 4 cx + 4 c 2 . 

54. Find the orthogonal trajectories of the family of ellipses in which 
the minor axis is one half the major axis. 

55. Find the orthogonal trajectories of the family of circles each of 
which passes through the same fixed points. 

56. Find the orthogonal trajectories of the family of circles each of 
which is tangent to the same straight line at the same point. 


57. If . 


*(’■ %) 


0 is the equation of a family of curves in polar 
dd\ 

2 —) r= 0 is the equation of their 
dr / 


coordinat es, prove that fyr, 6, 
orthogonal trajectories. 

58. Find the orthogonal trajectories of the family of lemniscates 
r 2 = 2 c 2 cos 2 0. 


59. Find the orthogonal trajectories of the family of ear (holds 
r = e {cos 6 + 1). 
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60. Find the orthogonal trajectories of the family of logarithmic 
spirals r = e ce . 

61. Find the singular solution of (x 2 — a 2 )p 2 — 2 xyp — x 2 = 0. 

62. Find the singular solution of y = — xp 4- x 4 p 2 . 

63. Find the singular solution of a 2 — y 2 = p 2 t/ 2 . 

64. Find the singular solution of x 3 p 2 + x 2 yp 4- a 3 = 0. 

65. Find the singular solution of p 3 — 4 xyp + 8 i/ 2 = 0. 

Solve the following equations: 

66 . (y + z — b ~ c)dx 4- (z 4- x — c — a)dy 4- (x -f y — a — &)dz = 0. 



68. (y 2 + $/z)dx 4- (z 2 + zx)di/ 4* (y 2 — = 0. 

69. yz 2 dx -f (y 2 z — xz 2 )dy ~ i/ 2 (i/ + z)dz = 0. 

70. 1/2 dx — 2X dt/ 4- (x 2 4* y 2 )dz = 0. 


Solve the following systems of simultaneous equations: 


71 = 

yz zx 

72. = 

1 / X 4- 2 


dy __ dz 
zx xy 
dy ___ dz 
X 4- 2 y 


dx 

y 2 : 

dx 


dz 

(x - y)z 
dz 

x — y 


dx _ x dy 


dz 

77 _ 

dx 

_ dy 

*§ 1 
1 

1 

Z X 2 + z 2 


x 

X - 

-y — z 

y — z~ 

x z 

dx 

dy 

— 

78 _ 

dx 

__ dy 

_ dz 

x + y — z 

z 


X 2 

-y 2 ~ 

z 2 2 xy 

2 XZ 


79. Show that if a differential equation is of the type 

dy __ ^ f ax + by + c\ 
dx \lx 4- my 4- w/ 

the variables may be separated. Consider two cases: 

(1) am — 6? 9 * 0; (2) am — bl ~ 0. 

80. Show that if a differential equation is of the type 

yf{xy)dx 4- x g(xy)dy = 0 
the variables may be separated. 

81. Show that x km '~ 1 ~ a y kn ~ 1 ~^ is an integrating factor for the equa¬ 
tion x a yP(my dx + nx dy) 4* xyy s (py dx 4- qx dy) = 0 if k is .properly 
chosen, and determine the proper value of k. What happens if p = q = 0 ? 
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101. Existence proof. Consider the equation 

d n y / dy <Py d n ~ 1 y \ 
dx n ~ } \ X ’ V ’ dx dx 2 ’" dx n ~ 1 )' 

This may be replaced by the group of equations 


dy 

dx 


— Vu 


dyi 

dx 


= 2 / 2 , 


dyn -2 

dx 


Vn-l, 


dVn-1 

dx 


= /(*, y, Vu 2/2, ■ ■ Vn-l). 


( 1 ) 


( 2 ) 


By the previous section this group has a solution which for 
x = x 0 reduces to y = y 0 , yi = (2/1)0,2/2 = (2/2)0, • • •, y n -i — ( y n - 1)0, 
values which may be arbitrarily assigned. Hence in (1) the values 

dy d* 1 — 

of y, —, • • •, -- 7 may be arbitrarily assigned and the equation 

ax ax n_1 

solved. This is expressed by saying that the general solution of (1) 
involves n arbitrary constants. 

The existence of the solution having thus been shown, let us 
substitute in ( 1 ) the series 

y = OiX + CI2X 2 + e 13X 3 H-, 

where xo and 2/0 are assumed as zero. 

Then 2/1 = oi + 2 a^x + 3 a 3 X 2 H-, 

2/2 = 2 a2 + 6 03X -f 12 atx 2 + • • •, 


Vn-i — (»— 1)! a n -i + n! a n xd-• 

252 
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All equations in (2) but the last are now satisfied, and the coeffi¬ 
cients a,i are obtained by substituting in the last equation in (2). 
The series expansion may thus be practically obtained. 

Another method is as follows: Equation (1) gives us ■— in 


terms of x, y, 


dy 


d n ~ l y 


dx ' dx"- 1 

a j d n+l y d n+2 y 
we may find 

Assuming, then, Xo, Vo, 


dx n 

By differentiating and substituting 
• • in terms of the same variables. 

1 at pleasure, we com- 


14Of 1 _ J f /l - -j / C4U L/JIVUOUi Ui VYC Will 

,, . \dxf o \dx Vo 

/ d n y\ /d +1 y\ 

pute ()’ H- - + 1 - )>’■'» and may then write down Taylor’ 

expansion for y as a power series in x — x o. 

102 . The linear differential equation. The equation 


d n y 


rjfl —1 


+ Pl 


y 


Jn — 2 , 


P2 


v 


+ Pn- 


dy 


+ PnV = R, ( 1 ) 


dx n ' ~ dx”- 1 ' " dx”~ 2 ' ' dx 

where px, P 2 , • • •, p n , and R are functions of x, or constants, is a 
linear differential equation of the nth order. Equation (1) in 
which R + 0 is called the complete equation in distinction to the 
equation d n y dy 


„ d n ~‘y 


+ Pn-1 ^ + PnV = 0, 


( 2 ) 


which is called the reduced equation. The solution of (1) is closely 
connected with the solution of (2). This will be brought out in 
the theorems which we shall now prove: 


/. If yx, y 2 , • ■ y n are n linearly independent solutions of the 
reduced equation (2), the general solution of the reduced equation is 

y = cxyx + c 2 y 2 + • • • + c n y„. ( 3 ) 


That (3) solves (2) is evident from direct substitution; that it 
is the general solution follows from the fact that it contains n 
arbitrary constants under the hypothesis that the functions y, are 
linearly independent. 

The necessity of this hypothesis is seen from an example. 
Consider a cubic equation 


d 3 y 

dx 3 


+ f, d# +9 2 +r *'- 


0 , 


( 4 ) 


and let y x , y 2 , y 3 be three solutions. Then 
V — cxyx + c 2 y 2 + c 3 y$ 


( 5 ) 
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is also a solution and will be the general solution if yi, y 2 , yz are 
linearly independent. But if, for example, 

yz = ayi + by 2 , 

then (5) becomes y = (ci + a)y- L + (C 2 + b)y 2 , 

which involves only two arbitrary constants, namely, Ci = ci + d 
and C 2 — c 2 + a, and is therefore not the general solution. 

II. If h and I 2 are any two particular solutions of (1), they 
differ by terms of the form 

cm + c 2 y 2 H-h c n y n , 

where y\, y 2 , • • -,y n are solutions of ( 2 ). 

To prove this, note that by hypothesis 


d n h , d n ~ l I\ 

dli , . „ 


dx n +Pl dx n ~ x + 

■■ + Pn -'-te +Pnh = 

R, 

d n I 2 , d n ~ 1 I 2 , 

, dl 2 


dx n ^ Pl dx n ~' + ' 

• • + Pn-l + Pnlz = 

R; 


whence by subtraction h — 1 2 satisfies equation ( 2 ), and therefore, 

by theorem I, , , , , 

h — I 2 = cm + c 2 y 2 + • • • + c n y n , 

as was to be proved. 

III. The general solution of ( 1 ) is of the form 

y = cm + c 2 y 2 -)- 1 - c n y n + I, ( 6 ) 

where cm + c 2 y 2 + • • • + c n y n is the general solution of (2), and I 
is any particular integral of ( 1 ). 

This is ah immediate consequence of II. It may also be shown 
by direct substitution in (1) that ( 6 ) satisfies ( 1 ). That it is the 
general solution follows from the fact that it contains n arbitrary 
constants. 

In the solution ( 6 ) the quantity I is called the particular integral, 
and the part involving the arbitrary constants is called the cow- 

certain general facts of importance regard¬ 
ing the. solutions of ( 1 ) and ( 2 ), and use will be made of them in 
the subsequent sections. We may ht times find use for the follow¬ 
ing theorem: 

IV. If one solution of the reduced equation is known, the order of 
that equation may be lowered by unity. 


pplementary function. 
These theorems g 
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Let yi be a solution of the reduced equation (2) and substitute 


y = Vi z. 


It is not difficult to see that the coefficient of z in the new equa¬ 
tion is the same as the left-hand member of (2), with y replaced 
by yi, and therefore vanishes, since y\ is a solution of (2). The 
new equation is then of the form 


d n z d n ~ 1 z 
dx* + qi dx*- 1 
dz 


d 2 z 


dz 


+ qn ~*d? + qn ~ l Tx = °- 


(7) 


If we now place ~ — u, we have a linear differential equation of 


the (n — l)st order, 


dr^_u 

dx n ~~ l 


-f qi 


d n ~ 2 u 

dx n ~ 2 


du 

-(-••• + <7n-2 + q n -lU = 0 , ( 8 ) 


which proves the proposition. 

If y 2 is another known solution of (2), then z = — is a solution 
d / yf\ 

of (7), and — J is a solution of (8). Hence the degree of equa¬ 
tion (8) may be reduced by unity. Proceeding in this way we 
have the following theorem: 

V. If m solutions of the reduced equation are known, the solution 
of that equation may be reduced to the solution of an equation of 
degree n — m. 


103. Method of variation of constants. We shall in this section 
present a method by which if the solution of the reduced equation 
is known that of the complete equation may be found. For 
simplicity of treatment we will take an equation of the third order, 


d z y <Py 
dx s + V dx 2 


+ q 


dy 

dx 


+ ry = R, 


( 1 ) 


and suppose that we have found the solution of 
d 3 y d 2 y dy 

*5 + J, S5 + q Tx +ry = 0 

in the form y = c x y\ + c 2 y >2 + c%yz. 


(2) 

( 3 ) 


In (3) ci, c 2f and c z are constants and (2) is satisfied. The ques¬ 
tion now is, May we not replace c\, , c z by functions of x in such 

a way that (1) is satisfied? We will therefore consider the c* 
as variables. For this reason the method is called that of the 
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variation of constants, though it might more properly be called 
the replacement of constants by variables. 

If we take c t - as functions of x, we find from (3) that 


dy dyi dy 2 dy3 . , . , , , ... 

d^ = Cl ^ + C 2 ~d^ + C3 ^ + Ciyi + C2V2 + C3y3 ’ l4) 


where 


dci 

C '=~dx 


C 2 


t _ 


dc2 

dx 


C3 


dcz 

dx 


Since there are three functions c l to be determined, we may im 
pose three conditions upon them. We take the first to be 

ci'yi + c 2 y 2 + c 3 'y 3 — 0. 

Then (4) becomes 


dy dyi dy 2 
dx Cl dx ° 2 dx 


c 3 


dy 3 
dx 


(5) 

( 6 ) 


Differentiating again, 


d 2 y 

dx 2 


Ci 


d 2 yi 


dx 2 


d 2 y 2 d 2 y 3 

° 2 dx 2 dx 2 


„ ,dyi ,, d V2 . , dy 3 

Ci — + c 2 -y— + c 3 ' —— 
dx dx dx 


We take 


„,dy\,.dy 2 dy 3 
Cl — + c 2 -J— + C 3 — = 0 
dx dx dx 


(7) 

( 8 ) 


as the second condition to be imposed upon the c’s. We thus 
reduce equation (7) to the form 




d 2 y _ 

d 2 y x , _ d 2 y 2 , 

d 2 y 3 




dx 2 

Cl dx 2 Cz dx 2 

' C3 dx 2 1 

(9) 

whence 






d a y 

d 3 yi 

[-Co d3y2 4 

| c/ d % 


l d 2 y 3 qqs 

dx 3 Cl 

dx 3 

VC2 dx 3 ^ 

dx 3 + 1 dx 2 

fC2 dx 2 ^ 

C3 dx 2 { ) 


Substituting (3), (6), (9), and (10) in (1), we have 


,d 2 y i , d 2 y 2 

" dx 2 + C ‘‘ dx 2 


dx 2 


( 11 ) 


Equations (5)/*(8), (11) are now three linear equations which 
may be solved by elementary algebra for c\, c 2 , c 3 . Then, by 
integration, 1 Cl = ^(x), c 2 = <t> 2 {x), c 3 = <t> 3 {x). 

Hence I = <fa(x)yi + <f> 2 (x)y 2 + 4> 3 {x)y 3 
is a solution of (1). Therefore the general solution is, by III, § 102, 
V = [ci + 4n{x)]yi + [c, + <t> 2 (x)]y 2 + [c 3 + <t>3(x)]y 3 . (12) 
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104. The linear differential equation with constant coefficients. 
In this section we shall consider the equation 


Jn-l 


d n y 
dx n ai dx n 


v dv 

- H-1- a n _i ^ + a n y= f(x), 


( 1 ) 


dx 


where the coefficients a, are constants. It is convenient to express 
dy . d 2 y „ d n y 

* by d«, jpbyDv. 

form D n y + a,D—‘y + 
or, more compactly, 

(D n + aiD n ~ l + • 


“ by D n y , and to write (1) in the 
+ a n 2iDy + a n y = f(x), 


+ a n _i D + a n )y ( 2 ) 

The expression in parenthesis preceding y in (2) is called an 
operator, and we are said to operate on a quantity with it when we 
carry out the indicated operations of differentiation, multiplica¬ 
tion, and addition. The solution of (2) is expressed by the symbol 


V 


■/Ob 


8 ) 


D n + a x D n ~ l + -b a»_i D + a n 

where the expression on the right is not to be considered as a 
fraction, but merely as the inverse operator to that denoted by 
the operator in ( 2 ). 

Let us now treat the operator as if it were an algebraic poly¬ 
nomial in which D is a quantity instead of a symbol of differentia¬ 
tion, and split it up into linear factors, writing the left-hand 
member of ( 2 ) as 

(D — ri)(D — r 2 ) • * • (Z> — r»-i)(Z> — r n )y. ( 4 ) 

If we consider that (4) means to operate first on y with D — r n , 
on the result obtained with D — r n _i, on that result with D — r ft _ 2 » 
and so on, we assert that (4) is exactly equivalent to the opera¬ 
tion on the left-hand side of (2). This follows from the fact that 
D considered as an operator obeys the same laws as when it is 
considered as an algebraic quantity. The student may verify this 
by considering (D _ n)(D _ ra)y . 

This is first of all equivalent to 

(D — ri)(Dy — r 2 y), 


and this to 

D(Dy — r 2 y) 


ri(Dy - r 2 y) = [ D 2 — (r x + r 2 )D -f rtf fly. 
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Similarly, 

(D — r x )(D — r 2 )(D — n)y 

— (D — n)[D 2 — (r 2 -f r 3 )D + r 2 rf\y 

= [D 3 — (ri -j- r 2 + nO /> + (nr 2 + r 2 r 3 + rzn)D — rir 2 r 3 ]y. 
and so on. 

A study of these results and the similar ones to be obtained 
with more factors shows that the order of the factors is immaterial. 
We have, then, reduced equation (1) to the form 

(D - n)(D — r 2 ) • • • (D - r„_i)(D - r n )y=f(x). (5) 


The simplest equation of the form (1) or (5) 
» ~ 1 > and we have (D - r x )y = /(x), 
the solution of which is, by Case IV, § 91, 


occurs when 
( 6 ) 


= e T>x j n e 


+ c ie r 


( 7 ) 


We have, accordingly, the formula 


-—fix i — e r,z f e~ r,x f(x)dx, 
D — r i J ' 


( 8 ) 


where the constant of integration may be supplied or not in evalu¬ 
ating the integral. If the constant is used, (8) gives the general 
solution; if the constant is not used, we have a particular integral. 
Returning to equation (5), it is clear that we have in succession 


(D - r a )(D - r 8 ) • • • (D — r„)y - 


D — ri 


/(*) 


riZ » e‘ r '~f(x)dx, 


(D - r 3 ) • • • (D - r„)# ; 


D 


e~ TlX f(x)dx 


— e r%x J*e {Ti ' To)x J*e TlX f(x)dx 2 , 

and so on. Hence, finally, 

I* e ^~rn)xJ. . . ^ j e -^j{ x )dx n . ( 9 ) 


Equation (9) furnishes a general formula for the solution of 
equation (1) or (5). As each integration is performed, a constant 
of integration may be introduced so that the solution contains n 
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arbitrary constants and is therefore the general solution, or the 
constants may be omitted and supplied at the end by theorem III, 
§ 102 . 

The formula, however, is frequently tedious in its application, 
and we shall present in the next sections more convenient meth¬ 
ods of solution for the cases most often arising in practice. 

105. The complementary function. All the theorems of § 102 hold 
for theiinear differential equation with constant coefficients. We 
shall therefore concern ourselves first with the reduced equation 

(D — Ti)(D — r 2 ) •••(£> — r n )y — 0. d) 

Since the left-hand member of ( 1 ) is independent of the order 
of the factors, we may write any factor D — r ■*. in the place next 
to the y. Then if ( D-r k )y = 0 , ( 2 ) 


equation ( 1 ) is satisfied, since all the operations on zero give 
zero. A solution of ( 2 ) is accordingly 

y = c k e r * x , (3) 

where c k is an arbitrary constant. Giving k all values from 1 to 
n, we have y _ Cie nx . j.. C2e r ^ -f- c n e r,,x . ( 4 ) 


If all the r’s are distinct, this will be the general solution of (1) 
by theorem I, §102. If, however, some of the r’s are equal, the 
expression (4), although a solution of (1), will not be the general 
solution, since it will not contain n arbitrary constants. Suppose, 
for example, that the first k values of r are equal. Then the first 
k terms of (4) are (cx + c 2 + • • • + c k )e r ' x , which is equivalent 
simply to Ce nx . 

In this case equation (1) may be written 

(D - r*+i) •••(!> — r n )(D — nfy = 0, 
and any solution of (D — n) k y = 0 (5) 


is a solution of (1). The solution of (5) may be found by the general 
formula (9) of §104. We have 


y = e TlX JJ- - Jo dx k 

= (Cl -f C 2 x + ■ ■ ■ + c k x k ~ v )e r ' x , 


( 6 ) 


which now replaces the first k terms of (4). 

Formula (4) with its modification ( 6 ) is perfectly general irre¬ 
spective of the nature of the quantities r,-. If the coefficients of (1) 
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are real, then, by a well-known theorem of algebra, all imaginary 
values of r< will appear in pairs as conjugate imaginary. The cor¬ 
responding terms in (4) or ( 6 ) may then be modified so as to appear 
in a real form. Suppose, for clearness, that 

n = X + fit, r 2 = X — fii, 

where X and fi are real quantities and i — V— 1. 

We then have 

cie r ' x + c 2 e r * = e Kx (c ie * iz + 

= « A *[(ci + c 2 ) cos fix + t(d — Ca) sin jttx], 

the last transformation being made by § 26. 

Let us now place 

Ci + c 2 = Ci, i(ci — c 2 ) = Ca, 

and we have 

cie ri1 + c 2 e r ** = e Xx (Ci cos fix + C 2 sin fix). (7) 

Similarly, if the factor D — (X + pi) occurs k times, so does the 
factor D — (X — /xi), and we have, from ( 6 ), 

e Ax (ci + c 2 x + • • • + c k x k - l )e“ ix + e^( Cl ' + c 2 'x + • • • + 

which is equivalent to 

e Ax [(Ci + C 2 x + • • • + Ctx* -1 ) cos fix + (Si + B 2 x + • • • 

+ B k x k ~ l ) sin fix]. ( 8 ) 

106. The particular integral. Consider now the complete equation 
(D" + oi D "- 1 + ■ ■ ■ + a„_ x D + a n )y =/(«). (1) 

The complementary function is to be found as in § 105. The 
particular integral may be found by the method of variation of 
constants or by applying formula (9), § 104, omitting the cbn- 
stants of integration. Such methods are frequently tedious. A 
more convenient way is to assume the form which the particulai 
integral will take, using undetermined coefficients, which are then 
determined by substituting in the equation. The form of the solu¬ 
tion may be inferred by studying the results obtained by ( 9 ), § 104, 
for different functions/(x). There result in certain common cases 
the following rules, in which we denote the differential equation by 

P(D)y — f(x), 

where P(D) is a polynomial in D, and denote the particular integral 

by I. 
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I. If f(x) = aox 71 4 aix n ~ l + • • * -f a„_ ix + a n , assume , in general f 

I = Ax n + AiX* -1 + * • • + A n _ix + A n ; 
if D m is a factor of P(D), assume 

I = x m (Ax n 4 Axx"- 1 + - • • + A n _ x x + A n ). 

II. If /(x) =5 cc ax , assume , in general , 

J = Ac a *; 

t/ (D — a) m is a /actor 0/ P(D), assume 

I = Ax m e aiC . 

///. 1/ /(x) = c sin ax or c cos ax, assume , in general , 

J = A sin ax 4 J5 cos ax; 
but if (D 2 + a 2 ) m is a /actor 0/ P(D), assume 

I = x m (A sin ax 4 B cos ax ). 

JV. If f(x) = e ax (f>(x), place y ~ e ax z and divide out e ax . 

F. 1/ /(x) is fftc sum of a number of functions , to&e J as f&e sum 
0/ the particular integrals corresponding to each of the functions. 

Example 1. —[ 4 — 6 y = e 4 *. 

This may be written (D 4 3)(P — 2)y = e 4 *. 

The complementary function is CiC 2z -f c 2 e~ 3x . To find the particular 
integral we place j __ ^ e 4 x 

and substitute in the equation. We obtain 

14 Ae 4x = e 4x ; 

whence A = -5^. 

Therefore the general solution is 

y = 0iC 2x 4 c 2 e~ 3 * 4 e 4 *. 

d z y d 2 y 

Example 2. —r + —~ = sin 2 x. 
dx 3 dx 2 

This'may be written D 2 (D 4 l)y = sin 2 x. 

The complementary function is therefore Ci 4 c 2 x 4 C3e~*. To find 
the particular integral we place 

I = A sin 2 x 4 P cos 2 x 

and substitute in the equation. We obtain 

(8 B — 4 A) sin 2 x — (4 B 4 8 A) cos 2 x = sin 2 x. 
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To satisfy the equation we must have 

8 B — 4 A — 1, 4 £ + 8 A = 0; 

whence B = A — — 

Therefore the general solution is 

y = ci 4- c 2 x + — 2 V sin 2 x + cos 2 x. 


d 2 y 

Example 8 . —r + y = sm x. 
aar 

This may be written (D 2 + l)y == sin x. 

By III, we write I = Ax sin x + £x cos x and substitute in the equa¬ 
tion. There results 

— 2 B sin x + 2 A cos x = sin x. 

Therefore B = — A = 0. 


The general solution is 
?/ = cie tx + c 2 e~ ix — 


3? X 

— cos x — Ci cos £ + C 2 sin x - cos x. 

2 2 


107. Equations reducible to linear equations with constant co¬ 
efficients. Consider the equation 


„ d n y , „ . d n 

r n ~ + aiX B_J — , 

dx n dx n 1 


y 


dy 

+ dn-lX — + a„J/ = /(*), (1) 


where ai, « 2 , • • •, a»-i, a n are constants. This equation has the 
peculiarity that each derivative is multiplied by a power of x 
equal to the order of the derivative. It can be reduced to a linear 
equation with constant coefficients by placing 


Then 


x = e z . 


dy _dy dz _ _ z dy 
dx dz dx dz 


= £ 2 z &V _ p - 2 * dy 

dx 2 dz \ dz) dx dz 2 dz ’ 

f 2 z _ p~2 z dy)dz 

dx 8 dz \ dz 2 dzldx 


-3 * 


d?y 
dz 3 


3e~ 3z 


d?y 

dz 2 


+ 2 e 32 


dy 
dz ’ 


and so on. 
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Hence 


x 3 ~{ = (D 8 - 3 D 2 + 2 D)y, 

Q/X 


and so on, where D = 


d 

dz 


For example, the equation 


becomes 


x zfy, 5x 2^y + o x ^._ X 2 

dx 3 + 5 dx 2+ dx'~ 
(D 3 + 2 D 2 )y — e 2z ; 


whence 


y — Ci + C2Z + c.^e 2z + Ttr g2z 
C3 1 

= Cl + c 2 log a: + -2 + — ;£ 2 . 

x 16 


108. Simultaneous linear differential equations with constant 
coefficients. The operators of the previous sections may be em¬ 
ployed in solving a system of two or more linear differential equa- 
tions with constant coefficients wdien the equations involve only 
one independent variable and a number of dependent variables 
equal to the number of the equations. The method by which 
this may be done can best be explained by an example. 


Consider 


dt + dt V 


n bt 


dx dy 
dt dt 


2 x — 8 y 


These equations may be wTitten 

(D - l)x + (D - 4)y ^ e 5t , (1) 

(D — 2)x + (D — 3 )# =• e 2t . ' ( 2 ) 

We may now eliminate y from the equations in a manner anal 
ogous to that used in solving two algebraic equations. We first 
operate on (1) with D — 3, the coefficient of -y in (2), and have 

(D 2 -4 D + B)x -f (W - 7 D + 12)y - 2e 5t , (8) 


c 
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since (D — 3)e st = 5 e 5t — 3 e 5 ‘ — 2 e 5t . We then operate on equa¬ 
tion (2) with D — 4, the coefficient of y in (1), and have 

(D 2 — 6 D + 8)x + (D 2 - 7 D + 12 )y = - 2 e 2t , (4) 
since (D — 4)e 2 ‘ = — 2 e 21 . By subtracting (4) from (3) we have 
(2D — o)x — 2 + 2 e 2< , (5) 

the solution of which is 

x = c } e*‘-}-£ e 5t — 2 e 2t . (6) 

Similarly, by operating on (1) with D — 2 and on (2) with 
D — 1, and subtracting the result of the first operation from that 
of the second, we have 

(2 D - b)y = — 3 e 5t + e 2 ‘, (7) 

the solution of which is 

y = C 20 ’ 4 — § e 5t — e 2( . (8) 

The constants in (6) and (8) are, however, not independent, for 
if the values of x and y given in (6) and (8) are substituted in the 
original equations (1) and (2), they must reduce the latter equa¬ 
tions to identities. Making these substitutions, we have 

-§ (ci — C2)e^' + e 5t — e 5t , 

and £(ci — C 2 )e*‘ + e 2t = e 2t ; 

whence it is evident that C 2 = c\. Therefore we have 

x = ce' l + £ e 5t -2e 2t , 

y — ce^ t — -§ e 5i — e 2t , 

as the solutions of the given equations. 

109. Equations of the second order. Equations of the second 
order are of special importance in applications. It is of interest, 
therefore, to sketch methods by which such equations can some¬ 
times be solved. 

In the first place, it is sometimes possible to reduce such an 
equation to one of the first order by placing 
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We may then piaee either 

d 2 y dp 
dx 2 dx 
dp dp dy 

’’ Smce dx~ dy dx’ 

dry_ _ dp 
dx 2 P dy 

It is clear that if the given equation is of the type 

f( r dV\ ft 

\ ’ dx ’ dx 2 ) ’ 


(2) 


( 3 ) 

(4) 


that is, if it does not contain y explicitly, then the substitutions 

(I'D 

(1) and (2) give an equation in x and —; whereas if the given 
equation is of the type x 

f 



that is, if it does not contain x explicitly, substitutions (1) and 

cId 

(3) give an equation in y and — • If p is found in either case, equa- 

dy 

tion (1) then gives an equation of the first order to determine y. 

As a particular example consider the case of a particle so moving 
in a straight line that the force acting on it is a function of the 
displacement from a fixed origin. Then if s is the distance from 
the origin, and t is time, the differential equation of the motion is 


Placing 
we have 
whence 

and, finally, 


djS 

dt 2 


= /(«)• 


ds d 2 s dp 

dt~ P> dt 2=P ds 

pdp = f(s)ds ; 

p 2 = 2! Jf(s)ds + Cu 



ds 


2 ff(s)ds + ci 


— t + Ca¬ 


in carrying out this solution it will usually be desirable or even 
necessary to determine the constant Ci before integrating. 
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When the differential equation of the second order is of the 
linear type, other methods may be applicable. Consider the 
equation , 


where P, Q, and R are independent of y, We shall enumerate eases 
where the solution is possible. 

Case L If P and Q are constants, the equation is to be solved 
by the methods of §§102-106. 

Case II. If P and Q are not constants, the equation is possibly 
of the type discussed in § 107. 

Case III. It is possible that the left-hand member of (6) may 

dP 

be an exact differential. This happens when Q = — > and then 
equation (6) may be written x 


whence 



This is the linear type of Case IV, § 91. 

Case IV. It is sometimes true that a solution of the reduced 
equation j2 


d 2 y 

d +p t +Qtf> 


0 


(7) 


is known or may be found by inspection. Let y = y x (x) be such 
a solution, and substitute 

y — V iz 

in (6). We have 


d~z 

yi d? + 


n du\ 

2 i-+ pi " 


dz 

dx 




( 8 ) 


which is of the type to which substitutions (1) and (2) are 
applicable. 

Case V. Occasionally two solutions of the reduced equa¬ 
tion (7) are known or can be found by inspection. 

In that base, if y — yi and y — y 2 are the two known solutions 
of (7), then 

V = Ciyi + 622/2 + I 

is the general solution of (6), and / may sometimes be found by 
the method of variation of constants or otherwise. 
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Case VI. We may try placing 

y — uz 


in (6). There results 
d 2 z ,/ n du 

u d? + { 2 n +Pu 


dz , fd 2 u 


■ + 


dx ' Ida; 


du 

dx 


2 + p TtZ + ) z ~ R - ( 9 ) 


* If u can be so chosen that the coefficient of z vanishes, we have 
again equation (8), already discussed. Otherwise let us take u so 
dz 

that the coefficient of — shall vanish; that is, we take 
dx 

u--=e~ i f pdx . 

Then, after a few ."eductions, equation (9) becomes 
d 2 z . /_ 1 dP 1 


, /« 1 dF 

dP + \ Q 


„ , , P~)z 

2 dx 4 / 


Re 


Pdx 


( 10 ) 


Therefore, if Q — 


1 dP 


"2 eta 


- : P 2 is equal to a constant, equation 

^ 1 <7 P 1 

(10) is of the type of §104; if Q — - P 2 — —, where 

2 dx 4 x - 

fc 2 is a constant, equation (10) is of the type of § 107, 

Case VII. Finally we may try the effect of changing the in¬ 
dependent variables from x to t, wheie t is a function of x to be 

determined. 

T , dy dy dl dy 

en dx dt dx dt 

£y _ t ,2 dh dy 

dx 2 ~ dt 2 f dt 

and the differential equation (6) becomes 


d 2 y t” + Pt' dy , Q_ 
dt 3 + t' 2 dt 


R 


V 2 ^ t' 2 


( 11 ) 


We wish to choose t so that (11) is of the type of §104. We 
accordingly choose i so that 

V 2 = kQ, 

where k may be ± 1 or any other conveniently chosen constant. 

f/' „|_ pf/ 

Then if : —becomes a constant, the desired result is 
t ,z 

obtained. We may also endeavor to reduce (11) to the type of 
§107, but nothing new is thus obtained. 
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It should be said that all these methods of solving a differential 
equation are likely to fail with equations which occur in practice. 
In sugh cases recourse may be had to a series expansion. The 
differential equation, or the series arising from it, then often 
defines a new function, which must be studied. We shall illustrate 
this method in the next section and study the Bessel functions 
from this standpoint in the next chapter. 

110 . Legendre’s equation. Consider the equation 

(1 ~ ~ 2 X % + n( - n + 1)y = °* W 

where n is a constant. To solve it we shall assume the series 


’ = OoX m + aix m+1 -f a 2 x m+2 + 


( 2 ) 


and endeavor to determine the first exponent m and the coeffi¬ 
cients a,’so as to satisfy ( 1 ). 

dy d 2 y 

Computing — and —5 from (2) and forming the terms of (1), 

we have ,, dx dx 

d z y 

~r~2 — m{m — l)aox m ~ 2 + (m + l)wai * m_1 
, 2 + + 2){m + l)a 2 x m + • • •, 

.2^V_ 




dx 2 


-2x~ = 
dx 

n(n + 1 )y — 


— m(m — l)aoX m — 

— 2 maox™ — 
n(n + l)aox m + 


(3) 


The sum of these terms must be identically zero if ( 1 ) is to be 
satisfied. Hence we must have, in the first place, 

m(m — l)ao = 0, (4) 

(m -f l)mai = 0, (5) 

(m + 2 ){m + l)a 2 — (m — n)(m + n + l)ao = 0. (6) 


Equation (4) gives either m = 0 or m = 1, with 00 arbitrary in 
either case. Let us take the first case, m — 0 . Then from ( 5 ) 01 
is arbitrary, and from ( 6 ) 

n ( n + 1 ) 

a 2 - --- 00 . (7) 


Subsequent coefficients may be obtained by taking more terms 
of the series (3), but it will be better to obtain the general law of 
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the coefficients. To do this we will find the term containing z m+r ~ 2 
in each of the series (3), this term being chosen because it contains 

d 2 y 

a r in the expansion of ——• We have 
ax" 

, — ■ • • + (w + r)(m + r — l)a r x m+r ~' 2 + • - 


— x 2 = • • ■ — (m + r — 2 )(to + r — 3)a r _2r m + r ~ 2 -~ • • 

-2 -2(to + r — 2)a r _ 2 x’ re+r ~ 2 -, 

ax 

n(n +, 1 ) 1 / = • • • + n(n + l)a r _ 2 x w+r_2 + • • *, 

and since the sum of these terms must vanish, we have, after com¬ 
bining and factoring the coefficients of a r _ 2 , 

(to + r) (to - 1 - r - l)a r + (n — m. — r + 2 ){n + to + r — l)a r ~2 = 0 . 
We are considering the case in which to = 0, so that we have 


a r — 


(n — r + 2)(n + r — 1) 
r(r - 1 ) 


a r -2> 


( 8 ) 


which enables us to determine any coefficient from the one which 
precedes it by two terms. We have, accordingly, 


n(n+ 1) 2 , n(n~ 2)(» + l)(w + 3) 4 
-2—* +-4!-* 

/ (n — 1)(» + 2) , 

+ a^x-3j-* 3 

(»—1)(» —3)(n + 2)(» + 4) 5 
+ 5! * 

It is easily shown by the ratio test that each of these series 
converges in the interval (— 1, + 1). 

Since Oo and oj are arbitrary, this is the general solution of (1) 
by theorem I, § 102. The student may verify the fact that if he 
considers the assumption m = 1, discarded in solving (4), he gets 
nothing new, but only the second series in (9). * 

By taking either ao or aj equal to zero, solution (9) becomes a 
single series, and particular interest attaches to the cases in which 
this series reduces to a polynomial. This evidently happens to the 
first series when n is an even integer and to the second series when 
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n is an odd integer. By giving to the coefficient a 0 or a x , as 
the case may be, such a numerical value that the polynomial 
becomes equal to unity when x is unity, we obtain the following 
system of polynomials: 


Pq(x) = 1, 

Pi yX) = X, 

P2 (pc') — 2 'X 2 — ^, 
Pz(x) = f X 3 — I X, 


p 4x) = ~ X 4 - 2 
P 5 (x) = 9 ~^x 5 -2 


5-3 

4-2 

7-5 

4-2 


3- 1 

4- 2’ 


x 3 + 


5-3 

4-2 


x. 


These are called the Legendre polynomials. Each satisfies a 
Legendre differential equation in which n has the value indicated 
by the subscript. 

The Legendre polynomial P„(x ) is the coefficient of h n in the 
expansion of 


</> = (1 - 2 xh + h 2 )~* 


( 10 ) 


in ascending powers of h. The student may easily verify this for 
the lower values of n by actually expanding (10) by the binomial 
theorem. To prove it for the general term, we first form the fol¬ 
lowing identities by differentiating (10): 


(1-2 hx + h 2 ) (x- 

■h)cf>, 

(ID 

II 

1 

*>& 

(12) 

n— oo 

Now place <£ = A n h n . 


(13) 


n~ 0 


It is obvious that A n is a polynomial in x of degree n . Also, if 

x = 1 in (10), then and therefore A n in (13) is equal 

1 — h 

to 1 when x = 1. Hence if we can show that A n satisfies Legendre's 
equation, it will be identified with P n (x), since our solution of 
Legendre's equation has given us the only polynomials which 
satisfy that equation and have the value 1 when x = 1. 
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Substitute from (13) in (11) and (12) and equate coefficients of 
h n ~ 1 on both sides of the resulting equations. We get 

nA n — (2 n — l)xA„_i + (n — l)A „- 2 = 0, (14) 

dA n ~i dA n —2 / i \ a /i c\ 

x ~Tx - ir =(n - <15) 

Replacing » by n -f- 1 in (15), we have the equivalent formula, 
dA n dA n ~ i 


dx 


dx 


; «A n . 


(16) 


By differentiating (14) with respect to x and eliminating ~~r~ 

by (15), we have .... 

aA n dA n -i 

— — (17) 

Then if (16) is multiplied by — x and added to (17), we have 


(1 - x 2 ) 


2 dA n 


dx 


: w(A n _ 1 — xA n ). 


(18) 


By differentiating (18) with respect to x and simplifying the 
result by means of (16), we have, finally, 

(l-x 2 )^-2x^ + n(n+l)A„ = 0. (19) 


dx 


This shows that A n is a solution of Legendre’s equation. Hence 
for the reasons already stated A n (x) is the same as P n (x). For¬ 
mulas (14) to (18) may be rewritten, replacing A n by P n , and give 
important relations connecting Legendre polynomials with dif¬ 
ferent indices. 

Another class of polynomials related to the Legendre poly¬ 
nomials may be found as follows: 

. Differentiate equation (1) m times with respect to x and place 
d m y 

- = v. We obtain 
dx m 

d^v dv 

(1 — x 2 ) ^2 — 2 x(m -f 1) — + (« — m)(n + m + 1)» — 0, (20) 
an equation which is satisfied by 
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In (20) place w — »(1 — x 2 ) 2 . We get 
d 2 w 


(1 - x 2 ) 


dx 2 


n dw 
2i-—h 
dx 


n(n 1) 


m 


w 


0. 


(22) 


This equation, which differs from Legendre’s equation in an 
added term involving m, is called the associated Legendre equa¬ 
tion. It is satisfied by 

m jrn 

w = (1 - x 2 ) 2 — P„(x). (23) 

This value of w is the associated Legendre polynomial and is 
denoted by P n m (x). If m > n, P n m (x) — 0. 


EXERCISES 

d 2 y 

. 1. Assuming that the solution of -f y = 0 is y = Ci sin x 4- c 2 cos x, 

• d 2 y 

find by the method of variation of constants the solution of — ~ 4* y = tan x. 

d 2 y dX 

2. Assuming that the solution of ~~ 4- y = 0 is y = Ci sin x 4- c 2 cos x , 

dx d‘>v 

find by the method of variation of constants the solution of —™ f t/~secx. 

dh, dy dx 

3. Assuming that the solution of “ — 2 ~~ 4- 2/ = 0 is t/ = (ci + c 2 x)e JC , 

dx 2 dx 

find by the method of variation of constants the solution of 
d 2 y n dy . e* 

dx 2 


2 ~~ + V= i 

dx 1 


d 2 y dy 

4. Assuming that the solution of (1 — x) 4* x — 

dx 1 dx 


y~0 is 

ax- ax 

y = Cix 4- c 2 e x , 

find by the method of variation of constants the solution of 

y — (1 — x) 2 . 


n- X )*-Z + X *L. 

(1 X) dx 2 + X dx 


Solve the following equations: 


5. 4- 2 — 8 y = 4 cos 2 x. 

»ax 

d 2 y 

8.^ + 2 
dx 2 

ax ax 

9 

’ dx 2 

7 .^ +2 f' =3 «> + i. 

ax 4 dx 

d 2 y 

10 -^ +6 


dy 

dx 


4- y = e ~ x 4- 5 e 


2x 


Jit*,: 

dx 


x 2 + 1. 


dy 

dx 


4-9 y ~ e 3x sin 2 x. 
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d 2 y „ _ 

11. —-f 9 # = cos 3 x. 
dx* 

12 . ^+f! +! ,_ 2 + e-. 

aar ax 

f-s+s-*- 

d 3 y 

14. + i/ = cos x. 

, t d > _ .d 2 y^. dy ^ „ x 


^ dx dy . 

20. 2-b — 3 x — 

dt dt 

-j: + -rf + 2 V — cos 2 
dt at 

21 

dt 2 dt ’ 

d 2 x n dy „ 

2 +2,-,.,.. 


lt .^2-422+42.^ + 1. 22.£2^ + 2 x = «. 

ax d ax ax ax .ax 

L**., 2s .xg- 2 | = 0_ 

2S . (9 + 0 )* + ® , = 0 


dx 3 dx ' ~ dx ~ ' dx 2 \dx / 

“S + 3 + »-* 

* + *-„ + „-.. «.g + 2 »| = 0. 

29. a : 2 — - 2 a; — 4 - (2 + 4 x 2 )a = x 3 e 21 . 

dx dx 

d 2 y dy 

30. x 4 - 2 — 4 - xy = sm 2 x. 

ax 2 dx 

31. x 2 ~ 2 **7 + ( x2 ~ 6 )^ = 0. 

dx 2 ax 

d 2 v du 

82. —^ + 2 tan x — 4 - 2 y tan 2 x = sin 2 x. 
dx 2 ax 

88. Pi-+ (3 «* - 1) ^ + 2 e 2 ^ = 2 e 2 *. 
dx 2 dx 

d 2 y dy 

34. 4- (2 sin x — ctn x) — 4 - y sm z x = sin 4 x. 

dx 2 dx 

Solve the following equations by expansion into series: , 


M.^ + IV-O. 
dx z 


d 2 y . 

ST. 4- nxy = 0. 
dx 1 


36. (1 + x 2 ) ~ + x^- - ny = 0. 38. x 2 + x 2 ^ 4- (x - 2)# = 0. 
ax 2 ax ax 2 ax 
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39. (X - x 2 ) + 3 ~ + 2 y = 0. 

aar ax 

40. Prove that ^±1 _ = ( 2n + 1 )P n . 

ax ax 


41. Verify for small values of n the general formula 


Pnix) 


1 d n 
2 71 -n! 


(a ; 2 - l) n . 


42. A particle moves in a straight line from a distance a toward a 

center of force which attracts with a magnftude equal to ~ • If the 

r 3 

particle was originally at rest, how long will it be before it reaches the 
center,? 


43. A particle moves in a straight line from a distance a toward a 
center of force which attracts with a magnitude equal to kr~~ I. If the 
particle was originally at rest, how long will it be before it reaches the 
center ? 

\ 44. A particle begins to move from a distance a toward a fixed center 
of force which repels with a magnitude equal to k times the distance of 
the particle from the center. If its initial velocity is V&a 2 , show that 
the particle will continually approach the center but never reach it. 


45. A particle moves along a straight line toward a center of force 
which attracts directly as the distance from the center. If it starts from 
a position of rest a units from the center, what velocity will it have 
acquired when it has traversed half the distance to the center ? 

46. A particle moves in a straight line from a distance a toward a 


center of force which attracts with a magnitude equal to —-, r de- 

2 r 2 

noting the distance of the particle from the center. If the particle 

had an initial velocity of —how long will it take to traverse half the 
distance to the center? va 


47. A particle of unit mass moving in a straight line is acted on by 
an attracting force in its line of motion directed toward a center and 
proportional to the distance of the particle from the center, and also 
by a periodic force equal to a cos kt . Determine its motion. 

48. A particle of unit mass moving in a straight line is acted on by 
three forces: an attracting force in its line of motion directed toward a 
center and 1 proportional to the distance of the particle from the center, 
a resisting force proportional to the velocity of the particle, and a 
periodic force equal to a cos kt . Determine the motion of the particle. 

49. Under what conditions will the oscillations of the particle in 
Ex. 48 become very large as the time increases ? 
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BESSEL FUNCTIONS 

111. Bessel’s differential equation. Consider the equation 

l 2 s? + *il +<x, -" 2)! ' =0 ’ (1) 

where n is a constant. To solve, we proceed as in § 110, assuming 
for y the series 

y = aox m + <nx m+l + a 2 X m+2 -\ -f a T x m+r + ■ • 

-We get 

ftp'll 

x 2 —2 — to(to — l)aox m + (m + l)maix m+1 

dx + (m + 2)(to+ l)a 2 x m+2 + - 

x~ = maoX m + (to + l)aix m+1 -j- (to + 2)a 2 x TO + 2 + • 
ax 


( 2 ) 


n 2 y ■■ 
x 2 y ■ 


n 2 aoX n 


n 2 aix m+l 




a 0 x m + i -\ -. 

Equating to zero the sum of the coefficients of each of the first 
three powers of x, we have (w|2 _ w 2 )oo = 0> (3) 

[(to + l) 2 — n 2 ]ai — 0, (4) 

[(to -f 2) z — « 2 ]a 2 + ao = 0. (5) 

To obtain the general expression for the coefficients, we have 


2 d 2 y 

X dx 2 ~" 

• - + (to +r)(TO + r — l)a r x m + r + • • •, 

II 

SI-8 

• • • + (to -f r)a r x m+r + • • *, 

— n 2 y~ 

- n 2 a r x m+r - ■ • •, 

x 2 y = 

• • • + a r ~2X m+r + • - 


Equating to zero the sum of these coefficients, we have 

[(to -f r) 2 — n 2 ]a r + a r ~2 = 0. 

275 


(6) 
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Equation (3) may be satisfied by m = ± n. We shall first take 
m — n. Then from (4), (5), and (6) we have 

oi = 0, 

go 

2(2 n +2)' 

Or -2 

r(2 n + r) - 

By use of these results we obtain the series 

x 2 _ x* _ 

2(2 ti -f- 2) 2 • 4(2 it 2) (2 ti ~i~ 4) 

x 6 

2 • 4 • 6(2 n + 2) (2 n + 4) (2 n + 6) + " ' 
Similarly, placing m — — n, we obtain the series 
x 2 x 4 

+ 2(2 n - 2) + 2 • 4(2 n - 2)(2 n - 4) 
x 6 

T 2 • 4 • 6(2 n - 2)(2 » - 4)(2 « - 6) 

If n = 0, the two series (7) and (8) are identical. If n is a 
positive integer, series (8) is meaningless, since some of the coeffi¬ 
cients become infinite. If n is a negative integer, series (7) is 
meaningless, since some of the coefficients become infinite. Hence 
if n is zero or an integer, we have in (7) and (8) only one particular 
solution of the differential equation, and another particular solu¬ 
tion must be found before the general solution is known. But if n 
is not zero or an integer, each of the two series converges for all 
values of x, as the student may easily show by means of the ratio 
test (§19). Hence we have two particular solutions of (1), and 
the general solution is y= cm + 

112. Bessel functions of integral order. We shall restrict our¬ 
selves in this section to the case in which n is an integer, leaving 
to another place the consideration of fractional values of n. We 
consider in r the first place that n is a positive integer. The series 
for in § 111 converges. To make the solution definite we place 

1 






02 = — 

O r = - 
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and have the Bessel function of the first kind of order n, where n 
is a positive integer. This is denoted by J„(x), and accordingly 

Jn(a:) = 2"n!V 1 “ 2 2 (n + 1) + 2*2!(» + l)(n + 2) 

_*!_ + ...) 

2 B 3!(n + l-)(n + 2)(n + 3) T / 

= 2"n~! ~ 2 n+2 («+ 1)! + 2 n + 4 2!(rc + 2)! 
x n + 6 

~2" + 6 3!(n + 3)! + ' ' '' 


The general term is „ 2 k 

f_ i\*- ?L_ - 

\ ' 2 n+2k kl(n + k)\ 

If we place k = 0 we get the first term of the expansion of 
J n (x) provided we place 0! = 1, which is customary, as an obvious 

nl 

extension from the general relation (n — 1)! = — • 

We have, finally, 

Jn(x) 


k= oo 

D* 

Jk-0 


£ 


n + 2 k 


~}n~h2 k 


k\(n + &)! 


( 1 ) 


This holds for positive integral n’s and also for n — 0. In 
particular, 


_2* 


Jo(z) 


Jiix ): 


2 2 2 4 (2!) 2 


+ (- l)* ^ 


2 2i (Jfc!) : 


,+ 


2 2 3 2! ' 2 5 2!3! 


+ (-!)*, 


x 


2k + l 


<2k + l 


*!(* + !)! 


( 2 ) 

(3) 


From the series given above many important relations may be 
obtained. We shall first prove the relation 

~Jo{x)-~Ji{x). (4) 

It is evident that the derivative of the second term of (2) is the 
negative of the first term of (3), and that the derivative of the 
third term of (2) is the negative of the second term of (8). To 
show the general law we take from (2) the term next after the one 

written; namely, „ 2 * + 2 

/■_ n*+i_ t - 

t *■) 2 2 fe + 2 [( A . _ j _ 1)!]2 
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T , , . . , ^ i+1 (2k + 2)x 2k+1 

Its denvatxve is (- 1)* +1 gSt+ ' s [(A . ' +1 ) ! ] 2 > 

which reduces to the last term written in (3). 

Hence equation (4) follows. 

The general term of x n J n (z) is 

k x 2n + 2k 

(_1) 2 n+2i *!(« + Jfc)!’ 

and if this is differentiated with respect to x, it becomes 

x 2n+2k-l 

(-1) 2 n + 2i - 1 *!(n + A: —1)!’ 

which is the general term of J n _i(x) multiplied by x n . Hence 

■j~[x n J n (z)] = x n J n - 1 (x). (5) 

In the same manner we may prove that 

J 

— [x-V n (x)] = -ar n J n+1 (a;). (6) 


From (5) we have 

dJ (x) 

nx n ~ l J n (x ) + x n - - = x n J n -i(x), 


or, rearranged, = J n _i(x) — J„(x). 

(XX x 

(7) 

Similarly, from (6), 


dJ n (x) n T , N r , s 
dx x Jn ' } Jn+l( - x) ' 

(8) 

Then by combining (7) and (8) we have 


Jn—l(%) — 2 j 

(9) 

2 n 

“t~ Jn+ i(*E) ^ 

X 

(10) 


We have, as yet no definition of J„(x ) when n is a negative inte¬ 
ger. Series (7), § 111, then fails to converge and series (8), § 111, 
gives nothing new, for if we place n — — m in (8) we have simply 
series (7) with n — m. We shall therefore introduce a definition 
for J-n(x') with n an integer by demanding that the relation (10) 
shall be true for negative values of n. 
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If we place n = 0 in (10), we have 

( 11 ) 

If we place n — — 1 in (10), we have 

2 

J- 2 {x) + Jo(%) - J- i(x), 

X 

whereas if we place n = 1 in (10), we have 

2 

j o (x) ~j~ J 2 ( 2 ?) ^ J\ ( x ). 

x 

Combining these last two equations with the aid of (11), we 
have J- 2 (x) — J 2 (x). (12) 

Again, placing in succession n = — 2 and n = 2 in (10), we have 

J-. 3 (x) + J-l(x) — — - J- 2 (x), 

X 

4 

J i (x') J 3 ix) = “ J2(&) y 

X 

whence, by aid of (11) and (12), 

J- b(x) = - J 3 (z). (13) 

Continuing in this way we reach the general result, 

J-n(x) - (- 1 )*Jn(x). (14) 

We have not, however, an essential new solution of equation 
(1), § 111, and theorem I of § 102 is not yet applicable. 

It is now easy to show that equations (5) to (9) are valid when 
n is a negative integer. * 

113. Roots of Bessel functions of integral order. We shall prove 
the following theorem: 

Between any two consecutive real roots of J n {x) ~ 0 lies one and 
only one real root of J n+ i(x) = 0. 

From Rollers theorem we know that between two consecutive 
real roots of x~~ n J n (x) = 0 lies at least one root of the derivative 
of x~~ n J n {x ), which, by (6), §112, is — ar‘' w J n+ i(x). No root of 
x~ n J n (x) can coincide with that of its derivative, ~ x~ n J n+ i(x), 
for if we place y = x~ n J n (x) we have 

<Py , 1 + 2 ndy # 

dx 2 x dx ^ 

o 
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and if both y and ~ are zero for the same value of x, so also 


d 2 y 


dx 


— 0. Then all derivatives, computed from the differential 


equation, are zero, and y is a constant. 

Again, if in (5), § 112, we replace n by n +1, we infer from 
Rolle’s theorem that between any two roots of x n+1 J n+ i(x) ~ 0 
lies at least one root of x n+ V„(x) = 0. , 

Hence, disregarding for the moment the case in which a root 
of x _n J„(x ) = 0 is zero, it follows that the roots of* J n (x) = 0 and 
J n +i(x) = 0 lie as stated in the theorem. 

To cover the case in which x = 0, let x ~ £ be the smallest posi¬ 
tive root of J n (x) = 0. Then x — — £ is also a root of J n (x) = 0, 



Fig. 95 


as is seen by the series expansion. Hence by Rolle’s theorem and 
(6), §112, there is at least one root of x~ n J nA i(x) = 0 between 
x = £ and x = — £. Such a root is x = 0, as is seen from the series 
expansion for J n+ i(x). There can be no other root between £ and 
— £, for if there were, x = £ would not be the smallest root of 
J n (x) = 0. Hence the theorem is proved. 

The theorem is illustrated in the graphs of y ~ Jo(x) and 
y — Ji(x) (Fig. 95). 

114. Bessel functions of integral order as definite integrals. We 
shall first prove that the coefficient of t n in the expansion of 

e 2 ' 1 1 ' is J n (x), where n is a positive integer. We have, by use 
of Maclaurin’s series, 


JO-D 


x . __x 1 

e 2 • e 21 




' 2 l lV + 


x 1 

2l 


+ • • • + (~ l) fc 


^A 1 

2 k kl 




We shall obtain the term containing t n in the product, when n is 

positive, by taking l — n + Jc in any term of the first series, multi- 

v 1 

plying that term by the term in the second series which involves —, 

and summing on k. We have 1 




X 


n-{-2k 


2 n+2k k\{n -f k) 


■t n = J n {x)t n . 
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To find the term containing — we place k — l + n in any term 

l 

of the second series, multiply that term by the term of the first 
series which involves t l , and sum on l. We get 

(-l)V»(a:) ( 4 = J_n (a)*"". 

This is whal we wished to show. 

Hence 

JO-7) = jr 0 ( x ) ±J,(x)t + J 2 (x)t 2 + ■■■ + Jn(x)t n + . . . 

+ J-l(.X)t~ l + J_ 2 (x )<~ 2 + • • ■ + J-n(x)t- n + ■ • .. (1) 

Now place 

t = e**, - = e~'*, t — - = e'* — e~'* — 2 i sin <f>. (2) 

t » 

Then on the left of equation (1) we have 

e 2 0“v)— e xi sin * = cos ( x sin 4>) + i sin (x sin <p). (3) 

On the right we combine each pair of terms containing t n and 
t~ n and, by use of ( 11 ), § 112 , we have 

Jo(X) + «ll (x)(t — ~^) + J2(x)(t 2 + + Ja(x)(t 3 — jgj + • ’ • 

+ Jik(x)(t 2k + £jfi^ + J 2 k + l(x)(t 2k+l — pir+l)+ • ' (4) 

By (2), t 2k + = e 2ki + + er 2 ^ = 2 cos 2 h<t>, 

t 2k+i ~ ^TTI = e (2k+1H4, - = 2 i sin (2 k + 1 )<j>, 

so that (4) becomes 

Jo(x) + 2 J 2 (x) cos 2 <f> + 2 Ji(x) cos 4 <j> + • • • 

+ 2 J 2 k{x) cos 2 k<f> + ■ • ■ 

+ i[2 Ji(x) sin <f> + 2 J&(x) sin 3 < 5 p+ - ■ • 

+ 2 J- 2 k+i (x) sin (2 k + l)cf> -j- • • •}. (5) 

This is to be placed equal to (3), and the real and imaginary 
parts equated. The result is 

cos (a; sin <j>) = Jo(x) + 2 J 2 ( x) cos 2 <p + 2 J*(x) cos 4 (p -f-, ( 6 ) 

sin (x sin <p) = 2 Ji(x) sin <p + 2 Ja(x) sin 3 <p 

-f 2 J 5 (x) sin 5 <p + • • •. 


(7) 
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We know from elementary integration that 

J f cos 2 n<t> d<p — I sin 2 ncf) d<j> = 77 * 

0 Jo A 

J f cos kef) cos ncj) d<f> = f sin k<j> sin n<t> d<j> = 0 . (k =£ n) 

0 Jo 

Hence if we multiply all terms of ( 6 ) by cos ru}) dAnd all terms 
of (7) by sin n<}> d4>, and integrate between 0 and V&k have 

1 C n 

J n (x) = — / cos (x sin <j>) cos nef) d</>, (n even or 0) 

TT Jo 

1 r n 

0 = — / cos (x sin <j>) cos n(j> d<f>, (n odd) 

7 r Jo 

i r n 

J n {x) = — / sin (a: sin $) sin n(f> defr, (n odd) 

7T Jo 

1 r* 

0 = — J sin (a: sin <j>) sin n<t> defr. (n even) 

TT Jo 

From this it appears that 
1 r n 

J n (x ) = — / [cos (x sin 0) cos n$ + sin (x sin <£) sin 
tt Jo 

whether n be odd or even, and therefore 


( 8 ) 


IT Jo 


cos (n<f> — x sin <t>)d<p. (n any integer) 


(9) 


Another integral form may be obtained as follows: 

We have seen (§ 68 ) that 

Tt 

f sin 2n <j>cos 2k (f>d(f) — 2 f^sin 2n d> cos 2k <f> d(f> = B(w + ^, k + 5 ) 
Jo Jo 

_ r(n + %)T(lc + ± ) 

T(n + k + l) 

1 • 3 • • - (2 n - 1) • 1 • 3 • • • (2 k - 1 ) 

“ 2. n+k {n + k)\ ?r ' 

——— r sin 2 "^ cos 2k 4>d<t>. 
—IjttJc 


Therefore 

1 


in-bk 


(n + k )! 1 • 3 • • • (2n—1) • 1 ■ 3 • • • (2fc-l) 
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If we substitute this in the general term of J n {x), that term 
becomes 

(-D* 


y.n + 2 k 


2*£!-l-3 • • • ( 2 ti — 1 ) -1-3•••(24—1) 


—— f sin 2n <f> cos 2fc 4> d<j> 
— 1 ) 7 T Jo 


= (- l)* 


,n -f-2 k 


so- j\ i 1 O /o —7T~ f sin 2n 0 cos 2k (/)d<p 
(2 A:)! • 1 • 3 • • • (2 n — l)- 7 r Jo 

r'- 2 n -l r/ (a; COS </>) 2A1 

”l.8.--(2»-l)J. Sm 


( 2 *) 




Let this now be summed on &. Since the Maclaurin expansion 
for cos * gives 

COS (X COS 0) = 2, (- 1) ---- 

we have K ) • 

/^.n ^ /* it 

J„(x) = ——-—-— I sin 2n <£ cos (x cos 4>)d4>. ( 10 ) 

l-o * * • n — 1)tt Jo 

Still another integral may be obtained as follows: 

In ( 10 ) place t = cos <£. 

We have r+1 

J»(*) = • 


X 

1 • 3 -72 


hr^r£ (1 -‘ 2ri ' os(xt)d ‘- 


Evidently J' (1 — < 2 ) n ~* sin (xt)dt — 0, 

since the function to be integrated is an odd function. Therefore 

J n(x) = ~ —- - -—— f (1 - t 2 ) n ~ i [cos (xt) + i sin (xt)]dt 

» 1 • 3 • • • (2 n — l)7r J-i 

-r n /"• +1 1 

— / e ixt (l -t 2 ) n ~*dt. 


(ID 


1 • 3 • • • (2»- l)i 

This is sometimes taken as the starting-point for the discussion 
of the Bessel functions. 

115. The function /„(*). Another Bessel function of importance 
is defined as follows: 

/„(x) = i~ n J n (ix) 

= -n V (~ l) k (ix ) n + 2k 

1 2*on + 2kU\( 


' c Jcl(n + k)l 


9 ” 


y,n + 2k 


2 n+2k kl(n + k)\’ 


(1) 


m 


x 2k 

particular, 7 0 (x) =X^k7j^’ 
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Formulas (6) to (10) of § 112 lead to corresponding formulas for 
I n (x). Consider 


d_ 

da 


[*"/»(*)] = - [rt'V.ftt)] 


d [•(&)• 


dx 




;2n [(^) W «/n(W5)] 


i 2n d{ix) 


= 3^=1 (ixYJn-iiix) [by (5), §112] 

i' 


Similarly, 

= X n i- n+1 J n _ 1 («X).= X n /„_!(*). 

[x“ n /„(x)] = x _n / n+ i(x). 

(2) 

(3) 

The two formulas (2) and (3) lead to 



2 n 

In— i(«E) In+\(x) 588 In(x)> 

X 

(4) 

and 

In- lfr) + In+l(x) = 2 ~ I n {x). 

(5) 


It is also easy to show that 

y — In(x) 

satisfies the differential equation 


<6) 


116. The Bessel function of fractional order. Referring to the 
definition of J n (x) for integral n, we may form the definition for 
fractional n’s by replacing n\ by T(n -f 1). Now both of the 
series (7) and (8), § 111, converge, and we have the two functions 

Jni ' x) = 2 n r(n + l) Vl == S 2 »+ 2 *jfc!r(rt + A: + l) • (1) 

y*— n ( 1)*#~ n + 2 ^ 

and J_ n (ac) = 2 -»r(- n + 1) V2 = X 2 -" + 2 ^!r(- n + k +1)' (2) 

The complete solution of the Bessel equation is, then, 

y = CiJ n (x) +C 2 J-n(x). 
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The formulas already derived, so far as they depend upon 
properties of nl which*are shared by T(«+l), evidently hold, 
but those which are based upon the hypothesis that»is an integer 
evidently fail. It appears, then, that formulas (5) to (10), §112, 
still hold. Formula (9), §114, is not applicable, but formulas (10) 
and (11), §114, may be replaced by 


x n r n 

Jn(x) =- 7 =— -— / sin 2 n 4> cos (x COS 

2 ” V 7rr (n + •§•) Jo 

j n {x) = — ~ y -- -- f> ( i - t 2 r~i dt, 
2 n V7rr(« + -f) J-i 


(3) 

(4) 


since the proofs of § 114 may be repeated for fractional values of 
n with the use of the Gamma functions. 

Special interest attaches to the case in which n — % or an odd 
multiple of 2Jfe 

We have 

But r(* + f)«(*+i)(i-i)...*r(*) 


(2A + 1)(2A- 1) • • • iVir 


Therefore Jdx) 


^2 


(- 


2 k + 1 
l) k X 2k + 1 


by Maclaurin’s series for sin x. 

In a similar manner, J_i(x) = 


(2 A +1)! 
2 


TX 


sm x 


TTX 


cos X. 


By use of (10), § 112, J n (x) may now be found in terms of sin x 
and cos x for any n of the form 2 A + 1 

i —* —• 


117. Bessel functions of the second kind. When n is not an 
integer, the complete solution of the Bessel equation is 

V = Cl J„(x) + C 2 J~ n(x ); (1) 

but when n is an integer, 

J-n(x) = (~ l)V„(x), (2) 

and (1) contains only 1 one arbitrary constant anci is therefore not 
the complete equation. We must therefore seek another particular 
solution. 

We shall apply theorem IV, § 102, and place 

y - J n {x)u 


(3) 
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dti 

iti the Bessel equation. Then if p = — and J n ' (x) 

ax* 


the equation for p is readily found to be 


CXw )+ i)*‘ + ?- # -- 

(4) 

whence 

2 log J„(x) 4- log x 4- log p — c. 


Therefore 

Ci 

P ~xlJ n (x)] 2 ’ 

(5) 

and 

U ~ Cl fx[J n (x)] 2 + C2 ‘ 

(6) 


By using the power series for J„(x) we can write (5) in the form 

V = ^17+1 (co + cix 2 + c 2 x 4 H-), (7) 

where the coefficients do not need to be explicitly determined for 
our present purpose. It is essential to notice, however, that the 
series for p involves a term c 

f (8) 

x 

if n is a positive integer, and that the coefficient c n can be taken 
as unity because of the arbitrary constant Ci in ( 6 ). Hence, from 
(7), we have for u a power series of the form 

u = b 0 x~ 2n + • • • + b n -ix ~ 2 + C 3 + log x + b n+ 1 x 2 -f • •. (9) 
Using this in (3) we get 

y - J„(x) log x -f P(x), (10) 

where P(x) is a power series in x arising from the multiplication 
of the series (9) by the series for J n (x). ■ We have then 

P(x) = aox~ n 4- a 2 x~ n+2 4-b a 2 rX~ n+2r 4-, (11) 

and shall proceed to determine the coefficients by substituting the 
solution ( 10 ) in the Bessel equation. We get 

2 xJ„'(x) 4- x 2 P"(x) 4- xP'(x) 4- (x 2 - n 2 )P(x) = 0, (12) 

which can be written 


X 2 (w + 2 k)A k x n+2k 4- X B 2r x~ n+2r = 0, 

k-- 0 r =» u 

4 (- D* 

k 2 n + 2k k\(n + k)l' 

Bo = 0 , 

B 2r = 4 r(r - n)a 2r 4- a 2r - 2 . (r > 0) 


(13) 

(14) 

(15) 

(16) 


where 
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When r < n, the terms of the second series in (13) involve 

powers of x which do not occur in the first series. Hence for such 

values of r we have _ „ , ^ N /1r7 , 

B 2 r = 0, (r < n) (17) 

which, from (16), gives the recurring formula 


whence 


02 r 


U2r-2 . 

4 r(n — r) 


(r < n) 


a 2r — 


CiQ _ 

2 2r r!(n — l)(n — 2) • • ■ (n — r)’ 


(r < n) 


(18) 

(19) 


where ao is still to be determined. 

On the other hand, when r s n, the terms of the first series in 
(13) combine with the terms of the second series. We place 

r — n + k, (k = 6, 1, 2, • • • °o) (20) 

and have as the coefficient of x n+2k 


which gives 


2 (n + 2 k)Ak + S 2 n+ 2 * — 0, 


2(rt -f 2 k)Ak + 4 k(n + k)a 2 n +2 k + o 2n +2 *-2 — 0. 


( 21 ) 


When k — 0, (21) gives 

2 71 Aq n — 2 =1 0. (22) 


We determine Ao by placing r = n — 1 in (19) and determine 
O 2 n —2 by placing k — 0 in (14). We then find, from (22), that 


so that, from (19), 

d 2 r :== 


(n— 1)! 

°0 = - ~ 2 zr n+l~’ 


1 (n — r — 1)! 

2 2 - re + 2r r! 


(r < %) 


(23) 

(24) 


When & > 0, we may write (21) in the form 

_ g Q2n+_2Jc _ U 2 n+2fc-2 1 , 1 

A k 2 fc(72- "I - k^Ajs k 7i k 
From (14) we have 

2k{7i + k)A k = — \ A k -1 . 

Hence (25) gives us the recurring formula 

n 02n+2k n 02n+21t-2 .1 1 

A t “ A*, i + k + n + k 


(25) 


(26) 
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Our formulas leave 02 „ undetermined, since k cannot be placed 
equal to zero in (26) and r is less than n in (24). Therefore we 
may give 02 « an arbitrary value, which we shall so choose that 


2 ^ = I+ I + 1 + 


+ 


(27) 


By repeated application of (26) we have now 

«2n4-2fe = — jj A* [l + ~ ‘ £ + 1 + ~ + • 


1 

n + k 


. ( 28 ) 


All the coefficients of P(x) in (11) have now been determined by 
formulas (24) and (28). Hence we have from (10) the solution of 
the Bessel equation winch we shall call K n (x); namely. 


K„(z) 


= Jn{x) lOg * 


1 r ”A~ 1 (to — r — 1)! x~ n+2r 

2 r = 0 2~ n+9r r! 


(-DV +2t L I 1 

2 & 0 2 n+2k k\(n + k)\l ' r 2 k 

+ 1 + -2+-" + ^]- <29 > 

In the second summation, when k = 0 the terms 1 + 5 + • • • + r 
are to be omitted. * * 

We have now as a complete solution of the Bessel equation 


y = CiJ n (x) + c 2 K n (x). 


(30) 


By giving different values to the arbitrary constants in the 
last equation various forms of the solution of the second kind may 
be obtained, and some of these forms, denoted by various letters, 
have been used by different authors. 

It is possible to show that K n (x) satisfies the relations (5) to 
(10), § 112, which are satisfied by J n (x). 


1. Prove formula 

2. Prove that 


EXERCISES 


( 6 ), § 112 . 

d 


dx 


[x n J„(ax)] = ax n J n -i(ax). 


gg + l+lgfr + ysrO 

dx 2 x dr 


y = x~ n J p {X). 


3. Show that 
is satisfied by 
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4, “Show that x — -f (1 + n) ^ -f y = 0 
ax* ax 


is satisfied by 


= x *J n (2 Vx) 


5. Show that x — + y = 0 

dx £ ax 


is satisfied by 


6. Show that 


is satisfied by 
7. Show that 


y z=z X 2 J«(2 y/x). 

d 2 y 1 — 2 n dy 

~ 4-y + V = 0 

cfor x ax 

1/ = x n J n (x). 

,V„2 __ « 2 -lV._n 


is satisfied by y = \/~xJ n (ax). 

8. Prove that 

4 J n "(x) = J n - 2 (X) - 2 J n (x) + */ n + 2 (x). 

9. Prove that 

XJ n(x) ~ 2(71 -f‘ 1)1/71 +1 (x) XJ n + s(x). 

10. Prove that 

2 3 J n "'(x) = Jn-a(x) - 8 Jn-l(x) + 3 J n + 1 (x) - J„ + 3 (x). 


11. Prove that =-JV(x) -f Jo"(x). 

x r~ 

12. Prove that J-i(x) =\— cos x. 

2 \ 7TX 




18. Prove that J |(x) 


14. Prove that J_3(x) —\j— 

* 7TX 


2 / sin x 


15. Prove that J* (x) = (~r~- sin » ~ “ cos * 

/^9 / 3 * 3 X 

16. Prove that J*(x) = \/— [ - sin x + — 

^ vtx\x x 2 

17. Prove from (1), § 114, that 


16. Prove that J* (x) = \/— (- sin x + —r~ cos x 

>7rxVx x z / 


Jn(* + ») = 5J J k (x)J n - k (y), 


where n is an integer. 

18. Prove by multiplying the expansions for e 2v *' and e 2 ' <■' that 

[VoC *)] 2 + 2[Ji(x)] 2 -t 2[J S (*)]* + • • • = 1. 

18. Verify formulas (9) and (10), §112, for K n (x). 
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20. Sho& that the equation 


d 2 V 1 dV 1 d 2 V 
dr 2 r dr+r 2 dd 2 + 


0 


is satisfied both by 

V — cos nOJ n (r) and by V = sin n6J n (r), 
where n iB an arbitrary constant. 

21. Show that the equation 


d 2 v ld 2 V d 2 V 1 dV 
dr 2 r 2 d<j> 2 dz 2 r dr 

is satisfied both by 

V = e*** cos n<f>J n (kr) and by V == e* kz sin n<j>J n (kr) t 
where k and n are arbitrary constants. 

22. Show that Lim J n (x) = 0, and then show, by repeated use of 
( 10 ), § 112 , that n_+a ° 

2 _ ■ 

<Jfi— l(«E) [ yiJfiiX ) (tl ~f" 4 4 ^Jn + 4i(x) * ' *J» 


the series extending to infinity. 

23. Show that 

=~\^ J n (x) - (re + 2)J n - r2 (x) + (n + 4)J n + t (x) 
dx x \_2 

24. Show that Lim J_ (n+e )(x) = (— l) n J n (x), 

o 

where n is an integer. 

25. Show that Jo(x) = — f *cos (x cos d>)d<j). 

7T J 0 


26. From Ex. 25 show that 


f e~ az J 0 (bx)dx = 

^0 Va 2 + 6 2 


27. Show that 


d 2 */ , 9 


is satisfied by 
28. Show that 



1 

iv Jq 


r 

Jo 


cos (n<f> — x sin <j>)d<f> 


satisfies the differential equation 


*2 tl 

dx 2 


4 x — 4 (x 2 — n 2 )?/ 
dx 


sin n7r , 

- {X - 

7r 


n). 



CHAPTER XIII 


PARTIAL DIFFERENTIAL EQUATIONS 

118. Introduction. A partial differential equation is an equation 
which involves partial derivatives. In but comparatively few 
cases can the solutions of such an equation be written down ex¬ 
plicitly. It is not the purpose of this text to discuss the theoretical 
questions involved in the study of partial differential equations, 
but merely to notice certain equations which are important in 
applied mathematics and to indicate certain methods for their 
solution. We shall accordingly leave untouched such questions as 
the proof of the existence of solutions, the convergence of series 
involved, and the validity of operations upon such series. 

In general the solution of a partial differential equation involves 
arbitrary functions, just as the solution of an ordinary differential 
equation involves arbitrary constants. In a practical application 
the problem is usually to determine a particular function which 
will satisfy the differential equation and at the same time meet 
the other conditions of the practical problem. 

119. Special forms of partial differential equations. Partial differ¬ 
ential equations sometimes occur which can be readily solved by 
successive integration with respect to each of the variables, or 
which can be otherwise solved by elementary methods. No gen¬ 
eral discussion can very well be given for such equations, but the 
following examples will illustrate them: 

dH 

Example 1. -—— = 0. 

ox oy 

By integration with respect to y we have 
dz 

~-= 0i(x), - 

ox 

where <f >i is an arbitrary function. Integrating with respect to x , we have 

£ =r <£ 2 (x) + 0 3 (2/), 

where both <t> 2 and $ 3 are arbitrary functions. 
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Example 2 
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d 2 z 


dx 2 


= — a*z. 


If x were the only independent variable, the solution of this equation 
would be z — Ci sin ax -f c 2 cos ax. 

This solution will also hold for the partial differential equation if we 
simply impose upon ci and C 2 the condition that they be independent of 
x but not necessarily independent of the other variables. That is, if z is a 
function of x and y , we have for the solution of the differential equation 

z — <pi(y) sin ax + <£2 (y) cos ax, 
where (f>i(y) and <f> 2 (y) are arbitrary functions. 


Example 3. 


d 2 z 


— a 


dy 2 

If we place x 4- ay 
becomes 


•£* = 0. 

8x* 

u and x — ay 

dh 


■ v, the differential equation 


0 , 


du dv 

the solution of which (Example 1) is 

z = <th(u) + d> 2 (r). 

Hence the solution of the given equation is 

z = cf>i(x + ay) + <£2(2 — ay). 
When a 2 — — 1, we have 

2 = <f>\ (x + iy) + d> 2 (x — W ) 
as the solution of the equation 


dh dh 
dx 2 + dy 2: 


0. 


120. The linear partial differential equation of the first order. 
This is the equation 

p fe + «-Sr K ’ (1) 

where P, Q, R are functions of x, y, z. 

dz 

Let this equation be solved for — so that 


dz 

dx 


M + N 


. dz 
dy 


( 2 ) 


By successive differentiation of (2) we may form all derivatives 
of the type d T+ ‘z 


dx r dy‘ 
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in terms of x, y, z and — : , except that we cannot determine the 
d r z dy 

partial derivatives -—- with respeet to y alone. 
dy T 

assume the values x ■■ 


We may therefore 


arbitrarily and compute the values of 


Sr + 




from these. 


\dx T dy* 

By using these results we have a Taylor series, as in § 38, which 
formally satisfies (1). It may be shown that this series will 
always converge in the neighborhood of (xo, yo, zo) and therefore 
defines a solution of (1). The terms in y in this series define a 
function of y which is arbitrary, since the coefficients of y in the 
series expansion are arbitrary. 

The discussion given above sketches the proof of the existence 
of the solution of (I) and makes dear why it is that the solution 
involves an arbitrary function. Actually to obtain the solution, 
the following method, based upon geometric considerations, is 
preferable: 

Let z = f(x,y) (3) 


be a solution of (1). The normal at any point to the surface 

dz dz 

defined by (3) has a direction — : — : — 1 (§ 47), and (1) asserts 

ox dy 

that this direction is orthogonal to P : Q : R. That is, the values 
of P, Q, and R as determined at any point determine a direction 
on the surface (3). Hence if this direction is followed from point 
point of (3), a curve is traced on (3). This curve is, how¬ 
ever, a solution of the equations 


dx _dy _ dz 

T~~q~"r' 


Hence through every point of (3) there goes a curve of the 
family defined by (4). These curves are called characteristics, and 
we have shown that any solution of (1) is a locus of character-, 
istics. Conversely, any surface which is a locus of characteristics 
will be a solution of (1), since its normal at each point is perpen¬ 
dicular to a curve of (4) and hence to P : Q : R. * i 

The problem of solution is then reduced to that of grouping 
the curves (4) into surfaces. This may be done as follows: 

u(x, y, z) = ci, v(x, y, z) — c 2 


Let 


( 6 ) 
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be the solution of (4), where it is essential that the constants of 
integration should appear on the right of the equations. Then, if 
we form the equation ^ u> ^ _ 0> ( 6) 

where <t> is an arbitrary function, we have the desired surfaces. 
For if in (5) we give Ci and C2 such values that 

e s ) = 0, (7) 

the corresponding values of u and v satisfy (6) identically. That 
is, the curves (5) lie on (6). 

We have, accordingly, the following method of procedure: 


To solve equation (1), first solve equations (4) for the character¬ 
istics and place the solution in the form u = ci, v — C 2 . Then 

fi(u, v) = 0, 

where <f> is an arbitrary function t is the solution of (1). 

For example, given 


{ny — mz) — -f {Iz — nx) ~ — mx — ly. 
ox oy 


We form 


dx 


dy 


dz 


ny — mz 
the solution of which is 


iz — nx mx — ly 


x 2 + y 2 + z 2 = ci, 


lx + my + nz — C2- 


( 8 ) 
(9) 

( 10 ) 
(11) 

From the discussion it follows that a solution of (1) may be 
passed through any curve which is not a characteristic. For if C is 
such a curve, equations (4) determine the direction of a charac¬ 
teristic at each point of C and therefore determine the whole 
characteristic through that point. The locus of all characteristics 
through C is a solution of (1). 

The student will do well to notice the relation between the 


Hence the solution of (7) is 

(fix 2 + V 2 + z 2 , lx + my + nz) = 0. 


equations 


p|£ + q |!= b , 

dx dy 

dx _ dy _ dz 

~P ~ Q ~ r’ 

P dx + Q dy + R dz — 0, 


( 12 ) 

(13) 

(14) 


with P, Q, R the same in all the equations. Equations (13) rep¬ 
resent a family of curves, equation (12) represents surfaces made 
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up of these curves, and equation (14) represents surfaces orthog¬ 
onal to such curves provided the equation has a solution. Thus 

dx __ dy ^ dz 
x y z 

represents straight lines through the origin, 

dz dz 

x Tr + y^=^z 
ox dy 

represents cones with vertex at the origin, and 
x dx + y dy + z dz = 0 


represents spheres with center at the origin. 

When the family of curves (13) is given, the surfaces (12) al¬ 
ways exist, but the surfaces (14) are not always possible. 

121. The Fourier series. Before proceeding to the study of the 
differential equations of the next sections it is necessary for the 
student to have a working knowledge of the Fourier series. This 
is a series of the form 


— + ai cos x + a ,2 cos 2 x + a-s cos 3 x + * • • 
+ bi sin x + b 2 sin 2 x + bs sin 3 x + • • •. 


( 1 ) 


We shall not concern ourselves with the theoretical questions 
involved in the careful study of this series, but shall give only a 
few practical rules for finding and using such series. It may be 
proved that it is possible to expand a function into such a series 
which will represent the function in an interval of length 2 w, pro¬ 
vided the function is single-valued, finite, and continuous except 
for finite discontinuities and has not an infinite number of maxima 
or minima. 

Let 

f(x) == + a\ cos x + d 2 cos 2 x + * * • + d k cos &£+■••• 

+ bi sin x -f- i >2 sin 2 x + * - • + b k sin kx -+- • • •. (2) 

Our problem is to determine the constants so that the series will 
represent the function in the interval (— tt, it). 

To determine do multiply (2) by dx and integrate from — tt to 
t, term by term. The result is 


whence 


Oow; 


j_ f(x)dx = 
l r* 

ao = ~ f(x)dx, 

7r«./— tr 


(3) 


0 
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since all the terms on the right-hand side of the equation, except 
the one involving ao, vanish. 

To obtain the other coefficients, we make use of the following 
elementary integrals, which may be obtained by direct inte¬ 
gration : r* 

L’ 


X 

X 


sin mx cos nx dx = 0, 

nr 



n 

cos mx cos nx dec = 0 

when 

m =£ n, 

T 

— 7 r 

when 

m = n, 

sin mx sin nx dx = 0 

when 

m =£ n, 

n 

= 7T 

when 

m — n. 


(4) 


Hence if we multiply (2) by cos kx dx and integrate between 
— 7r and 7 r, all terms on the right give 0 except the term involving 

a k . Therefore 1 r* 

a k — —f f(x) cos kx dx. (5) 

It is to be noted that (5) reduces to (3) when k — Q. Similarly, 
if ;we multiply (2) by sin kx dx and integrate between — ir and t, 

we have 1 r* 

b k ~— f(x) sin kx dx. (6) 

7T J- n 

For proof that the integration of the series is valid the student 
is referred to advanced treatises. 

For example, let us expand e x into a Fourier series in the interval 
(— 7 r, vr). We have 


Oo 


l r 
7T J -w 


e x dx ■■ 


a k 


=±r 


7r J-rr 


e* cos kx dx ■ 


~e x (k sir 
t r 


sin kx + cos kx) 


0 k 2 + 1) 


e — e 

■Hfc 2 + l) 

e* — e~ 


when k is even, 

rr 

when k is odd, 


1 C" 

— f e x sin kx dx ■■ 

T J- rr 


7T(fc 2 + 1) 

[ e*(sin kx — k cos kx)~\” 

W 2 +1) J-. 


k(f - e~") 
ir(k 2 + 1) 


when k is even. 


*(«’■ 


') 


r(k 2 + 1) 


when k is odd. 
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Hence 


e ^r/l 1 1 1 

£ =- ~ — - cos x + - cos 2 x — — cos 3 x + 

7r \2 2 5 10 

. 2 . 0 3 . Q 

H-- sin x — - sm 2 x + — §m 3 x - 

tt \2 5 10 



This series defines e x only in the interval (— 7 r, 7 r). Out¬ 


side of this interval the values 
themselves because of the peri¬ 
odic property of sin kx and 
cos kx. Hence (as shown in 
Fig. 96) the series represents 
a periodic function which coin¬ 
cides with e x only in the interval 
(- ^)* 

It is not necessary that fix) 
should be defined by a single 
equation in the entire inter¬ 
val (— it, 7 r). In case it is not 
so defined the integrals in (5) 
or (6) break up into two or 
more. 

For example, let 


obtained from the series repeat 
Y 



Then 


dx 


fix) = x + 7r when — tv < x < 0, 
fix) = 7r — x when 0 < x < tt. 

\1 r° 1 r n 

do = — I (as + 7r)dx + — 1 (7r — x)dx = 7T, 

7T r. 7 r «yo 

1 r° 1 r 

ctjfc = — I (x + / ?r) COS &X dx H-/ (7T — x) cos Zsx 

7T Jr 7T Jo 

= ~2 (1 — cos kn) ik =£ 0 ) 
irk 

= 0 when k is even, 


= —— when k is odd, 
tk 2 

1 r» 1 r* 

b k = — (x + 7r) sin kx dx d— I {ir — x) sin kx dx = 0. 
irJ- ir TV Jo 


( 8 ) 
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Hence the series for function (8) is 

i w , 4 /cos x . cos 3 a: . cos 5 a; \ 


/(a:)== 2 + ^(~ + —^5^—+ ' 

and the graph of the series y 

is shown in Fig. 97. 

It is also possible that A. A. 

the given function may ✓ X/ xX XX x 
have discontinuities in the 8sr w 0 iw $7r 

interval (— x, x). For Fig 97 

example, let 

fix) = — 1 when — 7r < x < 0, 

(1 

f(x) = 1 when 0 < x < x. 

Then 

1 r 0 If" 

a* = — / (— cos kx)dx H— / cos kx dx = 0, 

7 r J- n x Jo 

b k — —f (— sin kx)dx + — f sin kx dx — —— coskx) 
7T J- „ X Jo irk 

= 0 when k is even, 

4. 


Hence 


■ when k is odd. 

. % 4 /sin x sin 3 x , sin 5 x 

x) = -i\— Jr -r- + — + 


and the graph of the series is shown in Fig. 98. 

In place of the interval (— x, x) we may take any other inter¬ 
val of length 2 7r, namely (a, a+ 2 x), for formulas (4) remain 
valid if the limits of inte- y 

gration are taken as a and I 

a + 2 7r. In that case the___ 






-27T -TV O 

TT 27T 3 TT 4 TT * 




and (6) are to be corre¬ 
spondingly changed. 

Also, the. interval in FlG ' 98 

which the expansion takes place may be taken as (— e, c) when 
c is any number. To show this we take 


( 12 ) 
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We 


Then as y varies from — ir to ir, x varies from — c to c. 

Oq 

= — + Oi cos y + o 2 cos 2 y + • • • 

-b bi sin y + 62 sin 2 y + • • • 


'where 

and 


(to , irx 2 1 rx 

= — + ai cos-b o 2 eos-b • • • 

2 c c 

. irx , .27rx 

+ Oi sm-b 02 sin-b • • •» 

c c 

1 1 /’c JCTTOC 

<** = — / F(y) cos ky dy = - / /(a:) cos-dx 

JT- 7 -' cj_ c c 

bk = —f F(y) sin ky dy = - f f(x ) sin dx. 

Cd-c C 


(13) 


(14) 


122. The Fourier series with sines or cosines only. If /(x) is an 
even function, namely, if /(— x) = /(x), then /(x) cos Ax is also 
even and /(x) sin Ax is odd. Hence 

1 r* 2 C” 

a* = - / /(x) cos Ax dx = — j /(x)cosAxdx, ( 1 ) 

7T^ / -’ r 7TJ 0 




sin Ax dx = 0. 


( 2 ) 


Hence an even function will be expanded into a series of cosine 
terms in the interval — tt < x < ir, and the coefficients may be 
computed by (1). An example occurs in series (9), § 121. 

Also, if /(x) is an odd function, namely if /(— x) = — /(x), then 
/(x) sin Ax is an even function and /(x) cos Ax is an odd function. 
Hence j r* 

Oi = — / Six) cos Ax dx = 0 , (3) 

irJ-« 


If* 2 r *• 

bk = — I fix) sin Ax dx — - / /(x) sin Ax dx. (4) 

7T 7T 

Hence an odd function will be expanded into a series of sines 
in the interval — ir < x < tt, and the coefficients may be com¬ 
puted by (4). 

From this it follows that any function fix) may be expanded in 
the interval from 0 to 7 r into a series of cosines or a series of sines 
at pleasure. For we may, in the first place, define another function 
Fix) which agrees with fix) for positive values of x and has for 
negative values of x the same values which fix) "has for positive 
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values of x. Then F(x) is an even function 
and may be expanded into a series of cosines. 

For example, consider f(x) — e x and let 
F(x) be the function represented between — tt 
and tt by Fig. 99, where the right-hand por¬ 
tion is the curve y — e x and the left-hand 
portion is symmetric to the right-hand portion 
with respect to OF. We may expand F(x) 
into a series of cosines, using ( 1 ), by which 

2 r" 

a k = — / e x cos kx dx 
ir Jo 


2(e" +1 ) , „ 

-- 77 - 5 — 7 - — when k is odd, 

ir(F -f 1) 

2 (e* — 1) , , . 

“?(FTi) seven ' 

Hence in the interval from 0 to tt 


— (| + \ cos 2 x + cos 4 x + 



Fig. 99 


2(e’ r +l)/l , 1 1 

-—-1 - cos x + — cos 3 x + — cos 5 x + 


In the second place, having given f(x) be¬ 
tween 0 and tt, we may define Fix) as equal 
to f(x) between 0 and 7 r and equal for x = — a 
to the negative of the value of fix) for x — a. 
Then F(x) is an odd function and may be ex¬ 
panded into a series of sines for which the 
coefficients are computed by (4). 

For example, let /(x) = e x , and let F(x) be 
the function represented by Fig. 100, where the 
right-hand portion is the curve y — e x and the 
left-hand portion is symmetric to the left-hand 
portion with respect to O. We may expand 
F(x) into a series of sines and, using (4), have 

2 r" 

b k = — / e x sin kx dx 
TT Jo 

* 2&(e*+l) , , . JJ 

= — ;;7-.~ ' vr when k is odd, 

2 k(f - 1 ) , , . 

= —•*—when k is even. 
ir{k 2 + 1 ) 



Fig. 100 
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Hence in the interval ( 0 , 7 r) we have 

, 2(e'+l)/l . , 3 . „ , 5 . , , \ 

e = — i - sm a; + — sin 3 a; + -- sm 5 a: -i J 

2(e w — 1) /2 4 6 \ 

-(- sin 2 x + — sin 4 x + — sin '6 x -|-). (7) 

TT \ O 1/ OI / 


The student should compare series ( 6 ) and (7) with (7), § 121. 
Each series represents e x in the interval (0, 7 r), but differs from 
each of the others in the function represented between — 7 r 
and 0 . 

123. Laplace’s equation in two variables. An important equa¬ 
tion in two variables x and y is the Laplace equation 


d 2 V g 2 F 
dx 2 dy 2 


( 1 ) 


It has already been shown (§ 119) that the general solution of 
this equation is of the form 

V — fi (x + iy) + /a( x — iy), 

where fi and / 2 are arbitrary functions. But this is too general for 
practical use, as the difficulty of determining the functions to 
satisfy given conditions is too great. 

The following method, however, has been found useful. The 
student should notice that this method is not used to find a gen¬ 
eral solution, but simply to find a particular solution which may 
satisfy given conditions. We place 


V — XY, (2) 

where AT is a function of x only and 7 is a function of y only, and 
inquire if it is possible so to determine X and Y that (1) shall be 
satisfied. 

By substitution (1) becomes, after a slight rearrangement, 


1 ffll 

X dx 2 ~ Y dy 2 ' 


(3) 


Now a change in x will not change the right-hand member of 
(3) and therefore will not change the left-hand member. Similarly, 
a change in y will not change the right-hand member of (3) and 
* therefore will not change the left-hand member. Hence each of 
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the two expressions in (3) is a constant which we shall denote by 
— k 2 . Then (3) breaks up into two equations, 


1 d 2 X 1 d 2 Y 


(4) 


the solutions of which are, respectively, 

X — Ci cos kx + C 2 sin kx, 


and hence 


Y = c 3 e kv + c 4 e~ kv ; 


V = (ci cos kx + c 2 sin kx){c 3 e ky + c 4 e~ kv ) 

== e kv (A cos kx -f B sin kx) + e~ ky (M cos kx + N sin kx), (5) 

where A, B, 'M, and N are arbitrary constants. 

Now in (5) k may be given any value, fractional or integral. 

Let Vo = A 0 + Mo 

be the solution (5) when k — 0, 

Vi — (P(Ai cos x -f- B\ sin x) + e~ y (Mi cos x + A r i sin x) 
be the solution (5) when k — 1, 

V 2 — e 2t/ (A 2 cos 2 x + B 2 sin 2 x)’+ e~' 2v {M 2 cos 2 x + N 2 sin 2 x) 
be the solution (5) when k = 2, and so on. Then it is evident that 
V = F 0 + Vi + V 2 + ■ ■ • + V n (6) 

also satisfies (1). This is certainly true when n is finite. We shall 
assume that it is true when we take the limit as n increases in¬ 
definitely and ( 6 ) becomes an infinite series. This assumption of 
course needs proof; but in a practical problem we should, as a 
matter of fact, need only a few terms of ( 6 ), so that the matter is 
, not of great practical importance. We have, then, as a solution 
of ( 1 ), 

V — 2} cos kx + B% sin kx) 

+ e~ ku (Mk cos kx + Nic sin kx)]. (7) 


It remains to determine the constants so as to satisfy given 
conditions. This will be illustrated in the next section. 

If the coordinates x and y are replaced by polar coordinates 
(r, 0 ), equation ( 1 ) becomes 


d 2 V 1 3 2 V 1 8V _ 

dr 2 + r 2 ~dd 2 + r 8r ~ 


( 8 ) 


We may solve this by the method that we used in solving (1) 
Placing y = RQ, 
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where R is a function of r only and 0 is a function of 6, and 
reasoning as before, we are led to the equations 


,d 2 R , dR . 

- + r-- t ^ = 0, 


and 

whence 


d 2 Q 


= — k 2 Q; 


dd 2 

R — Cir k + c%r~ k , 

0 -= C 3 cos kd + C 4 sin kd, 

and, by a repetition of the former argument, we have a solution 
in the form 

fc «= oo 

V = 2 [ r k (Ak cos kd + Bic sin kd) + r~ k (M k cos kd + N k sin A;#)]. 

k = 0 

124. Application to flow of heat. Consider heat flowing in a 
medium. Let T be any region of the medium, let S be the bound¬ 
ary surface of T, where S is the geometric surface and not a physi¬ 
cal one, and let d be the temperature at any point of the medium. 
Then by Newton’s law the amount of heat which flows in the time 
dt across an element dS is 

— k-j- dS dt, (1) 

dn 
d/0 

where is the rate of change of 6 along the outwardly drawn 
dn 

normal to dS, and A; is a constant, the conductivity of the medium. 
dO 

If — is negative, the element (1) is positive and heat flows out; 
dn 

d0 

if — is positive, heat flows in. The total amount of heat flowing 
dn 

across S is, then, the surface integral 


kdtff ~ dS, 
JJ dn 


which, by § 35, is the same as 


(S) 


8d , M a . M \ JC 

cos a + — cos 8 + — cos y )dS, 
dy dz / 


taken over T. 


-//(I 

(S) 

by § 79, is 

, J rrr/d 2 d , s 2 d , d 2 e \, , , 

- kdt JJJ W + s? + s7) dxdydz 


which again, by § 79, is equal to the volume integraF 

fd*B . d 2 d . d 2 d\ 

\dx 2 


( 2 ) 
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How consider an element dz dy dz of T. The amount of heat in 
this element at a given time t is 

cpd da dy dz, 

where c is the specific heat and p is the density of the medium. 
After an interval •<& the amount of heat in the element is 


cp (d + H dtjdz dy dz, 


and therefore the loss of heat in the element is 

— cp^-dt dx dy dz, 
dt 


and the total loss of heat is 


-**sss 


86 

8t 


dx dy dz 


(S) 


taken over T. 

Assuming that no heat is generated or destroyed in T, the 
expression (3) must equal (2), since the loss of heat inside is 
caused by the, flow out across the surface. Hence, equating (2) 
and (3), canceling dt, and transposing, we have 


///< 


Po> 

dx 2 dy 2 dz 2 


dt) 


dx dy dz — 0, 


(4> 


where, for convenience, h 2 is put for the constant 


Li. C P 


Now equation (4) is true for any region T whatever. Hence 
the integrand must vanish at each point, for if it did not we could 
take a region T in which it would be always positive or always 
^negative (assuming continuity of the functions involved), and 
then the integral could not be zero. 

Therefore we have as a fundamental equation for- the flow of 

hcat ' ® 2 « , rrH ,3*9 ge 

+ = (5) 


. If the flow is steady, that is, independent of the time, then 
dd w 

— = 0, and we have the Laplace equation 

ot 
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If, in addition, the flow takes place in planes parallel to XOY, 

* 86' 

0 is independent of z, — = 0, and we have 
oz 

d 2 e 8 2 e „ 

dx 2 t dy 2 ~°’' (7) 


the equation of the last section. 

We shall solve this equation for the special problem in which 
heat flows in a rectangular plate of breadth tt and of infinite 
length, the end being kept at the temperature unity and the long 
edges at the temperature zero. 

If we take the end of the plate as the axes of x and one of the 


long edges as the 

axis of y, 

we have to solve (7) subject to the 

conditions 

0 = 0 

when 

x = 0, 

(8). 


0 = 0 

when 

X = 7T, 

(9) 


0 = 1 

when 

y=* 0 , 

(10) 


0 = 0 

when 

y= 

(11) 

the last condition 

(11) being introduced from the ] 

nature of the 


problem. 

We pick up the solution (7), §123, with V replaced by 0, and 
endeavor to determine the constants: Condition (11) shows at 
once that there can be no terms involving e kv .- Hence A k = 0 and 
B k — 0. Using condition (8), we have 

0 = %M k e~ ky 


for all values of y. Hence M k — 0 for all values of k. Our solution 
then reduces to k „ K 

6 — ^N k e~ ky sin kx, (12) 

l=o 

which satisfies (8), (9), and (11). It remains to satisfy condition 
(10), which gives k „ x 

1 = ^ N k sin kx (13) 

/c = 0 , 

to be valid for 0 < x < 7r. 

But this is a Fourier series for the expansion of 1, so that to, 
obtain the coefficient we need to expand 1 in a sine defies valid 
between 0 and it by the method of §122. This gives • 

1 = — (sin jc + ^ sin 3 x + 7 sin 5 x 4- •••).- - (14) 

7T \ 3 5 , / , 
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By comparison of (13) and (14) it appears that 
4 


Nk — ~j — when k is odd, AT*; 
kTT 


0 when k is even, 


and hence the solution is shown to be 

e 


4 / 

' = - ( e~ y sir 
rr \ 


smx + ^e 3v slnZ x \ e 5v sin5x + - 
3 5 


(15) 


We have shown that (15) is a solution of the differential equa¬ 
tion (7) which satisfies conditions (8) to (11). We have not shown 
that it is the only solution. That question must be postponed. 

125. The Laplace equation in three variables. The Laplace equa¬ 
tion in (x, y, z) coordinates is 


d 2 V 8 2 V . d 2 V 


8x‘ 


+ 


+ 


dy 2 dz 2 


0. 


( 1 ) 


We have already seen that this equation occurs in the flow of 
heat, and it occurs also in many other physical problems. 

If (x, y, z ) are replaced by cylindrical coordinates, (1) becomes 

i 2 V 

0 ; ( 2 ) 


d 2 v 1 dV 1 d 2 V 
+ ~ — + ~2^2 + 


(3) 


dr 2 r dr r 2 dd 2 dz 2 

if (x, y, z) are replaced by polar coordinates, (1) becomes 
- d 2 V , 0 dV , d 2 V , ^ ^ dV , 2 J 2 y 

r -g? +2r j; + W 2+cot ' l, 6* +cx * 

We shall first consider equation (2) and attempt to solve it by 
P lacin S V = R6Z, (4) 

where R is a function of r only, 0 is a function of 6 only, and Z is 
a function of z only. By substitution and elementary reductions 
(2) becomes j d z z 1 d 2 R _ J_ dR _ _1_ d?Q 

*2 jn2 * 


Z dz 2 


R dr 2 rR dr r 2 0 dd 2 * 


By hypothesis Z is a function of z only, and by (5) a change in 
1 d 2 Z 

z does not change —since it does not change the right-hand 
Z dz 

1 d 2 Z 

member of* (5). Hence - reduces to a constant, and we write 

Z dz 


whence 


1 fz 

Z dz 2 

= Cie 


k 2 ; 


kz + c 2 e~ kz . 


( 6 ) 

(7) 
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Now from (5) and (6) we have 

r 2 d 2 R r dR 2 2 1 d 2 0 

R dr 2 + R dr + 0 d6 2 ’ 


( 8 ) 


from which it follows that each member of (8) is a constant, which 
we take as m 2 . We have, accordingly, 


whence 

and 


d 2 e 

de 2 


= - m 2 e; 


0 = C3 cos md ~\ — C4 sin md, 

2 d R . dR * 0 2 t> a 

r —+ r ——(- (rr -- m*)i? = 0. 
dr~ dr 


(9) 

( 10 ) 

( 11 ) 


In (11) we place kr = x, and (11) becomes 

x 2 + x + ( X 2 _ m 2) £ = 0, (12) 

ax 2 ax 

which is a Bessel equation, so that 

Tt :== C&Jm(x) “t“ Cg*/__ rri(p^) ^ ^5 *l'm( k kv') “1“ m(^kv') i ^3) 

if m is fractional, or 

jR = CsJmikr) + CtK(kr) (14) 

if m is integral. 

Any of these values of 0, and Z substituted in (4) gives a 
solution V, and the sum of any number of such solutions is also 
a solution. In particular, let us assume k as a fixed constant and, 
letting m assume positive values, write the series 

m — oo 

V — V cos md -f B n sin md) 

m - 0 

+ e' kz (C m cos md + £> m sin md)]J m (Ar). (15) 


The sum of a finite number of terms of this series is a solution 
of (2), and we shall assume without proof that the limit of this 
sum as m increases is also a solution. 

Consider next equation (3) under the assumption that the 
solution V is known to be symmetric about OZ. Then V is inde- 

dv 

pendent of 6, and hence ■— = 0. We have the equation 

ou 

d 2 V 2dv_ , 1 S 2 V , cot j> dv_ 
dr 2 ' r dr r 2 dtp 2 r 2 dtp 


0. 


( 16 ) 
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Place * V=R<i>, (17) 

where R is a function of r only and <3? a function of </> only. Pro¬ 
ceeding as in the other case, we have eventually the two equations 


, d 2 R dR 
dr 2 +2r dr 


k 2 R = 0, 


d 2 S> d<t> 

^ + cot^ + * 2 $ = 0, 


(18) 

(19) 


d<t> 2 ' ^ ^ d<t> 

where k is any constant. 

Equation (18) may be solved by the method of § 107, with the 


result 




R — C\r * + C 2 r 

It will then be convenient to replace k by m, where 
m — — % + V** -j- | . 


Then (20) becomes 
and (19) becomes 
dH? 
d4> 


R = cjr™ + 


C2 

r m ■+• 1 ’ 


d<f> 

dip 


2 + cot <j> — + m(m -f- l)<f> = 0. 


In this equation place t = cos <j>, and it becomes 
(1 - t 2 ) ^ - 2 < ^ + m(m + 1)4> = 0, 


( 20 ) 


( 21 ). 


( 22 ) 


(23) 


a Legendre equation. If m is taken as a positive integer, (23) is 
solved by the Legendre polynomial 

$ = P m (t) = P w (cos <£). (24) 

By combining the solutions thus obtained we have for (16) a 
solution m=I 


v = X( A 


m = 0 




-f 1 


Pm (COS (/>). 


(25) 


An application of this result will be shown in the next section. 
126. Application to potential. Let a particle of matter of mass m 
be at the point (a, b, c). Then the gravitational potential at 
{x, y, z) due to the mass m is 


m 


V(x — a ) 2 + ( : y — b ) 2 + (z - c ) 2 
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Consider now any solid T of density p. Then p da db dc = dm, 

the mass of an element of volume da do dc. The potential V due 
to the mass is the sum of the potentials of the inuividual particles 
and is the vomrne integral 


-in 


p da d& dc* 


V(x — a)- + (y r ™ b) 


\ Vi 


taken throughout If (x, y, z) is not inside T, the integral is 
continuous in 7 and may be differentiated under the integral 
sign, 

Jt is not difficult in this way to show that 


c V ( rr\ x o V A 

ITT T7 -f- —j = 0, 

dxr dy dz 


( 2 ) 


so that, the potential function satisfies Laplace’s equation. 

Let us apply this to the problem of finding the potential at any 
point due to a circular ring of small cross section and of radius a, 
lying in the plane XOY with center at O. Since the solution is 
obviously symmetric about OZ, we will replace (x, y, z) by polar 
coordinates and use the solution 

m -- 7 5 / rj \ 

V = A, n r m + -£A P m {cos <f>\ (3) 

found in the previous section. The problem is to determine the 
coefficients. This may be don e by n oticing that any point Q on 
OZ is at the same distance Va 2 + r 2 from all points of the ring 
where OQ = r, the dimensions of the ring being negligible. Hence 
the potential at Q is 

M 

— - « 

Vo 2 + r 2 

where M is the total mass of the ring. 

Now (4) may be expanded by the binomial theorem into the 

convergent series 

r < a, (5) 




M 


1 


1 r 2 1 • 3 r 4 
2a 2 + 2*4a 4 


and into the convergent series 

^ 2 r f ’ 2 • 4 r 


M (a 


* * - j when 

-) 


when 


a 


r 


r > a. 


( 6 ) 
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The general solution (3) must reduce to (5) or (6) for a point 
on OZ. For such a point Q, we have 0 = 0, P m (cos 0) = P m (l) = 1, 
and (3) becomes »=»/ d \ 

v=X{ A ^ m + ~^)’ 

m=0\ ' / 


which must be either (5) or (6). Hence if r < a, B m — 0, and A m 
are the coefficients in (5) ; if r > a, A m = 0, and B m are the co¬ 
efficients of (6). Hence we have the solution 

M I” 1 r 2 1 * 3 r 4 1 

V = — I Po(COS 0) - - ^2 ^*2 (cos 0) + ^4 P 4 (COS 0)- 

when r < a, and the solution 

Mfa „ . 1 a 3 n . , 1 • 3 a 5 . s 1 

V = — Fo(cos 0) - P 2 (cos 0 ) + £-4 ^5 p 4( cos 0)- J 

when r > a. t 

127. Harmonic functions. A function V (x, y) which, together 
with its derivatives of the first and second order, is continuous, 
except for definite points called singularities, and which satisfies 
the Laplace equation 02 , 7 02 .. 

i?+v = ° ® 

is a harmonic function in the plane. We have shown in § 73 that 
if C is the boundary of a region in which V has no singularities, 

ft— 

<C) 


Similarly, a function V(x, y, z) which satisfies the Laplace 
equation $2 y 22 y ^2 y 

0, (3) 


dx l 




dz 2 


together with the same conditions as to continuity, is a harmonic 
function in space. We have shown in § 79 that if 5 is the boundary 
of a region in which V has no singularities, then 


t 


ff~ 

JJ dn 

(S) 


05 = 0. 


(4) 


From equations (2) and (4) certain important properties of 
harmonic functions may be deduced which are similar in the plane 
and in space. We shall consider the case for the plane, leaving for 
the student the similar case in space. 
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We shall apply (2) to a circle of radius r and center A. 


dV__dV 
dn dr 


ds = rdd, and (2) becomes 





Here 


(5) 


since r, being constant in the integration, may be divided out. 
Let (5) be multiplied by dr and the result be integrated between 
r = 0 and r = a. Then we have 


Jo Jo dr Jo Jo dr 


r 2 * 

which gives J (V a — Vo )dd = 0, 


( 6 ) 

(7) 


where V a is the value of V when r — a and in general depends upon 
6, and V 0 is the value of Fo at the point A and is independent of 6. 
Hence (7) may be written 



/*2w 

2 tvVo — I V a dd, 

Jo 


or 

Vo = Vat 

(8) 

where 

_ 1 r 2 * 

= — / v a dd 

2 7T Jo 



and is the average value of V on the circumference of radius a. 
Hence we have our first theorem: 

I. The average value of a harmonic function on the circumference 
of a circle in which it has no singularities is equal to its value at the 
center of the circle. 

This theorem is made valid in space by replacing the circle by 
a sphere. The proof is left to the student. 

From this we may deduce the following theorems, which are 
so stated as to be valid in either two or three dimensions : 

//. A harmonic function without singularities in a given region 
cannot have a maximum value or a minimum value in the region. 

To prove this let us suppose for a moment that V has a maxi¬ 
mum value Vo at a point A. Then we may draw a'small circle 
around A such that Vo > V„ for all points on this circle. Then 

_ 1 r 2 " 1 r 2 " — 

V a = ~- / Vadd<~ Vodd, or V a < V 0 , 

2 TJq 2 7T Jo 

Q 
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which contradicts theorem I. Hence V cannot have a maximum 
value in the region, and in a similar maimer it cannot have a 
minimum value .there. 

It follows that the maximum and minimum values of V must 
occur on the boundary of the region. Henee if the value of V is 
constant on the -boundary, its maximum and minimum values 
coincide, and the function is constant. This gives us the following 
i theorem: 

III. A harmonic Junction with no singularities within a region 
and with constant values on the boundary of the region is constant 
throughout. 

Suppose now we have two harmonic functions Vi and V 2 which 
have the same values on the boundary of a closed region. Then 
Vi — V 2 is a harmonic function which is zero on the boundary 
and hence, by theorem III, is zero throughout. Hence we have 
the following theorem: 

IV. Two harmonic functions which have identical values upon a 
dosed contour and have no singularities within the contour are identi¬ 
cal throughout the region bounded by the contour. 

. One practical result of this theorem is that if a solution of 
Laplace’s equation has been found by the empirical methods of 
the previous sections so as to take assigned values on a closed 
boundary, no other solution is possible. 

Let us now in (2), § 79 (written for twd dimensions), place 
G—F—V, where V is a harmonic function. We get 

<*> 

dV 

If —- = 0 along a contour C, and V is a real function of x and y, 

d n Qy fly 

we must have -r— = 0, — = 0: that is, V is a constant. Hence 
dx dy, 

we have the theorem: 

VIf the normal derivative of a harmonic function is zero along a 
closed contour within which the function has no singularities , the 
function is constant . 

From this follows the theorem : 

VL If two harmonic functions have the same normal derivative 
along a closed contour within which they have no singularities , they 
differ at most by an additive constant 



EXERCISES 


313 


Applied to the flow of heat, theorems IV and VI are almost 
immediately evident. One says that the temperature within a 
dosed region is fully determined by the temperature on the 
boundary, and the other says that except for an additive con¬ 
stant the temperature inside a region is determined by the rate 
of flow across the boundary. 


EXERCISES 


Solve the following equations: 


d 2 z • dz 

2 . x -— a —• 

8x 2 dx 

O 8 * z dz n 

S.- a — = 0. 

8x 2 dx 

8 2 z dz 

5.?l + 2|J + , = 0. ' 

dx~ ox 


u & , 

6.^=* + !,. 

1.—=xV. 

* dx 2 


8 ?! + — - 1 
dx dy 

„ dz dz 

9.X- - y — = 0. 

dy ox 

■ dz , „ dz 

10. 2 x — + 2 y — = z. 

dx oy 

* dz ~ dz 

11. (z 4- x) -— (z 4- y) — = y — x. 

Oy ox 

dz dz 

12. x — 4- y — = z. 

dx oy 

dz dz 

13. 1/ — - a? — = 1. 

. ^2/ | 

dz * dz 

14. xz — -f 2/z — = 

0a? % 


* 

15. Show that a-f- 6 — =<L is an equation satisfied by all cylinders 

0a? 0y 

the elements of which are parallel to a fixed direction. 


16. Show that (x — a) — 4- (y — b) — ■ 

dx oy 


— c is the differential equa¬ 


tion of all cones the vertices of which are at a fixed point. 

17. Show that x — + y = 0 is the differential equation of sur- 

dx dy 

faces generated by lines parallel to a fixed plane and intersecting a 
fixed normal to that plane. 

18. Show that x ~— y — = 0 is the differential equation of surfaces 

dy dx 

qf revolution with OZ as axis. 
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dz 

19. Show that in cylindrical coordinates 6 ^ = z is a differential 
equation of surfaces the characteristics of which are helices. 

3z dz 

20 . Show that 2 xy — -f (y 2 — x 2 ) — = 0 is the differential equation 

ox a y 

of certain surfaces the characteristics of which are circles in parallel 
planes. 

Expand the following functions into Fourier series in the interval 

(~ v ): 

21. fix) ~ X . 22. fix) = x 2 . 23. /(x) = X 3 . 

24. /(x) = 0 when — tt < x < 0 , f(x) = 7 r when 0 < x < tt. 

25. /(x) “ — x when — tt < x < 0 , /(x) = 0 w’hen 0 < x < tt. 

26. /(x) = -~ 7 r when — 7 r < x < 0, /(x) = x when 0 < x < 7 r. 

27. /(x) = 0 when — tt < x < 0, /(x) = x 2 when 0 < x < tt. 

Expand the following functions into Fourier series in the interval 
(0, 2 TT) : 

28. f(x) = x. 29. f(x) = x 2 . 80. fix) = x 3 . 

81. /(x) = 1 when 0 < x < 7 r, f(x) = 0 when 7 r < x < 2 7 r. 

32. /(x) = x when 0 < x < 7 r, /(x) = 2 7 r — x when tt < x < 2 i r. 

33. Expand /(x) = 1 into a sine series in the interval (0, w). 

34. Expand /(x) = x into a cosine series in the interval (0, tt). 

35. Expand /(x) = x 2 into a sine series in the interval (0, 7 r). 

36. Expand fix) = sin x into a cosine series in the interval (0, ir). 

37. Expand fix) = cos x into a sine series in the interval (0, tt). 

38. Solve equation (5), § 124, under the assumption that the flow is 
steady and takes place radially outward from the center of a sphere. 

39.. Solve equation (5), §124, under the assumption that the flow of 
heat is steady and takes place radially outward from the axis of a 
cylinder. •* 

fly 

40. Find a particular solution of the equation — = a 2 —-* 

ct dx 2 

41. Find a particular solution of the equation 

S 2 V d 2 V ^ 2 dV 
dx 2 dy 2 dt 

42. Find the temperature for a steady flow of heat in a semicircular 
plate of radius 1 , the circumference being kept at a temperature 1 and 
the diameter at a temperature 0 . 
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43. If a slab of thickness c is originally at a temperature unity 
throughout and both sides are then kept at a temperature zero, find 
the temperature at any point of the slab, the slab being so large that 
only the flow normal to its faces need be considered. 

44. Find the temperature for a steady flow of heat in a circular plate 
of radius 1 if half the circumference is kept, at a temperature 0 and the 
other half at a temperature 1. 


45. Solve the equation 


dO 

dt 


= h 2 ^-b 2 9. 


which is that for the flow of heat in a long rod with radiating surfaces, 
assuming that when t — 0, Q — f(x). 

46. A vibrating string may be shown to satisfy the equation 

2 8 2 y _ d*V 

dx 2 dt 2 

where x and y are the coordinates of a point on the string and t is time. 
Solve the equation if at a time t = 0 the string has a position y =f(x). 
Take the length of the string as l and assume that the ends are fixed. 

47. An oscillating chain hanging vertically may be shown to satisfy 

the equation ^ _ a** dy 

dt 2 S ' ( X) dx 2 9 dx 

where (x, y) are the coordinates of a point on the chain, l is its length, 
and i is time. Find a possible solution. 

48. A cross section of the surface of a wave in a bay satisfies the 

equation ^y = i±( hb ^\, 

dt 2 b dx\ dx) 

where b is the breadth of the bay, h is its depth, x is a horizontal axis 
running out to sea, and y is a vertical axis. Find a solution, assuming 
h = constant and b = lex, 

49. Solve Ex. 48, assuming b = constant and h = kx. 

50. Find the potential due to a homogeneous circular disk of radius 
a and mass M, first finding by ordinary integration the potential due 
to the disk at any point of a line perpendicular to the disk at its center. 

51 . Show that equation (3), §125, has a solution of the fotm 

V = ^ ( A„r * + -~)(a m cos m6 + b m sin md)P n m (cos $), 

n==0 m~Q\ V ^ / 

where P n m is an associated Legendre function. 
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52. Show that the equation 

8 2 v , d 2 v . 

8 x 2 dir 

has a solution in polar coordinates of the form 

n— oo 

V — 2 (a n cos nO 4- b n sin n6)J n (r). 


53. Show that the equation 

be’ fz= 

has a solution in polar coordinates of the form 

' m=oo n = ec 

V = 2 2 r ~* J n+\(r){Am COS raft + B m sin rnd)P n m (cos 0). 

m=0 n-0 . 

54. State and prove for space the theorems of. § 127. 

, 55. Discuss the solution of equation (1), § 123, which is obtained by’ 
placing fc = 0 in (4), § 123. 

56. Discuss the solution of equation (2), §125, under the three 
hypotheses (1) k = 0, m & 0 ; (2) k ■?- 0, m = 0 ; (3) k = 0, m =■ 0. 

57. Show that equation (5), § 124, when heat flow takes place in one 
direction, has solutions of the form ft = -f b, ft = sin to e h * , 

ft = cos to e , or linear combinations of these. 

58. Use the results of Ex. 57 to show that I 


0=14* +20+ ^ 


20 . 2 mth* - 

V — sm —-— e 
wir 5 


gives the temperature in a bar of length 5 cm. under the hypotheses 
that when t = 0, ft =■ 10 £ + 30; when x — 0, ft = 20?; and When 
a; = 5, ft = 90°. This may be brought about by first establishing a 
steady flow of heat so that ft = 10 x 4- 30, and then suddenly giving a 
temperature of 20° to one end of the bar and a temperature of 90° to 
the other end, and maintaining these temperatures. 

59. The ends of a rod of length 40 cm. are kept at temperatures of 0° 
and 80° respectively until the steady state is reached. .The temperature 
of the end which has been 80° is suddenly reduced to 40° and held so 
while the temperature of the other end is unchanged. Show that the 

temperature in the rod is given by 

* »,2 2 

* = fc y(zll fc S in^ e -r^ 

?r A k '40 
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CALCULUS OF VARIATIONS 


12S. The simplest case. Consider the integral 



taken along a curve y = <j>(x) (2) 

connecting two points A and B in the plane (Fig. 101). The value 
of the integral depends in general upon the curve, and we wish 
to determine the effect of varying the curve and, in particular, 
to find the curve which makes the 
value of the integral a maximum or a 
minimum. For that purpose we will 
call the curve (2) the original curve 
C, and the curve 

Y - <f>(x) + r/(x) (3) 

the varied curve C'. Then 

Y — y = Fig. 101 



represented by QP, is the variation of y and will be denoted by by, 
so that (3) becomes Y = y- f- by. (4) 

dxi d Y 

Denote by y' and by Y'. Then, bv (3), 
ax ax 

Y f = y' + y]'(x) = y' + ~ (by). (5) 


We shall call y'ix) the variation of y f and denote it by by'. It 
follows from (5) that * 

= —(5y), . (6) 

or, otherwise written, b (by), (7) 

a formula which shows the allowable interchange of d and b. 

We shall assume that the quantities by and by' are both small; 
that is, that the height and the slope of the curve C/ at any point 
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differ very little from the height and the slope of the curve C at 
the corresponding point. 

Consider now the function fix, y, y') for any point of the curve 
C. For the corresponding point of C' the function becomes 

f(x, y + 8y,'y' + 5 y') -fix, y, y') + j^by + by ’d-, 

the expansion being made by Taylor’s series. We shall call the 
sum of the terms of first order in 8y and by' the first variation of / 
and denote it by 8f, so that we have 

Let I be the value of the integral (1) along the curve C. Its 
value along the varied curve C is found by replacing fix, y, y') by 
fix, y + 8y, y' + by'). We shall call that part of the change in the 
integral which contains only terms of the first order in 8y and by' 
the first variation of the integral and denote it by 81. 

Then, by (8), 81 - J by + — by^jdx. (9) 

Consider the second part of the integral in (9). By (6) we have 

£v Sy ' ix= £%i mdx ’ 

and by integration by parts 



But since the points A and B are not changed, 8y = 0 when 
x = a and x = b, so that 

£§&** = -£±(§)syd*. do) 

Substituting this value in (9), we have 


81 = 


■£ 


of _ d_ / 8 f 

dy dx\‘dy'/ J 


by dx. 


(ID 


This', then, is the change in I as far as the first order of infini¬ 
tesimals 8y and by' is concerned. 

Now if by and by' are sufficiently small, it is obvious that the 
sign of the exact change in I will be determined by the sign of 
bl, since the terms by 2 , by' 2 , by by', etc. are of higher order than 
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8y (there is no difficulty in making such variations that by' is of 
the same order as by). 

Hence if 6/ is positive or negative for a certain variation by, 
its sign would be reversed for a variation —by. In that case I 
would be increased by one variation and decreased by another. 
From this it follows that if I is to have a maximum or a mini¬ 
mum value along thp curve C, it is necessary that 

81 = 0 ( 12 ) 

for all possible small variations by. 

From this it follows that the coefficient of by in (11) should 
be zero at all points of the curve. For if this expression were not 
zero we might so vary the curve C that by should have the same 
sign as its coefficient, and then 81 would be positive, in. contra¬ 
diction to (12). Hence we have established the theorem: 


If I has a maximum or a minimum value along a curve C, that 
curve must he a solution of the differential equation 


df_ 

dy 


±(V) = o. 

dx \dy'/ 


(13) 


In formula (13) the partial derivatives indicate merely formal 
operations under the assumption that x, y, and y' are independent 

variables. The operation —, however, takes into account that 

y and y' are functions of x. Hence (13) may be transformed into 


K. 

dy 


d 2 f 


d 2 f 


dx dy' dy dy 


-,v 


d 2 f 

dy 12 


0 . 


(14) 


This is an equation of the second order to determine y. The 
solution contains two arbitrary constants, and it is necessary, if 
possible, so to determine these that the curve shall pass through 
the given points A and B. 

When this has been done we can assert that if the integral has 
a maximum or a minimum value, it must be obtained along this 
curve. The question as to whether the maximum or the minimum 
value actually exists, and if so which one it is, is still unanswered. 
In mathematical language, we have determined a necessary but 
not a sufficient condition. The determination of the sufficiency of 
the condition is a matter of too great comolexity for this text. 
In practical problems the question can often be decided from the 
nature of the problem . 
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As an example of the method, consider the problem of finding the 
curve between given points A and B- which, by revolution about 
OX, generates the surface of least area. By elementary^ calculus 
the area in question is given by 

J r* b r* b ' 

' y ds —2 it I y Vl + y' 2 dx. 

a Ja 


Here f—y Vl + y’ 2 , ~- = Vl + 


8y 


u'2 


81 , 

8y' 


Therefore equation (13) is ‘ 


+ v dx Wl + 7*) 


dx \VT + 

which reduces to 1 + v' 2 — yy" — 0 

as the form which (14) takes. 

To integrate (15), place y' = p and y" — p 
then - d y 


dp 


whence, finally, 


p dp _ 
1 + P 2 " 
y = Ci cosh 


dy_ 
y ’ 

X — c 2 

-- t —, 

Cl 


vi Tlfi 

(15) 

The equation is 

(16) 


the equation of the catenary. The constants c\ and Ci must now 
be determined so that the curve (16) passes through A and B. 
The question as to whether this is possible and whether, if so, 
there is a maximum or a minimum will not be considered, here. 
It is physically evident.that in many cases tfye solution exists. 

329. Solution by differentials. We 
may write 

t 

/(■•"• y, >/)dx - 4>(x, y, dx, dy) (1)- 
. md consider the integral 

ril<) 

I <p(x, y, dx, dy) (2) 

J(A) 



Fig. 102 


along a curve between fixed points 
A and B. 

In the varied curve the point P may be considered displaced 
to Q. so that x and y take each a variation (Fig. 102). Hence if 
{x, y) are |,he coordinates of P, and ( X , 7) those of Q, 

. X = x + 5x, Y — y-\- fry; (3) 

whence dX — dx + d(8x), dY = dy + d(by), 
and therefore 8 (fix) — d(8x), 8(dy) = d(8y), (4). 
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Then, as in § 128, 


and 


h=z ^ Sx+ ^ 8v+ ^m 8idx) + mT) §m 



(5) 

( 6 ) 


where in (5) the partial derivatives are to be taken on the hypothe¬ 
sis that x, y, dx, dy are independent variables. 

In (5) replace b(dx) and bidy) by their values as given by 
(4), and integrate by parts the corresponding terms of (6). 
There results 



Since by hypothesis dx and by are zero at A and B the quantity 
in the first pair of brackets vanishes. Arguing then as in § 128, 
We can’ easily see that for maximum or minimum values of I we 
must have each of the following relations satisfied: 




= 0 , 


£<£ 

dy 



( 8 ) 

(9) 


As a matter of fact, we have here oni relation and not two, 
for it is possible to show that each of tha equations (8) and (9) is 
equivalent to (13) of § 128. This may ba*f>ne as follows: From (1) 


dx 



8$ 

dy 



J*_ = f+ KJvL dx = f-jV*y, 

d{dx) ^ dy' 8(dx) dy' dx 


d± df_ dj£ _ df 
d(dy) dy' d(dy) dy' 
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Substituting these values in ( 8 ), we have 

¥x dx - d { { -§«') =o - 


_ r 2 *+ §u +-|U' - d /m y , - §l it ,] = o. 

; Idx dy dy' \0y! dy' J 


which is 


dy — d 


8f \ dy 


dy'j dx 


Dividing by dy, we have (13) of § 128. 
Again, substituting in (9), we have 


fy dx - i {W') = 0 - 

and dividing by dx, we have again (13), §128. 

The two equations ( 8 ) and (9), while not giving a new condition, 
give us two new forms, one of which may be more convenient than 
the other or than (13), § 128. 

For example, consider again the integral used in § 128 written 
in the form r 

j y y/dx' 2 + dy 2 . 


0 -d 


'dx 2 + dy 2 — d 


Equation ( 8 ) is now 

0-4 , vdx ) = 0, 
Wd^+dp/ 

and (9) is Vtfec 2 + dy 2 — d( ~ 7 ===== = == ) = 0 . 

Wdx 2 + dyV 

The first of these is the simpler and gives at once 

y dx 

—====== = Cj ; 

y/dx 2 + dy 2 
Ci dy , 


whence 


y/y 2 — ci 2 
y = cj cosh 


X — C2 


as before. - 

An application to the determination of geodesics on a surface is 
of interest. Let the equation of a surface be 


x = f(u, V ), y = J(u, V), z = f(u, v), 
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where (u, v ) are curvilinear coordinates on the surface. The length 
of any space curve is . 

s =J V<ix 2 + dy 2 + dz 2 ; 

and if the curve lies on the surface (10), dx, dy, dz may be replaced 
by their values obtained from (10), so that 


= Jy/~E du 2 -f- 2 jF du.dv + G dv 2 , 


where E, F, G are as in § 53. 

The lines which make the first variation of this integral vanish 
are by definition the geodesics on the surface. They will be the lines 
of shortest length between two points not too far remote. 

130. Variable limits. We will now suppose that the points 
A and B, which were held fixed in § § 128 and 129, are allowed to 
vary along two fixed curves Li and L 2 y 
(Fig. 103). That is, we ask what curve 1 

C, the extremities of which lie anywhere > \ 

on Li and L 2 , will make the integral \ C^A\ 


JV, dx, dy) 


a maximum or a minimum. q \——~ A 

In the first place, it is evident that ‘ v ioq 
that curve must satisfy equations (8) ’ " 

and (9) of § 129, for among all the curves which may be drawn 
between L\ and L 2 are the curves which leave A and B fixed. 
The variation (7) of § 129 therefore becomes 

S, 8<t> s , d(f> s "| <B) 

57 = T7J~\ Sx + WTT 

d(dx) c{dy) J (A) 

and since this must vanish we have the condition 


bx . 

d(dx) ^ d(dy) 


Sy = 0 


( 1 ) 


to be satisfied at each end of the curve C. 

In (1) dx and dy are determined by the direction of C, and dx 
and dy are determined by the direction of L\ or Lo, as the case 
may be. Hence (1) gives a relation between the direction of C 
and that of L\ and L 2 at the points where C intersects Li and L?,. 
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As an example, consider the problem of finding the shortest dis¬ 
tance between any two curves Li and L 2 . We are to minimize the 

integral p _ 

J Vdx 2 + dy 2 . (2) 


Equation (8) of ~§ 129 becomes 

j dx 

— a ... .. =■ = 0 , 

Vdr 2 + dy 2 

the solution of which is y = cpx + C 2 . (3) 

Equation (1) reduces to 

dx 8x + dy by — 0, 


which says that the straight line (3) must cut the curves Li and L 2 
at right angles. 

Hence if the shortest distance exists, that distance will be the 
length of the straight line cutting both curves at right angles. 
Nothing in our work, however, proves that any straight line 
which satisfies these conditions is a 
solution of the problem. A simple ex¬ 
ample will show this. Consider two 
circles * tangent internally (Fig. 104). 

The line ABC is the only line perpen- A 
dicular to both circles, but neither the 
segment AB nor the segment BC is 
the shortest distance between the two 
circles. We may, of course, consider 
the zero segment CC as a piece of the 
straight line ABC. 

131. Constrained variation. Let it be required to make the 
integral r 

I =J 4>(%> V, dx, dy) (1) 

a maximum or a minimum while keeping the integral 




, y, dx, dy) 


( 2 ) 


equal to a'constant a. According to our previous discussion we 
must have 5 1 = 0, (3) 

but are now to admit only variations ox, 8y> 8(dx), and 8{dy) for 
whieh bJ = 0, (4) 
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since J is not to change its value. But if (3) and (4) are satisfied, 
it is necessary (though not sufficient) that 

81 + X8J = 0, (5) 

where X is any constant multiplier; that is, the integral 

I + XJ — Jy, dx, dy) + Xi p(x, y, dx, dy )] 

must have its first variation equal to zero. 

Let us suppose curves 

f(x, y, ci, c 2 , X) = 0 (6) 


found which satisfy condition (5). The equation contains three 
arbitrary constants, two of which may in general be used to pass 
the curve through the two fixed points A and B, and the third may 
be so determined that the integral J takes the prescribed value a. 

We then have a curve which satisfies equation (5) and gives J 
the required value. If the curve is then so varied that J does not 
change, condition (4) is satisfied and hence, by virtue of (5), 
condition (3) is fulfilled. The problem is therefore solved. 

As an example, let us find the curve of given length which will 
inclose the maximum area. 

We have to make A — J' (xdy — y dx) 
a maximum while keeping 

s = f \fdx 2 + dy 2 = a, 


where a is a given constant. Without loss of generality we assume 
that the curve starts and returns to O and is tangent to OX at 
that point! We consider the integral 

J'l [!(x dy — y dx) + XVdx 2 + dy 2 ] 
and, applying to it equation (8), §129, have 


\iy 


ft' 


X dx 


y/dx 2 + dy 2 / 
dy __ VX 2 — (j/ — dj5 
dx y — Ci 

the solution of which is (x — C 2) 2 + (y — ci) 2 


whence 


0 ; 


X 2 
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By the conditions imposed upon the curve, ci = 0 and X = ± c 2 , 
The solution is the circle - 


x 3 + (V - c 2 ) 2 = c 2 2 , 

and c 2 can obviously be so determined that the circle has the 
required length. c 

, 132. Any number of variables. The discussion and results of 
5 §128 to 131 are easily extended to any number of variables. If 
we have the integral 

I-Jf(x 1 , x 2 , • • •, x n , xi\ x 2 ', ■ • •, x n ’)dt, $L) 

. , dxi . dx 2 , dx n a ,, 

at at 


we have, by the meth¬ 


ods of § 128, as the differential equations of the curves for which 
* / = 0, df d/df\ A 


dxi dt\dxi'/ ’ 

?L_d(JL) =0 

dx 2 dt\dx 2 ') ’ 


L-.±(JLY 

e« dt\dx n 'J 


If the integral is written as 


the equations are 


I —j <t>(x 1, x 2 , • • •, x„, dx u dx 2 , 

8<f> J 8<t> \ . 

ms are — d[ —— I = 0, 

dxi \c>(dxi)/ 


d(dx 2 ) 


H J 

dx n \8(dx, 




of which one is in general superfluous. The conditions for vari¬ 
able limits and constrained maxima and minima are sufficiently 
obvious from §§130 and 131. 

. In addition to the problem of constrained maxima sand minima*' 
as discussed in § 131, we may have the problem of rendering the 
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integral (3) a maximum or a minimum under the condition that 
the variables are connected by the condition 

F(x u x a , • • •, *„) = 0. (5) 


The variations 5x» are then bound by the condition obtained 

,rom ®' dr. Sr 


dz l Sx, + s7j x ‘ + 


dF „ 


( 6 ) 


and, in addition, we have, as in § 129, 




( 7 ) 


for all variations consistent with (6). From (6) and (7), using X 
as an undetermined multiplier, we have 



( 8 ) 


Hence if X is so determined that the coefficient of one of the 
variations 5x,- in (8) vanishes, the other coefficients must also 
vanish, since in (6) all but one of the variations are arbitrary. 
Therefore the equations to determine X and the required curve are 



(* = 1, 2, • • •, «) 


( 9 ) 


For example; let it be required to find the shortest lines (geo- 
desk*) on any surface ^ y 2) = „ (x0) 

This is to minimize the integral 

s = J y/dx 2 + dy 2 + dz 2 (11) 

. 1 

subject to the condition (10). Using formulas (9), we have 
-d 


dx 


and 


,_= + = 0 

Vdce 2 + dy 2 + dz 2 dx 

_ d dy , \ = 0 
y/dx 2 + dy 2 + dz 2 dy 

-d f £ +xg-o. 

y/dx 2 + dy 2 + dz 2 dz 


( 12 ) 
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We may draw from equations (12) the result 


or 


d 


dx\ /dy\ , /dz\ dF 8F dF 

4s) :<i \ds) " * \ds) ~dx ' dy " dz* 
d 2 x _ d 2 y > d 2 z dF dF gP 
da 2 ‘ ds 2 ’ ds 2 dx' dy' dz’ 


whence we infer the important theorem that the principal normal 
of a geodesic coincides with the normal to the surface. 

133. Hamilton’s principle; Lagrange’s equations. Consider a par¬ 
ticle of mass vti moving along a curve under the influence of a 
force whose components are y,-, Zi. Then the path is deter¬ 
mined by the equations 


Vti 


d 2 Xi 

IF 


= Xi 


rrii 


y 

dt 2 ” * 


m; 


d 2 Zj 

~dF 


Zi. 


( 1 ) 


Let the curve be varied without changing its extremities and 
let dx it Syi, Sz, be the variations of x if Vi, Zi respectively. By virtue 
of (1), 



’<) 


y. mi + mi 


d 2 Zi 


dt 2 


Zi fdzi = 0 . 


( 2 ) 


This is true for each of the particles of a system, and, summing 
over the whole number of particles, we have 


d 2 X{, 


d 2 yi 


£m,-( dt2 '8xi+ dt2 


d 2 Zi , 


the last change being made by (7), § 128. 


. dyid dzi d 

+ dt di^ Vi) + dt dt (8z 


i)]> 


( 4 ) 


dt 2 dZiJ^iXibXi + Yt8 yi + Z.dzi). (3) 

The work done by this displacement is 

5W = X ( x < Sx < + 5 Vi + z i 
The kinetic energy of the system is 

"NWW*® 

and the variation of T is 


( 5 ) 
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Now we have 
d 

'~dt ' dt 


dt 


dxi dyi dzi 1 

o^Ci + — oyi + — dz { = 


d 2 Xi d 2 Vi dhi 

dt 2 dXi + dt 2 SVi 4 - 8Zi 


dt 2 


] 


, dx i d 'S N , d d i d /X x , dZi d 

+ ^A^ i)+ ^A <%,)+ AA <&,) ' 


( 6 ) 


so that, by virtue of (4), (5), and ( 6 ), equation (3) may be written 

d\ 

dt dXi+ dt ' dt 




dt 


8T + SIP. 


(7) 


By multiplying (7) by dt and integrating between the times 
t = < 0 and t — ti, at which the body is at the beginning and end of 
its path, we have 


C ! ' 

i (8T + 8W)dt 

Jto 


dx 


dVi 


dzi 


« sx ‘+a^ + - d i^ 


■ h 

= o, 

- *0 


( 8 ) 


where the right-hand member is zero, since by hypothesis 8xi, 8yu 
8zi are zero at the beginning and end of the path. 

We shall now assume that there exists a potential energy V 
such that w = — V 

Then equation ( 8 ) may be written 

8 f\r-V)dt^0; (9) 

Jt„ 

that is, the body so moves that the lime integral of the difference 
between its kinetic and potential energies has a first variation zero. 
This is Hamilton’s principle. 

The position of the body .may be determined by n parameters 
</i, q 2 , • • •, q n , sometimes called generalized coordinates. Then 

x i} yi, Zi depend only on q„ and r~-> > —■ depend on qi and < 7 ,, 


dq t 


dt dt dt 


where qi — — 1 > so that T in (9) is a function of qi and qi, and V 

dt 

is a function of q,. 

We can now apply formulas (2), §132, to (9). We have the 
n equations 


g(T - V) d 
dqi dt 


d(T 


^ 1 = 0 . 

dqi J 


(* = 1, 2, • • •, n) (10) 


These are Lagrange's equations for the motion of the system. 
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For example, consider the motion of a pendulum of any form 
swinging in a plane about a point of suspension O. The position 
of the pendulum is fully determined by the angle 9 which the line 
from 0 to the center of gravity of the pendulum makes with the 
vertical. We have then only one parameter q namely 9. 

We have, by mechanics, 

V = Mgh( 1 — cos 9), 


where I is the moment of inertia of the pendulum about O, h the 
distance from O to the center of gravity of the pendulum, and M 
the mass of the pendulum. Then (10) becomes 


or 


Mgh sin 9 — — (18) = 0, 

d 2 8 dt 
I -70 — — Mgh sin 9 . 
at 


EXERCISES 


1. Find the equation of a straight line in Cartesian coordinates by 

minimizing the integral j V d ' 2 + d ~" 2 

2. Find the equation of a straight line in polar coordinates by mini¬ 
mizing the integral 


fVdr 2 + r 2 d0 2 . 


3. Find the equation of the shortest line on the surface of a sphere 
and prove that it is a great circle. 

4. Show that the shortest lines on a right circular cylinder are helices. 

5. Find the equation of the shortest line on a cone of revolution. 

6. Find the equation of the shortest line on the helicoid x — r cos 0, 
y = r sin 9, z = kd. 

7. Find the differential equation of a geodesic on any surface of 
revolution x = oos 9, y = r sin (9, z =/(r). 

8. Giv en that the velocity of a body sliding from rest along a curve 
is y/2 gh, where h is the vertical distance of the fall, find the equation 
of the brachistochrone; that is, the curve in which the body falls in 
least time from a pbint O to a point B. 

9. Determine the c urve for w hich Jvds is a minimum, assuming 
that the velocity v = V2 Q(V 4- a). 

10. Find the curve of given length between two fixed points which 
generates the minimum surface of revolution. 
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11. Find a curve of given length between two fixed points such that 
*Che area bounded by it, the axis of x , and two ordinates is a maximum. 

12. Find a curve of given length between two fixed points such that 
the’area bounded by it and two lines to the origin is a maximum. 

13. Assuming that a string with fixed ends will so hang that its center 
of gravity has the lowest possible position, find the curve in which a 
string of given length will hang. 

14. Prove by Hamilton's principle that the string in Ex. 13 will hang 
as stated. 

15. Show by Hamilton's principle that the equations in polar coordi¬ 
nates for the motion of a particle in a plane are 



where f r and /<? are the components of force acting on the particle along 
the radius vector and normal to it. 

16. Find from Hamilton's principle the polar equations for the motion 
of a particle in space. 

17. Show that if the integral 


f j Fix, y, z, p, q)dx dy, 
is made a maximum or a 
spanned in a given closed curve, that surface must satisfy the equation 


where p = — > q =■ ^ * is made a maximum or a minimum bv a surface 
dx dy 


dF~ _</ dl? d dF 

dz dx dp dy dq 


18. Use Ex. 17 to show that a minimum surface, that is, a surface of 
least area in a given contour, satisfies the partial differential equation 


where 


r( 1 -f rf) — 2 pqs -f ui + p 2 ) = V, 
_ d 2 z __ d 2 z ^ __ d 2 z 
dx 2 dx dy’ dy 2 


19. Show that the only surface of revolution which satisfies the equa¬ 
tion in Ex. 3 8 is that formed by revolving a catenary (except for the 
trivial case of a plane formed by revolving a straight lire-about an axis 
perpendicular to it) 

20. A bar of length 2 L is supported horizontally by two strings of 
length l attached to its ends. Find the period of the motion of the bar, 
assuming small vibrations. 
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FUNCTIONS OF A COMPLEX VARIABLE 

134. Complex numbers. A complex number is a quantity of the 
f orrn x + yi, ( 1 ) 

where x and y are real numbers and i is a unit defined by the 
equation ; = V^l. ( 2 ) 

The number x is the real part of the complex number and the 
number yi is the imaginary part. When y — 0 the complex num¬ 
ber becomes a real number, so that the real numbers form a 
subclass of the complex numbers; when x = 0 the complex num¬ 
ber becomes a pure imaginary number. 

The complex numbers being thus defined, it is necessary to lay 
down rules for their manipulation. These are essentially two: 

/. A complex number (1) is zero when, and only when, x — 0 
and y = 0 . 

II. The complex nu mbers obey the ordinary laws of algebra, with 
the addition that i — V — 1 . 

From these follow at once the formulas for addition, subtrac¬ 
tion, and multiplication; namely, 

(xi + iyi) ± (x 2 + iy 2 ) - (si ± x 2 ) + i(yi ± yz), (3) 

(*1 + iyi) (s 2 + iyi) = X 1 X 2 - V\Vi + i{xiy 2 + x 2 y x ). (4) 

The quotient of two numbers such as 

xi + iyi 

x 2 + iyz 

may be most conveniently found by multiplying dividend and 
divisor by x 2 — iy%, thus, 

SI + iyi _ (Xi 4 - iyi ) (,X2 — iyi) _ xix 2 + ViV2 | . x 2 yi — Xiy 2 
s 2 + iyz (s 2 H- iyi) (x 2 — iyi) x 2 2 + yz s 2 2 +1/2 2 

From (3), (4), and (5) we have the following theorem: 

III. The sum, difference, product, and quotient of two complex 
numbers are themselves complex numbers. 

832 
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If two complex numbers are equal, that is, if 
xi + iyi = x 2 + iy 2 , 

then, from (3), (xj — x 2 ) + i(yi — y 2 ) — 0; 
whence, from postulate I, 

xi = X 2 , yi = y2* 

That is, 

IV. Two complex numbers are equal when , and only when , the 
real part of one is equal to the real part of the other and the pure 
imaginary part of one is equal to the pure imaginary part of the 
other. 


Two quantities which differ only in the sign of their pure 
imaginary parts are called conjugate imaginary. Thus a + bi and 
a — bi are conjugate imaginary. 

135. Graphical representation and trigonometric form. Complex 
numbers are essentially algebraic quantities, but they may be given 
a convenient geometric representation. y 
Construct axes of coordinates OX and 
OY (Fig. 105) and take any point P. 

Then to any point P corresponds a defi¬ 
nite pair of values (r, y), and conversely. 

Therefore to P may be made to corre¬ 
spond the complex number z, where 

z = x + iy. , (1) Fig. 105 



/ 

P(z) 


r/ 

y 


/y 

* 

0 

X 


In this connection OX is called the axis of reals, since real 
numbers are represented by points upon it, and 07 is called the 
axis of imaginaries. 

If we introduce polar coordinates 

x = r cos 9, y = r sin 9 , 
we then have, from (1), 


z = r(cos 9 + i sin 9 ), 


( 2 ) 


which is the trigonometric form in which a complex number can 
always be put. 

The number r, which is always taken positive, is called the 
modulus, or the absolute value , of z and is equal to the length of 

the line OP. Then , -- 

|*| = r=± Vx 2 + y 2 . (3) 
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The angle -0 is called the angle, or argument, of z. 

x . „ V 


Then 


cos 0 = 


sin 0 = 


Vx 2 + y 2 Vx 2 + y 2 

If a is a real positive number* we may write 
* a = a(eos 0 + % sin 0) ? 

— a = a(cos 7r + i sin 7r), 


(4) 


ai = a 

— ai = a 


/ 7T . . 7T 

cos — + sm 


cos + i sin 


r> 


2 

3jr 

2 ' 2 

thus expressing any real or pure imaginary number in the gen¬ 
eral form (2) and exhibiting the modulus and the angle of each. 

Any multiple of 2 tt may be added to the angle 0 without alter¬ 
ing z, since 

r[cos (0 + 2 kir) + i sin ( 6 + 2 &7r)] = r(cos 6 + i sin 0), (5) 
where k is any integer. 

Take two complex quantities zi and z 2 , represented by the 
points Pi and Pi (Fig. 106) respectively. It is easy to see from 
(3), § 134, that their sum, z x + z 2 , is y 
represented by the point P 3 , found 
by constructing a parallelogram on 
the sides OP i and OP 2 . From the 
figure it follows that 

\Z 1 + Z 2 |3 \zi\ + \z 2 \, (6) 

the equality sign holding only when 
OPi and OP 2 are in the same 
straight line. 

Since z\ — z 2 = zj + (— z 2 ) and 


0 


^ 2' Z 2 



^(«l+2 8 ) 


*2 


Fig. 106 

z 2 1, we have also, 


Irom (6), \zi — z 2 \ = \zi\+\z 2 \. (7) 

Graphically the points z 2 and — z 2 are symmetrically placed with 
respect 4o the origin, and we have for subtraction Fig. 107. 

To represent multiplication and division graphically we use the 
trigonometric form. Then 

Z 1 Z 2 = rir 2 [cos 0i cos 62 — sin 0j sin 62 

+ t(sin 0i cos 02 + cos 0i sin 0 2 )] 

= rjr 2 [cos (0i + 0 2 ) + i sin (0i + 0s)]. 


(8) 



COMPLEX NUMBERS 


335 


Hence in the multiplication of two complex numbers the moduli 
are multiplied and the angles are added. Graphically, if Pi 
(Fig. 108) is the point z\, the point ziz 2 may be found by rotating 
OPi in the positive direction through an angle 0 2 and stretch¬ 
ing or contracting OPi until it is of length nr 2 . In particular, 
multiplication by i may be considered as rotating OPi through 



Pig. 107 Fig. 10S 


an angle of 90°, multiplication by — 1 as rotation through an 
angle of 180°, and multiplication by -- i as rotation through 270°. 
For division we have 


2i _ T\ (cos 61 + j sin 61 ) _ n , cos ^ i 
z 2 r 2 (cos 62 + i sin 62 ) r 2 L 


# 2 ) + i sin (0i - 02)1 (9) 


Hence in dividing one complex quantity by another the angle 
of the divisor is subtracted from the angle of the dividend, and 
the modulus of the dividend is divided by the modulus of the 
divisor. Graphically the line OPi is rotated in a negative direc¬ 
tion through an angle O 2 , and the length of OPi is divided by r 2 . 

From (8) and (9) we have 

\ziz 2 \ = !zi|-|z 2 |, 7 = fry d°) 

z 2 I z 2 1 


186. Powers and roots. The yalue of z", where n is a ^positive 
integer, may be found by successive multiplication of # z by itself. 
If we write z n as x + iy, we can find ( x + iy) n by applying the 
binomial theorem; thus, 

(x + iy) 2 ~ x 2 — y 2 + 2 xyi, 

( x + iy ) 3 = x 3 — 3 xy 2 + i(S x 2 y — y 3 ). 
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An important form of the power is obtained by using .the 
trigonometric form of z. From the previous section, 

z n =* [r(cos 6 + i sin (9)] n = r"(cos nd + i sin nd). (1) 

In particular, if r = 1 we have De Moivre’s theorem (§ 26) 

(cob 6 + i sin 6) n = cos nd + i sin nd. ( 2 ) 

The root z n , where n is a positive integer, is a number which 
raised to the nth power gives z. From the general form of 2 as 
given in (5), §135, it is evide'nt from (1) that 

11/ 6 + 2kTr , . . d + 2kir\ 

2 — r ( cos-f- * sm-}» (3) 

\ n n / 

1 

and we shall get n distinct values of z n by giving to k the values 

1 

0, 1, 2, •••,(» — 1) successively. In this work r" is to be taken 
as the numerical positive root of the real positive number r. 

By combining (1) and (3) we have 

5 It pd + 2kpir . . pd + 2kpir\ ... 

z q — r q ycos — -f- % sm — -—— J > (4) 

where k = 0, 1, 2, •••,(<? — 1). 

™ m 1 cos 0 + * sin 0 

Finally, z~ m = — = —- .— - — 

z r m ( cos md -f 1 sm md) 

— r _m [cos (— md) + i sin (— md)]. (5) 

Hence formula (1) is true for any rational value of n. 

We may now prove the relation which was used in obtaining 
fonnula (5), § 70. By algebra, 

x 2p — 1 = (x - r{){x - r 2 ) • • • (* - r 2p ), (6) 

* 

where n, r 2 , • • •, r 2p are the roots of the equation x 2p = 1. These 
roots are, by (3), 


2kir . . 2kir 
cos —- (-1 sm —— • 

2p 2 p 


(* = 0, l,...,2p—1) 


When k = 0, (7) gives the root rj = 1; when k — p, (71 gives the 
root r p = — 1. The other roots pair off into conjugate imaginary 
pairs. For when k = n, where n = 1, 2, • • •, p — 1, 


and when k — 2p 


mr . . . W7r 
r n = cos-h t sm —> 

p p 

-n, 

mr . . mr 

T 2 p- n — cos- 1 sm- 

V V 
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Therefore (x - r n ) (x - r 2 p _ „) = x 2 - 2 x cos — + 1. Hence we 
may write (6) in the form P 

X 2P ~1 / . „ • 7T \/ 2 

os - + 1 J ^x 2 — : 

P~ 1 


x 2 — 2 a; cos 


2 X 

2 x cos — + 1 
P 


x 2 — 2 x cos 


P 


ir +1 


( 8 ) 


Now let x —► 1. The left-hand side of (8) approaches p, and 
the limit of the right side is its value when x = 1. Therefore, 


p — 2 2p ~ 2 sin 2 


7 r 


■i x 


2 p Sm 2 p 


sin' 


Similarly, let x —»— 1. Then 


p — 2 2p 2 cos 2 


7T 


2 2 7T 
5 2p 


■ cos' 


(p — 1 )ir 
2 P 

(:P — 1)tt 


2 p " 2 p ” 2 p 

Multiply the last two results, using the formula for the double 
angle, and take the square root. We then have 

(p — l)x 


whence 


- . x . 2 x 
p = 2 p ~ l sm — sm — 
P P 

. x . 2 x 
sm — sm — 

P P 


sm 


- (P — l)x 
sm - 


P 


P 


P 


2 p 


-i 


137. The square root. Let us consider in detail the dependence 

of w ~ Vi on the value of z. 
From (3), §136, there are two 
values of w ; namely, 



Fig. 109 


O 

tCs 


O w i 


-V 


and 


Wo ■ 


r L -e , . . e 

Wi — Vr (Cos - + tsan- 

( H2x .. 0 + 2 x 
Vr ( cos —--h i sm —■ 


— «?x. 


We may plot z on the (x, p) plane and w on the (u, v ) plane, 
where w = u + iv (Fig. 109). 
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Let z describe a curve in its plane. Then Wi and w 2 each de¬ 
scribes a curve, and the two curves do not intersect unless z — 0. 

If z describes a closed curve which does not go around O, 6 
returns to its original value, and w\ and w 2 return each to its 
original value. 

If z goes around O, 0 changes from dr, (its original value) to 
0o + 2 7r, wi becomes w 2 , and w 2 becomes w% (Fig. 110). To make 




this numerically clear we give a table of values of w i corresponding 
to successive values of z: 


2 = 4, 

z = 4 ^cos -■ + i sin —j 


= 4 *, 


z = 4(cos x + i sin x) = — 4, 


/ 3 x . 3 x\ 

z = 41 cos— + i sm — 1 


— 4 i, 


z = 4(cos 2 x + i sin 2 x) — 4, 


w\ — 2 . 

.,/ TT 
Wi = 2 ( cos — 


_ i .. . . 7T 

21 cos — 1 sm — 


2 , . 2 

V2 + *V2' 


W\ = 2 ^cos ^ + i sin —^ = 2 i. 
ici = 2 


3 X , . . 3 X 
cos ——b i sm —- 
4 4 

2 . 2 

V2 + *V2‘ 


w i = 2 (cos x -f i sin x) 


2 . 


It is evident that by a passage of 2 around the origin, Vz changes 
its sign . Similarly, by a passage of z around z = a, the radical 
Vz — a or Va — z changes its sig n. Of course, an even number 
of circuits around z = a leaves Vz — a unchanged, and an odd 
number changes its sign. 

Consider Vl — z 3 = Vl — z Vi + z- 
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A single ci rcuit a round either of the points + 1 or — 1 changes 
the sign of Vl — z 2 ; a circuit about both of them leaves the sign 
unchanged. 

Now let z describe a path as follows: Let it start from O 
(Fig. Ill), go along the axis of reals to 1 — r, describe then 
tlie small semicircle around 
1 to 1. + r, and then pro¬ 
ceed indefinitely along the axis _i_ 
of reals. What i s the effect 0 
on the sign of Vl — z 2 if at 
the outset Vl — z 2 — -f-1 ? To answer this question we place 
l — s = l — x — iy — r(cos <f> — i sin <j>), 
where <p and r are as shown in Fig. 111. Then 



Fig. Ill 


1 + z = 2 — r(cos cp — i sin <f>), 


and 


Vl — z 2 = r* ^cos ~ — i sin V2 — r(cos 4> — i sin </>). (1) 


When z is between 0 and 1 — r, <jf> = 0, and we have, from (1), 

Vl — 2 2 = r* V2 — r, 

which must be taken as +, since by hypothesis Vl — z 2 = 1 when 
z=0. 


When z is real and > 1 + r, <j> — t, and we have, from (1), 

VT — z 2 — — ir * V2 + r. (2) 

If we simply put z — 1 + r in Vl — z 2 , we get V— 2 r — r 2 , 
and t he anal ysis just given shows that this must be taken as 
— i V2 r + r 2 and not as i V2 r + r 2 . 

138. Exponential and trigonotnfetric functions. By definition we 
have „ 2 2 2 3 

e? = 1+ i + 2! + 3! + -"’ (1) 


z^ 

sin 2 = 2 - - + - - • 
2 2 2 4 

COS2= 1 -- + i] - 


( 2 ) 

(3) 


When z is real these become the elementary functions. To prove 
the convergence of the series place z — r (cos 0 + i sin 0). Then 
(1) becomes 
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Each term of the two series in parentheses is at most equal to a 
corresponding term of the known convergent series 

r 2 r z 

1 + r + 2! + 3! + '--’ 

and hence by the comparison test (§18) the series Converges:’ 
In the same manner, (2) and (3) may be shown to converge. 

From (1) we have „ 

e° = 1, • e‘ l • e 2 ’ = (4) 

which are the fundamental properties of the exponential function. 
From (1), (2), and (3) we get also 

e u — cos z + i sin z, 
e~ u — cos 2 — i sin z, 
which is true for all complex values of z. From (4) and (5) it 
follows that e c+iu — e* cos y -j~ ie z sin y, (6) 

from which we have the theorem: 

The exponential Junction of a complex quantity is itself a complex 
quantity. 

From (5) we have 


(5) 


sm 2 ■ 


COS 2 = 


e* 2 + e~ 


2 i ' 2 

With the aid of (4) we readily obtain from (7) 

sin (21 + 2 2 ) = sin zj cos z 2 + cos Zi sin z 2 , 
cos (21 + z 2 ) = cos zi cos 2 2 — sin 2 j sin z 2 . 

In (8) let us place 2 i = x, z 2 = fy-. We get 

sin (x + iy ) = sin x cos iy + cos x sin iy 

$ -f e~ v . . e v - e~ y 

sini + }--— cos x 


(7) 


( 8 ) 

(9) 


2 " ~ ’ 2 

= cosh y sin x + i sinh y cos x. 

e v g-v g! _ g-V 

Similarly, cos (x + iy) — —^— cos x — i —-— sin x 


( 10 ) 


2 2 
= cosh y cos x — i sinh sin as; (11) 

whence we have the theorem: 

The sine and cosine of a complex quantity are themselves complex 
quantities. 
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It is known from elementary trigonometry that sin (x + 2 krr) 
— sin x, cos (x + 2 krr) = cos x, where a: is a real number and k 
is an integer. Hence, from (6), 

gZ + 2 = ( 12 ) 

and, from (10) and (11), 

sin (2 + 2 kir) — sin z, cos (2 + 2 kir) — cos z. (13) 
From this we have the theorem: t 


The exponential function is a periodic function with the imaginary 
period 2 iri. The sine and cosine are periodic functions with the 
real period 2 t. 


139. The hyperbolic functions. The hyperbolic sine and the 
hyperbolic cosine have been defined in § 27 and treated for a real 
variable. The same definitions hold for a complex variable; 
namely. 


sinh 


e 2 ' 


cosn z — 


e z + e~ 


2 


( 1 ) 


From these definitions we have 


Similarly, 


sinh iz — 


— 1 sin z, 


. <?« + «r« 

cosh iz =---~ cos z. 


sinh 2 : 


_ gi(iz) 


% sin iz 9 


g-t(tz) i*gi(iz) 

cosh 2 =-—-= cos iz. 


( 2 ) 

(3) 

(4) 

(5) 


From this it appears that hyperbolic functions are essentially 
trigonometric functions and that relations between trigonometric . 
functions give rise to relations between hyperbolic functions, with 
certain differences arising from the presence of the factor i in 
(2) and (3). 

For example, since sin 2 iz + cos 2 iz -- 1, 
we have, from (2) and (3), 

cosh 2 2 — sinh 2 2 = 1, 
which may be verified from (1). 


(6) 
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We have also 

sinh (zi -f z 2 ) = — i sin {iz 1 + ^ 2 ) 

— — i sin hi cos iz 2 — i cos izi sin 222 

= sinh 21 cosh 22 + cosh 21 sinh 22 , (7) 

cosh (zi + 22 ) — cos (izi + iz?) 

— cos iz-i cos iz?. — sin iz\ sin iz 2 

= cosh 21 cosh Z 2 + sinh Z\ sinh z%. (8) 

As special cases of (7) and (8) we have, by use of (2) and (3), 
sinh (x + iy) = sinh x cosh iy + cosh x sinh iy 

= sinh x cos y + i cosh x sin y, (9) 

cosh (x + iy) — cosh x cosh iy + sinh x sinh iy 

— cosh x cos y 4- i sinh x sin y, (10) 

by means of which the hyperbolic sine and the hyperbolic cosine 
are separated into their real and imaginary parts. 

From (7) and (8) we have 

sinh (2 + 2 kiri) = sinh z,- 
cosh (2 + 2 krri) — cosh 2 . 

Hence 

The hyperbolic sine and the hyperbolic cosine are periodic, func¬ 
tions with the imaginary period 2 iri. 

140. The logarithmic function. If z = e w , then, by definition, 

W =10g 2. 

The properties of the logarithmic function, namely, 

log (ZjZ 2 ) = log zi + log z 2 , log — = log zi - log 22 , 

2 2 

log z n = n log z, log 1 = 0, 

are deduped from the definition, as in the case of real variables. 

The logarithm of a complex number is itself a complex number. 
For let us jfiace 

z = x + iy — r(cos 6 + * sin 6) — re 1 *; 

then 

1 y 

log z — log r + log e l * = log r + id = ~ log (x 2 + y 2 ) + i tan -1 -• 

di % 
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Here log r is the real logarithm of the positive number r, as 
found in the usual tables. 

We may now find the logarithm of a real negative number. 
For, if — a is stfch a number, we may write — a = a(cos w+i sin w) 
— ae in ; whence 

6 log (— a) = log a -f- iw. 

In particular, log (— 1) = iw. 

It is to be noticed that in the domain of the complex numbers 
a logarithm is not a unique quantity. For 

gW __ gW + 2 kin __ ^ 

where k is zero or an integer. Therefore 
log Z = W + 2 &t7T. 

From this it follows that the logarithm of any number has an 
infinite number of values differing by multiples of 2 wi. 

Let us consider the effect upon w = log z by varying z continu¬ 
ously. When z = zi, let us pick any one of the possible values of 

w > sa, y wi — log r x -j- id i. 

When z describes a path from zi back to z\ without going 
around the origin, n and 6 i return to their original values, and 
hence wi returns to its original value. But if z describes a path 
which goes around O once in a positive direction, n returns to its 
original value, but the angle becomes 6 i + 2 t, and hence W\ 
becomes wy + 2 wi. If z goes m times around the origin in a 
positive direction and n times in a negative direction, wi becomes 
wi + 2 (in — n) wi. . ■ 

141. The inverse hyperbolic and'trigonometric functions. If 

z = sinh w, 

then, by definition, w = sinh -1 z; 

if z = cosh w, 

then w — cosh -1 z ; 

and if z — tanh w, 

then w — tanh -1 z. 

These functions are closely connected with the logarithms. For 

let g w _ g-w 

z = sinh w = 


c 


2 
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From this equation we have 

e 2w - 2 ze w - 1 = 0, 
which is a quadratic equation in e w . 


Hence 

e w = z ± Vz 2 + 1, 



t w — sinh -1 z = log (z ± Vz 2 + l). 

^(1) 

Similarly, 

cosh -1 z = log (z ± Vz 2 — l), 

(2) 

and 

tanh- s = jlo gl + a . 

(3) 


These formulas are true for any complex quantity z. If z — x, 
a real number, (1) gives only one real value of w arising from the 
use of the plus sign in (1). If z — x, a real number, in (2), we have 
two real values of w provided x > 1. If z — x, a real number, in 
(3), we have one real value of w when — 1 < x < 1. 

The functions sin -1 z, cos -1 z, and tan -1 z may also be expressed 
in terms of logarithms. This may be done in the same manner as 
that just employed for the hyperbolic functions, or we may work 
as follows: 

Let z = sin w — - sinh iw. 

i 

Then w — sin -1 z = ~ sinh -1 iz 

z 

— V log (iz ±Vl — z 2 ). (4) 

l 

Let z — cos w — cosh iw. 

Then w = cos -1 z = -: cosh -1 z 

i 

= t log (z ±Vz 2 —l). (5) 


Let 

Then 


z — tan w — ~ tanh iw. 

i 


w = tan -1 z = - tanh -1 iz 

i 



1 + iz , 

1 — is 


( 6 ) 


142. Functions of a complex variable in general. We have seen 
that functions of a complex variable obtained by operating on 
x + iy with the fundamental operations of algebra, or involving 
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the elementary transcendental functions, are themselves camp] ex 
numbers of the form u + iv, where u and v are real functions of x 
and y. Let us now assume the expression w = u + iv, and inquire 
what conditions it must satisfy in order that it may be a function 
of z = x + iy- 

In the first place, it is to be noticed that in the broadest sense 
of the word function (§1) w is always a.function of z, since when 
z is given, x and y are determined and therefore u and v are 
determined. But this definition is too broad for our present pur¬ 
pose, and we shall restrict it by demanding that the function shall 
have a definite derivative for a definite value of z. 

In case /(z) is given explicitly in z involving the elementary 
functions of the previous sections, this condition is surely met, 
because all the operations used in the calculus of a real variable 
to obtain the elementary derivatives are valid for the complex 
variable, and the derivative is uniquely determined. We have, for 

example, _ 

d m d . d , 1 


z" = nz n 


7 ~ , — sm z — cos z, , , 

dz dz dz z 

and so on. 

We shall proceed to show, however, that the uniqueness of the 
derivative means that u and v satisfy certain conditions. This 
we do as follows: In order to ob~ y 
tain an increment of z, we may assign ' yj<?(z+Az) 

at pleasure increments Ax and Ay / a y 

to x and y, respectively, and obtain / 

Az = Ax -f i Ay. The direction in which Ax 

the point Q (Fig. 112), which cor¬ 
responds to z + Az in the graphical —- x 

representation, lies from P, which cor- Fig. 112 

■" i 

responds to z, depends on the ratio —» which may have any value 

Ax 

whatever. Corresponding to a given increment Az, w takes an 
increment Aw, where, by (1), § 33, 


T~ log z = -f 
dz z 




+ 6i )A^ + ( — h € 2 }Ay 


+ i m+«) Az +K?v +t 'M- 

provided u and v have continuous partial derivatives of the first 
order. 
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Dividing by Az = Ax + i Ay and taking the limit as Ax ■ 
and Ay —*■ 0, we have 

du , . civ . (du . 8v\ dy 
+ * 77-h ( "7-1~ i 77" ) ~J~ 


r . AW 

Lim ——: 
a*-o Az 


dx 


dx ' \dy dy) dx 


1 + i 


. dy 


( 1 ) 


dx 


Unless special conditions are imposed upon u and v, the expres- 

sion on the right-hand side of equation (1) involves —> and the 

Aw dx 

value of Lim —■ depends upon the direction in which the point 
Az --* o Az 

Q approaches the point P . Now the value of the right-hand side 

of (1) when = 0 is 
dx 


du . dv 
dx 1 dx 


and its value when ~ ■ 
dx 


OO IS 

1 (du 


+ i 


. dv > 


i \dy dy) 
Equating these two values, we have 


du .dv 
dx 1 dx 


1 (du . dv\ 
i \dy + 1 


dy) 


dv 

dy 


. du 

% dy‘ 


( 2 ) 


Aw 


This, then, is the necessarv condition that Lim — should be 

dy dy 

the same for the two values — = 0 and — = oo. It is also the 

■dx dx 

sufficient condition that Lim —■ should be the same for all values 

dy ^ -° Az dy 

of for if (1) is simplified by aid of (2), — disappears from it. 
dx dx 

Now (2) is equivalent to the two conditions 

du _ dv 
dx dy’ 
du _ dv 
dy dx 


( 3 ) 


Hence equations (3) are the necessary and sufficient conditions 
that the function u + iv should have a derivative with respect 
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to x + iy which depends upon the value of x + iy only. From 
(1) this derivative may be written 



/$. function u + iv which satisfies conditions (3) is called an 
analytic function of x + iy. 

143. Conjugate functions. Two real functions u and v, which 
satisfy conditions (3), § 142, are called conjugate functions. By 
differentiating the first equation of (3), §142, with respect to x, 
the second with respect to y, and adding the results, we have 

8 2 u d 2 u _ 


Also, by differentiating the first equation of (3), §142, with 
respect to y, the second with respect to x, and taking the differ¬ 
ence of the results, we have 


8 2 v 

fa 2 


d 2 v 

+ 8 ? 


= o. 


That is, each of a pair of conjugate functions is a solution of 
the Laplace differential equation in two variables. 

Conversely, any real solution of the Laplace equation may be 
made the real part of an analytic function /(«). 

For let u be such a solution, 
equations 

dv _ du 
dx 8y’ 

In fact, dv = -~dx + ~dy 

8y 8x 

satisfies the condition for an exact differential, since 

8 / 8 ('8u\ 

8y\ 8y) 8x\8x)’ 

and v may be found by the method of § 36 or of § 75. 

Then the function u + iv~ f(z) 

satisfies the conditions for an analytic function. 

Let us now con .tract the two families of curves u — C\ and 
v = C 2 . If (xi, y\) is a point of intersection of two of these curves. 


We may determine v from the 

dv 8u 
8y dx 


( 1 ) 
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one from each family, the slopes of the tangent lines at (*i, y{) 
are, respectively, p, u 


and 


dy_ Qx 
dx ~ du 
~8y 
dv 

dy _ _ dx 
dx dv 
dy 


But from (3), §142, these two slopes are negative reciprocals. 
Hence the two curves intersect at right angles; that is, every curve 
of one family intersects every curve of the other family at right 
angles. We express this by saying that the families of curves corre¬ 
sponding to two conjugate functions form an orthogonal system. 

Examples of conjugate functions and of orthogonal systems of 
curves may be found by taking the real and imaginary parts of 
any function of a complex variable. We have, for instance, 

log ( x + iy) = log vx 2 + y 2 + i tan -1 - • 

Hence log V* 2 -j- y 2 and tan~‘ - are conjugate functions, and the 

X 

curves x 2 + y 2 — ci and y — c 2 x form an orthogonal system. In 
fact, one family of curves consists of circles with their centers at the 
origin, and the other consists of straight lines through the origin. 


Z - plane VJ - plane 

Y V 




144. Conformal representation. An equation 

w = f{z), (1) 

where z = x + iy, w = u-\- iv, and }{z) is an analytic function, 
establishes a relation between the plane in which z is represented 
as in §135 and the plane in which w is similarly represented. 
If P(x, y) (Fig. 113) is a point on the z-plane and P'(u, v) the 
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corresponding point on the,w-plane, the relation between P and 
P' is given by the equations 

u = u(x, y), 

v — v(x, y). 


Let Q(x + dx, y + dy) be a point near P. Then Q'(u + du, v -f dv) 
is the corresponding point near P', where 


and 

Let 

and 


du d-u ■ 

au = — dx + — dy, 
dx cy 


dv = 


dv 

dx 


dx -f 



PQ ~ ds — Vcfe 2 + dy 2 
P'Q' = da = Vdu 2 + dv 2 . 


( 3 ) 


Then, from (8) and the relations (3), § 142, it is easy to calcu¬ 
late that , , ,. s 

da = M ds, (.4) 


where 


M |7w7 W\ 2 /dvv ... 


Since the coefficient M depends only on the coordinates of P and 
not on those of Q, formula (4) shows that all infinitesimal lengths 
emanating from P are magnified in the same ratio. The scale 
of magnification changes, however, as the point P changes. 

Let R(x + dx, y + Sy) be another point near P, and let 
R'(u + Su, v + Sv ) be the corresponding point near P\ It is 
easy to show/by virtue of the relations (3), §142, that 

M 2 {dx Sx + dy 5y)*~ du 8u + dv dv , (6) 

c 

Consequently, if 6 is the angle between PQ and PR, and 6' is 
the angle between P'Q' and P'R', we have, by (4), § 45, 


cos 6 = cos 6'. 


Hence if two curves on the z-plane intersect at an angle 6, the 
corresponding curves on the w-plane intersect at the same angle. 
5 n other words, angles are preserved. For this reason the relation 
between the two planes is said to be conformal. 

The discussion given above fails for points for which M — 0 or qo. 
For such points we do not expect to find preservation of angle. 
By (4), §142, M is the absolute value of /'(z). Hence the con¬ 
formal property fails at the points for which /'(z) = 0 or oo. 
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Example 1. 

w = z 2 . 


Here 

u =s x 2 — y 2 , 
v = 2 xy, 

(7) 

and 

da = 2 Vx 2 4* y 2 ds . 

(8) 


The magnification is consequently symmetric about the origin n.nd 
becomes greater as the point {x, y) is taken farther from the origin. 
The representation will be conformal at all finite points except where 
i* dw 

— = 22 = 0. In fact, if we write 
dz 

z = r(cos 9-fi sin 0), 

we have w = r 2 (cos 2 0 4- i sin 2 0); 

whence it appears that the angle of w is twice the angle of 2 , so that if 2 
describes an arc subtending an angle 0 at the origin, w describes an arc 
which subtends an angle 2 0 at its origin. Hence the first quadrant of 
the 2 -plane is imaged on the upper half of the «>-plane. In fact, from 
(7) it appears that if y = 0 and x varies from 0 to 4- 00, then v = 0 and 
u varies from 0 to 4- 00; if x = 0 and y varies from 0 to 4- 00, then v = 0 
and u varies from 0 to — 00 . Hence the positive part of the x-axis cor¬ 
responds to the positive part of the w-axis, and the positive part of the 
#-axis corresponds to the negative part of the u- axis. 

The straight lines x = C\ f y = c% (9) 

on the 2 -plane correspond to the two orthogonal families of parabolas 
v 2 = — 4 ci 2 (u — C 1 2 ), v 2 = 4 C 2 2 (u + c 2 2 ) (10) 

op the w-plane. 

On the other hand, the straight lines 

u = Ci, v = C 2 ' (11) 

on the w-plane correspond to the two orthogonal families of hyperbolas 

_ , x 2 -y 2 = c u xy-%c 2 (12) 

on the 2 -plane. 

Example 2. w = e ie . 

Here u = e~ y cos x, t 

and v ~ e~ v sin x. 

Since e i% = e iz + 2ni = e i{t + 2n \ 

all values of w are obtained by considering a strip of width 2 tt measured 
parallel to CX on the 2 -plane, the sides of the strip being parallel 
to OY . In other words, the entire w-plane is imaged on such a strip. 
The conformal property fails only when z = oo . For other points 

da = e~ y ds, (14) 

so that the magnification depends on the distance of z from the x-axis. 
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The straight lines y = c t 

parallel to the axis of reals on the 2 -plane correspond to circles 

u 2 -b v 2 = e~ 2Cl (15) 

with center at the origin. If c x = 0 the radius of the circle (15) is 
unity, if Ci > 0 the radius is less than unity, and if c x < 0 the radius is 
greater than unity. Hence we infer that the upper h§lf of the 2 -plane 
corresponds to the portion of the ^-plane. inside a circle with radius 
unity, and the lower half of the 2 -plane corresponds to the portion 
of the w-plane outside the same circle. # When y~oo the circle (15) 
becomes simply the origin on the w- plane, and when y -= — oo the 
circle (15) has an infinite radius. 

The straight lines x ~ c 2 

parallel to the axis of imaginaries on the 2-plane correspond to the 
straight lines , =«tan c, (16) 

on the w-plane which are orthogonal to the circles (15). To increase 
02 by 2 x does not change the line (16), in agreement with the fact, 
already noted, that the w-plane corresponds to a strip of width 2 ?r on 
the 2 -plane. 

The relation between the 2 -plane and the w-plane is essentially that 
which exists between two maps of the earth’s surface, one a stereo¬ 
graphic projection and the other a Mercator projection. In the former, 
which may be taken as the w-plane, the north pole is the origin, the 
circles of latitude are concentric circles around the pole, and the merid¬ 
ian lines are straight lines through the pole. In Mercator's projection 
circles of latitude and longitude are straight lines, the north pole is at 
infinity, and the magnification, or distortion, becomes greater the closer 
one comes to the pole. The student is advised to compare two such 
maps, to be found in any atlas. 


145. Integral of a complex function, 
region R (Fig. 114) and consider the 
integral rz . 


/ f(z)dz 


( 1 ) 




taken along a curve C drawn from zi 
to 2 2 . This is essentially a line integral. 
Ih fact, if we place 

f(z) = u(x, y) + iv(z, y), dz = dx + i dy, 


(1) becomes 


Let f(z) be analytic in a 
Y 





J, 


(*i, yp 


(u dx — v dy) + i 




(X 3 , V*) 


(**. vd 


(v dx + u dy), 


( 2 ) 
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and the conditions that the integrals in (2) should be independent 
of the curve C are exactly the conditions that f(z) should he an 
analytic function. We have, therefore, the following theorem: 

In any region R in which f{z) is a single-valued analytic function 
of z the integral ff(z)dz is independent of the path of integration be¬ 
tween Zi and 22, and the integral J*f(z)dz around a closed path is zero . 

A corollary is that the path of this integral, whether closed 
or between fixed limits, may be deformed without changing 
the value of the integral, provided that in the deformation 
no point is encountered at which f(z) ceases to he analytic. 

146 . Cauchy’s theorem. Let f(z) be single-valued and analytic 

in a region including a point 2 = a and - 

bounded by a curve C (Fig. 115 ). Draw \ 

a small circle around a as a center. \ 

Then in the area bounded by C and j 

f(z) . / ( ql) • / 

this circle the function -L_jL ' m analytic / X-/ / 


and single-valued. Hence 


CJSL^fM.^ (1) 

J z — a Jq>z — a 


Fig. 115 


where the second integral is taken around the small circle. 
k T ow since f(z) is continuous at 2 = a, 


f(z) = f(a ) + e. 


Hence 


fA>L dz= , m fj^ + f. 

Jo z — a J* z — a Jo ; 


On the circumference of the circle we have 

z—a ~ r(cos d + i sin 6 ) = re* 9 , 
dz = ire ie d 6 y 
d" 

—— - i dO. 

Therefore Z a 


J r f(z) r 2n r 2n 

—-— dz = /(a) j id 0 + ie dd == 2 irif(a) + p, 

0 2 — a j 0 »./o 

/>2 it 

where 77 — t / € at?. Now we may take the radius of the circle so 

Jo 

small that | e | is less than any assigned value for all points on the 
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circle. Hence j 77 1 is less than any assigned value, and the value 

J f* 

- -- dz differs from 2 irif (a) by a quantity which can be 

© {z — O) 

made as small as we please. Therefore, from (1), 


/(a) = 2 ~if 

(C) 


m 


dz. 


This is Cauchy’s theorem . 
Another form of this result is 


' 2 ) 


(3 > 

(C) 

where z is held constant in the integration and t traverses the 

curve C. 

It may be shown that the integral (3) may be differentiated 
under the integral sign and that each result thus obtained may be 
differentiated in the same way. We shall assume this. Then 


m - 


i r m 

2 TTlJ ( t — Z ) 2 

■ (C) 


dt. 


r\z) 


r m 

2 iriJ ( t-z ) 3 
: (C) 


dt, 


f"(z) 


3! r m 
2 iriJ (t — z) 4 

(C) 


(4) 


/ (n) (z) = 


n! f fit) 

2 mV (t-z) n+1 
( c ) 


dt. 


Prom these it follows that if a func¬ 
tion is analytic, all its derivatives exist. 
This is not necessarily true for a function 
of a real variable. 

147. Taylor’s series. Let f(z) be ana¬ 
lytic within a circle C (Fig. 110) of center 
z = a and radius R. By (3), § 146, if z is 
any point within C, we have 



(C) 



( 1 ) 


Fig. 116 
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where the integral is taken around the circle C. We have clearly 

_1_1_J_ 1 

t — z t — a — (z — () t — a i z — a 


t — a 


1 4- 


z — a (z — a) 2 
t--a (t — a ) 2 


t — a 
+ 


(z-o) 


/ z — a \ n+t 

n , V - «/ 


(*-«)" 


l- 


z — o 
t — a 


Substituting in (1), we have 

„ x i c /(o ^ «- o r /«) , 

m= r^Jr=^ d ‘+YiriJw^af' u+ '" 

(C) 

(z - a) n C f(t) dt , D 

2 m J (t- a) n+1+ n 

1 


(c) 


(C) 


where 


2 irij t — z\t — a/ 

(C) 


( 2 ) 

(3) 


By (3) and (4), §146, formula (2) is _ 

fiz) =/(o) + (z - a)/'(a) + + 




(4) 


We now wish to show that 


Lim R n — 0. (5) 

n-» oo 

Let \z — a|=r and \t — a\=R. 

Then |*-z|i=K-r. 

Also, let M be the largest value which |/(0| takes on the cir¬ 
cumference of C. Then 

}(t) /z — q\ n+1 
t — z\t — a) 


< 


M / r_\ n+1 
R — r l#/ 


( 6 ) 


Since r < R, we may, by taking n sufficiently great, make the 
expression (6) less than any assigned positive quantity e. Hence, 
from ( 3 ) , r 

|fi»l<r- |*|. 

/ 7r^ 


( C) 

By using polar coordinates with center at a, t — a — Re *® and 
dt — Rie ,s dd. Hence Re r z * 

\Rn\<§- dd = Re, 

from which (5) follows. " ‘ ° 
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Hence (2) gives us the infinite Taylor series 

m = /(<*) + (2 - a)/'(a) + • • • + {±= ~- f n \o) + • • •, (7) 


which converges for all points within the circle C. The size of C 
is limited only by the condition that /(z) shall be analytic within 
it. Hence the circle C may be extended until it meets the nearest 
singular point of /(z). In this way the circle of convergence of (7) 
is determined. When a function may be expanded around z = a 
in the series (7), it is said to be regular at the point a. 

148. Poles and residues. An analytic function /(z) is said to 
have a pole of order m at the point a if 


m = 


«/>(z) 

(z - a)” 


( 1 ) 


where 4>( z ) is a function which is regular and ^ 0 at o. By ex¬ 
panding 4>(z) into a Taylor series in the neighborhood of a we get 
from (1) a series of the form 


or, since the series which closes (2) defines an analytic function 
^ (Z) ’ , b m „i , , 

f ( z ) = r.: ~i + 7Z ‘ +1 i + ^( 2 )- ( 3 ) 


(z — a) m (z — a)” 


z — a 


Consider now the integral 


fmdz 


(C) 


taken along a closed path within which /(z) is analytic except for 
the pole o. Then, by § 145, 

J'\p(z)dz — 0, 


(C) 

and, except in the case m = 1, 
b 


C ^ 1,1 A f _ bm _"j 

J (z — a) m Z ~ [d — ra)(z — o) TO_1 j z ~ ' 

<C) - 

since z returns to its original value by a complete circuit of C. 
We have, therefore, J'f(z)dz — § ~~~ a & z ' 
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To evaluate the last integral we may deform C into a circle 
(§115) with center at a and radius r (Fig. 117) and write 

z — a — re*, 

J'f(z)dz —J ~ ~ ~ ^ Z ~J hi d$ = 2 iribi. 

(C) (O 0 

The quantity &i, which is the only coefficient in the expansion 
(2) which affects the value of the integral of f(z) around C, is 
called the residue of the pole. 

Consider now a curve C (Fig. 118) surrounding any number of 
poles oi, 02 , 03 , • • •, o„ of f(z) and let Ri, R 2 , R 3 , ■ • •, R n be the 



residues of the poles. The path of integration of f(z)dz around C 
may be deformed into circles around 01 , o 2 , • • •, o„, and, applying 
the result just obtained, we have 

Jf(z)dz = 2 iri(Ri + R2 + --- + R n ). 

(C) 

That is, the integral of an analytic function around a closed 
path in which the function has no singularities except poles is equal 
to 2 rci times the sum of the residues of the poles. 

The student should not think that a pole is the only singularity 
which a function may have. It is the only kind which we wish to 
consider. For a more complete study of singularities the student 
is referred tb treatises on the theory of functions of a complex 
variable. 

149. Application to real integrals. The theorem on residues (§ 148) 
may be used to evaluate certain integrals of real variables. We 
will show this by examples. 
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/ e imz 

- dz, (m > 0) 

1 -}- z J 


taken along the closed path (Fig. 119) formed by the axis of reals from 
— RtoR and a semicircle from R back to — R. Within this path the 
function integrated has a pole z = i. To find its residue we w r rite 



Hence by the theorem of the last section the value of the integral 
'long the path mentioned is ire~ m . 

Along the axis of reals z = x, and along the semicircle 

z = R (cos 4> + i sin 0 ); 


whence e imz ~e Rmt * n *[cos (Rm cos 0) 4- i sin ( Rm cos 0)]. 

Consequently for the given integral along the closed path we have 
C R eim *dx 

J-Rl + X 2 

r* e ~K™sin<f>[cos(Rm cos </>)-hi sin(Rm cos (6)1 • j , • Jf 

4- / -- o ' f ■ o T;- ^ R (— sm0 + 1 cos0)d0. 

Jo 1 4- R 2 ^cos 2 0 -r i sin 2 0) ^ r 


Now let R~*~ oo. It is not difficult to see that the last integral ap¬ 
proaches zero°as a limit, and therefore 



e imx v 


l+'x 2 


dx = Tve~ m . 


~ ^ /cos mx , . sm mx\ , 

But this is / ( --r 4- 2 --- d# = 7 re~ m , 

J-oe\l -j- x 2 14- a; 2 / 


, 4- ar 2 14-^7 
and equating real and^lmaginary parts, we have 


cos m: 
•» 1 4 -^ : 

X 00 si 
00 1 

X 14 - a; 2 


sm mx 

03 cos mx 


dx = 7re~ m , 


dx ~ 0; 
dx = ~ 


whence, finally, 


( 1 ) 
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Example 2 . Consider the integral 

re it dz 


s- 



along the path (Fig. 120) consisting of the axis of reals from r to -f R, 
a semicircle from R to — R, the axis of v 

reals from — R to — r, and a semicircle 
from — r to -f r. 

Along the axis of reals z -- x, and along 
the two semicircles 

z = R (cos 0 -f i sin 6) = Re ld , 
and 2 ; = r(cos 0 4 - i sin 6) = re* 9 , 
respectively. 

Since the function has no pole in the region bounded by the path, 
the integral is zero, and we have 

f R — dz+ f T e~ R sin *[cos (R cos 0) 4- i sin (R cos 0)]i dd 
J r x 

4 - f r e -~ dx 4 * f°e~ rBin0 [cos(rcosO) 4 ism (r cos 0)]i d0 ~ 0 . 

J~r x 

Now let R —>■ 00 , r —> 0. It is easy to see that the second integral 
approaches 0 and that the fourth integral approaches — 7ri. Hence 


/»«e u , r or . 

I — dx 4 - / — dx ~ 7T? =T 0, 

Jo X X 


( 2 ) 


In the second integral let x - — X. Then 

d\: 




so that ( 2 ) is 
that is 


JC 


00 e — e ~ 


0 x 
00 siii x 


X 

. dx = 7 ri; 


-x 


00 


dx. 


/ 


dx : 


7T 

2 * 


( 3 ) 


Example 3. Consider the integral 

-»00 x ^~~ ^ 


Jo 1 4 * ar ’ 


-f x 

which we have used in the Gamma functions. This converges if p is 
positive and less than unity. To evaluate it we take the integral 
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along a closed path (Fig. 121) consisting of (1) the axis of reals from 
r to R , (2) a circle from R back to R t (3) the axis of reals from R to r, 
and (4) a circle from r to r. 

Inside this boundary the function has one pole, z = — 1 , and the 
residue is i)p-i __ e (p-i)ni cos ^ g ^ n ^ 

so that the value of the integral is 

— 2 7 r sin (p — l) 7 r -f 2 7 n‘jcos (p — l)?r. 

Consider each of the four paths in succession. 

Along path (1) z~x — x(cos Q + i sin 0 ). Therefore the integral is 


rR x 

Jr T 


P-1 


dx . 


-f x 

Along path (2) z = Re id . The inte¬ 
gral is ~ 2 ir R v ~ l e i ( p '~ 1 W 

r 2 * ti—11 - iRe « do, 

Jo l + Re* 

and the limit of this is Eero as R —► oo, 
since p < 1. 

Along path (3) 0 = x ; but we must 
now write 

z = x(cos 2 7r + i sin 2 7r) = £e 2,r \ 

since the angle pf z has been increased by 2 ?r by the passage around 
the circle R. Hence the integral is 

fr x p ~ 1 e 2v * i __ r x v ~ 1 [cos 2 p'K -j- i sin 2 pir] ^ 

Jr 1 + X X Jr 1 + x Xh 



Fig. 121 


Along path (4), z = re ie . 


The integral is 


I ——i —— tie* dd f 
^ 2 * 1 -f- re* 


and the limit of this is zero as r —> 0 , since p > 0 . 

Putting together the four results and at the same time passing to the 
limit, we have 

f *0 £jP —'1 cos 2 ' n ' rr /*o o*P ( 


J nOQ ~p — l 

~——dx+ f 
0 1 + x Jo 0 


or 


1 t X Jqq 1 *T" X 

= — 2 7T sin (J) — 1) 7T + 2 7T7 cos (p — 1) 7 r. 
Equating real parts and making simple reductions, weliave 

n oO X P ^ 

(1 — cos 2 pic) I —— d* = 2 7r sin par, 

«/o 1 ' “ 

l^oo x p ~ : 

Jo T 

c 


■ + 3 


• dx 


’oo 

+ Z 

2 7 T sin px 
2 sin 2 px sin px 


X 


(4) 
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150. Application to Bessel functions. We have seen in (4), §116, 
that yn r* i 

Jn(x) = - - F — / -— / e ixt (l - t 2 ) n ~* dt (1) 

2"V^r(n + iV-i 
is a solution of the Bessel equation 


x, 0 + *§-+ < * S -» S) !'“ 0 - 


( 2 ) 


This leads us to inquire whether other integrals of the form 
y = x n Ce ixt { 1 - t 2 ) n ~* dt (3) 


may be solutions of the same equation if a and /8 are properly 
determined. We will accordingly substitute (3) in (2). We obtain 

(2n + l)x n+1 f\te ixt (l-t 2 ) n -*dt 

+ x n+2 £*e ixt (l - t 2 ) n+ * dt = 0. (4) 

The first integral in (4) may be integrated by parts, using 
u — ie ixt and dv = <(1 — t 2 ) n ~i dt. Then (4) reduces to 

-I* 


1 <= 

- ix n+1 ( 1 — t 2 ) n ~*e ixl 

J(= 


0 . 


(5) 


Equation (5) may be satisfied by placing a = — 1, = 1 . In 

that case we have the integral which j? 
occurs in the function J„(x). Equation 
(5) may also be satisfied by placing a = 1, 

/3 = 1 and we have a solution of 

( 2 ) in the form * 

X I ■*§* too 

e izt {l-t 2 ) n ~*dt. (6) 

To study this we note that the line 
integral of r 

j e ixt (l - t 2 ) n ~i dt 

is zero if taken around the closed path 
OPQRSO (Fig. 122) in the plane 
We leave it to the student to show that 
the integral around the quarter-circle PQ approaches zero as a 
limit as the radius of the circle approaches zero, and that the 
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integral along RS approaches zero as OS approaches infinity, 
Hence we have 


X I + too n 0 

e ixt (l - t 2 )"-? dt = ~J e ixl (l - t 2 ) n ~* dt 


-jf 


e ixt (l - t 2 ) n ~* dt, 


( 7 ) 


where the first integral is taken along the line QR, the second 
along the line SO, and the third alo'ng the line OP. 

If we take x as real, the first integral on the right of (7) is a pure 
imaginary, since it is taken along the axis of imaginaries where 
e xxl and (1 — t 2 ) n ~* are real and dt is a pure imaginary. 

The second integral on the right of (7) breaks up into a real 
integral 


f. 

Jo 


cos xt{ 1 — t 2 ) n ~* dt 


and a pure imaginary integral 
i 


' f sin xt( 1 — t 2 ) n ~* dt. 

Jo 

Hence we have, using R(y) to denote the real part of y, 


R{v) 


J o 


cos — r) n * dt 


= — cos xt{l — t 2 ) n * dt 
x n r 1 

— I e to (l — t 2 ) n ~* dt, 

2 J -1 c 


the last transformation being made as was done in obtaining (11), 
§114, and therefore, by (1), 

J n{x) - - on - —— T~ R{V). (8) 

2"- 1 V7rr(?i + h) 

To obtain the real part of y substitute in (6) 

»_ iv 

< = ! + —, 


where v is a new variable. We have, in the first place, 
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If we take out of the parenthesis the factor — -— 
— i — e ’ , then after a few changes we have 

f* vn , . iv\«-i 


and place 


where 


\f/ = x 


(2 n + 1 ) 7 r 


Let the quantity in parenthesis be expanded by the binomial 
series. The typical term is 

—. --<«*, (10) 

which must be taken equal to unity when k = 0. Therefore 


y = - r—Z, ' 

x* “oL 


e i*2 n ~i 

: 7" A 


-I) 


Ik! (2 a;)* 


n -2/r-2 


g t^2»-4 

-r— 

X T fcTo 


n — - II n 


2/_V_ 

Jfc !(2 *)* 
9\ 


2k —1 
2 


(2 fc— 1 ) : 


_4/_V 

Jfe !(2 x) h 


/ e -v* + * ^ dv 
J0 


r (-{“ k -f- ■ 


r (»+; 




~ [P(x) 4- iQ(x)]r/n + ^)- 


i _ ( n 2 -l)(tt 2 -f) (n 2 -{)(n 2 -f)(n 2 -^)(n 2 -^) 

1 2! (2 x ) 2 + 4! (2 a ;) 4 

x » 2 -i (« 2 - l)(n 2 - f)(n 2 -^-) 

Q( * } = “27'-3U277 f '"- 

Therefore the real part of y is 

(— P cos \p + Q sin \p ).—— F (« 4- 5 ) > 

and, from ( 8 ), J„(x) - *\J— (Pcos^ — Q sin ip). 


The solution (11) is one which may be used to compute J n {x) 
for large values of x. The series for P and Q do not, however, con¬ 
verge; but it may be shown that the error made in neglecting 
the terms after a sufficient number is less than the first term 
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neglected, so that if the series is broken off before its smallest 
term the best degree of accuracy is obtained. 

To prove the statement just made let Rh be the remainder in 


the expansion of (1 + 
Then, by (12), §7, 

/ 1 \/ 3 


iv 




n- 


2x 

2k+l\ 


after the term (10) is reached. 


±J(±y* 1 rWi+^r^dL 

\2x/ Jo \ 2 x / 


* *. 

/ [u __ t )\ n ~ k ~t ' 3 

But 11 H-—— J < 1 in absolute value if k > v - f - and 

t lies between 0 and v. Hence 

2 Jfc + IN 


1**1 < 


n 


-IX”-i) "-( n 


and 


(k + 1)!(2 x) k + l 


v k f 1 


s: 


e v v n ?R k dv 

("-!)("-1 


n — 


2 k 1 


that is, 


(* + 1)! (2 x) k + x 


r (it -*}- k 4" 


D : 


r 


e v v n *Rkdv 


< - 1)(” 3 -!)••; (” a 


(2 k + l) 2 


r(n + -). 


(k+ V)l(2 x) k+1 
From this it follows that the error made in cutting off the series 

P + iQ 

with any given term is less in absolute magnitude than the value 
of the first term omitted. The expansion for J„(x) has, then, the 
same property. Such a series is an example of an asymptotic 
expansion. * 

We may find another solution of the Bessel equation by taking 
the imaginary part of the integral y multiplied by any constant. 
In that way we find the solution 


Y n (x) = y — [Q(x) cos \p + P(x) sin \p). 

” 7 TX 
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EXERCISES 


Carry out the following operations and graph each of the given 
numbers and the results: 

1. (2 + 3 i) + (4 - i). 2.(2 + 3 i) — (4 — i). 3.I-ti. 4. 

1 Z Z 

5. Find the m odul us and the an gle o f each of the following numbers: 

i+v^rg, i—vn, -4, 

Find the following powers and express the results graphically: 

6. (2 - 3 i) 2 . 7. (l - i Vi) 2 . 8. (1 + i) s . 9. (1 - i)*. 

Find all the values of the following indicated roots and locate them 
graphically: 

10. vl. 11 . v-l. 12. V32. 13. v — 32. 14. V-8. 15. V8. 

16. If 1, coi, co 2 are the three cube roots of unity, prove that co 2 2 = toi, 
o)\ 2 = o) 2 ,1 4" o)i o) 2 = 0. 

17. Study the effect on w = Vz by various paths described by z. 
Express the following as complex numbers: 

IT . 

18. e* . 20. sin(l 4- z). 22. sinh z*. 24. log(— 2). 

18. e i ~ l . 21. cos| 4* | V— 3 ). 23. cosh (l -fVi). 25. log(1 — z). 

Find the orthogonal systems of curves defined by the real and 
imaginary parts of the following functions: 


27. log : 


28. log Vi 7 - 1. - 29. Vz. 


Study the conformal mapping defined by the following functions: 


30. w = z n . 


31. w = log z. 


82. w = sm z . 
33. w “ 

z 


241 

35. z# = cosh z. 


Calculate the following integrals, where m, a, and b are real 
numbers: 

^ sin mx , _ a* e** — e 6 * , , „ , 


>‘J 0 x(x 2 + a 2 ) 2 

/* 00 cos mx , 

r. / --r dx. 

d - — CO 1 4 X 4 


>• r. t 


dx. (a < 1, 6 < 1) 


/» rjo e ax r 0 

38. / -—j—- dx. (o< 1) 41. I 

J-ao 1 -j- e Vo 


a 2 4- x" 

COS X 2 dx : 


(a > 0) 


sin x 2 dx. 



CHAPTER XVI 


ELLIPTIC INTEGRALS 
151. Introduction. Any integral of the type 


J' P(x)dx, 


„ 7 

x n dx = 

n + 1 

(2) 

J Q(x) 

(3) 


where P{x) is an algebraic polynomial, is easily evaluated, and 
only one type of integral occurs; namely, 


Any integral of the type 


where P(x) and Q(x) are polynomials, may be evaluated by sepa¬ 
ration into a polynomial and partial fractions. There is necessary 
a new type of integral, namely, 

f~ = lo % x > ( 4 ) 

so that the integration of a rational fraction is only possible by 
aid of a new kind of function, the logarithm. In elementary work 
there also arises the type 

C dx .' 1 , x 


J x z + r a a 

but from the standpoint of the complex variable this is not 
essentially different from (4). 

Any integral of the type 


JR(x, vW+ b)dx y 


where R(x, \/ax + b ) is a rational function of x and y/ ax + b . 
is integrabie. For if we place 

z = yjax + b, 

we reduce (6) to the type (1) or (3). 
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Any integral of the type 

J* R(x, \/ax 2 + bx + c)dx 

is integrable. For we may write 

ax 2 + bx + c — a(x — rj)(x — r 2 ) 
and place z[x — n) = Va(x — ri)(x — r 2 ). 

... nz 2 - ar 2 


'ax? + bx + c — 


a(n - r 2 )z 
z 2, — a 

2 a(r 2 — ri)z 

(2 2 - a ) 2 


and (7) is reduced to the type (1) or (3). This proves the possi¬ 
bility of the integration, but does not outline the method which 
is necessarily the most convenient in practice. No essentially 
new type of integrals or functions arises, but it is convenient in 
elementary work to have the formulas 




= log (x + Vx 2 ± a 2 ) • 


( 8 ) 


This is as far as we can go in general statements as to the inte- 
grability of algebraic functions. If the integrand involves the nth 
root in > 2) of a polynomial higher than the first degree, or the 
square root of a polynomial higher than the second degree, the 
integral cannot in general be evaluated in terms of elementary func¬ 
tions. Of course, particular cases of such integrals may sometimes 


be evaluated. 


The integrals I R(x, Vox 3 + bx? -\- ex + e)dx 
id J R(x, Vox 4 + bx 3 +*cx 2 + ex + f)dx 


( 9 ) 

( 10 ) 


are called elliptic integrals, and their evaluation requires new func¬ 
tions, the elliptic functions. 

It may be shown that (9) may be reduced to (10) by algebraic 
substitutions, and that the integration of (10) may be reduced to 
the evaluation of integrals of elementary types and the following 
new types: 

1. Elliptic integral of the first kind: 




ELLIPTIC FUNCTIONS 


867 


2. Elliptic integral of the second kind: 


/■ 


1 - k 2 X 2 


YTT- 


dx. 


( 12 ) 


3. Elliptic integral of the third kind: 

dx 


/< 


(x 2 - a)~ V( 1 - x 2 ) (1 - k 2 x 2 )’ (13) 

These are Legendre's normal forms. ’ In all of these it is usual 
to take k < 1. 

We shall show later that (11) may be reduced to 

dy 


s 


V4 y 3 — g~ 2 y — 03 


(14) 


which is Weierstrass’s normal form for an elliptic integral of the 
first kind. 

152. The functions sn u, cn u, dn u. Consider the elliptic inte¬ 
gral of the first kind: 

u — 

This integral defines u as a function of k and x : 



u = F(k, x). 


The quantity k is the modulus of the integral. We shall consider 
it fixed and consider u as a function of x only. Conversely, x is 
a function of u defined by the integral (1). We use the symbol 
sn u for this function and have, from (1), 

" x = sn u. (2) 

Involved in (1) are also the expressions Vl — x 2 and Vl — k 2 x 2 , 
giving other elliptic functions " 

Vl — x 2 = Vl — sn 2 u = cn u (3) 

and VT — k 2 x 2 — \fT— k 2 sn 2 u = dn u. (4) 

There are questions of algebraic signs to be given to the radicals 
involved in (3) and (4) which are partially answered by the state¬ 
ments taken as part of the definitions, 

sn 0 = 0, 

cn 0 = 1, (5) 

dn 0 = 1. 


All other values come out of these by continuous variation of x, 

as in 1137. 
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In (1) we may place 

We have u— f — 7 = 

Jo vT- 


* : 


sin <t>. 
d<t> 


(6) 


Vl — k 2 sin 2 4> 

This defines u as a function of <£ and, conversely, (f> as a function 
of u, which is called the amplitude of u and is written 

Is 

cjr — am u. 

Then x — sin (am u) = sn u, 

■ co§ (am u) = cn w, (7) 


Vl — k 2 x 2 = Vl-* 2 sin 2 4> = dn 


M. 


Let us now consider the effect on u in ( 6 ) by adding ir to 4>. 


Let 

r*' d4> 

U\ = / - T z===========^- 

Jo Vl — k 2 sin 2 4> 

( 8 ) 

Then 

d<f> r dd> 


Jo Vl — k 2 sin 2 <j> Jo Vl — k 2 sin 2 <t> 

, r + * 1 d<f> 

J” Vl — k 2 sm 2 <t> 

(9) 


The first integral on the right-hand side of (9) is obviously equal to 

2 f* (l(f> 

Jo Vl — k 2 s\n 2 <t> 

In the last integral in (9) place <f> = tt + \j/. It becomes 

f*' # 

Jo Vl — k? sin 2 \p 

which is the original u\. Hence if we place 


K 


H tt C\ 

Jo >/! — k 2 sin 2 <f> Jo 


dx 


Vl - ¥ sin 2 4> Jo V(l-x 2 )(l -k 2 x 2 ) 


( 10 ) 


we have, from (9), 

r+"’ dd> 

/ •• .. = = 2 K + Ml; 

Jo Vl — * 2 sin 2 4> 

whence <f> x + tt = am (ui + 2 K), 

and consequently sn (u\ + 2 K) —■■ — sn uy, 

‘ . cn («i + 2 K) — — cn uu (11) 

dn (mj + 2 K) = dn u x , 
cf> i = am Mj. 


since, by ( 8 ), 



PENDULUM 


369 


By repetition of these formulas we have 
sn (u + 4 K) — sn u, 

cn (u + 4 K) — cn u, (12) 

dn (u + 4 X) = dn u. 


The elliptic functions sn u, cn u have therefore the period 4 K, 
and the function dn u has the period 2 K. 

These are not the only periods, however, as will be seen later. 
153. Application to the pendulum. Let a simple pendulum of 
length l swing in an arc 6 f a 
circle. 

Let A (Fig. 123) be the lowest 
point of the bob, B its highest 
point, and P its variable posi- B 
tion. Let the angle AOB = a, 
the angle AOP = 6, and let 
OA — OP = OB = l. 

The differential equation of 
the motion is 

7 d 2 d . 

l dP = ~ gsmd; 
whence 

((—) = 2 g(cos d -- cos a), ( 1 ) 

the constant of integration being determined by the fact that 
when 6 = a the velocity is zero. 



From (1) we get 




dd 


Jo V2 (cos 6 — cos a) 
if we assume that 6 — 0 when t — 0. 

In (2) place k 


. a 
sm 2’ 


1 . 6 . . 

- sm - = sin <p. 


We have 


Hence 


Iff t= r * 

'7 Jo Vl —/c 2 si 
<p — am t. 


sin 2 <p 


( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 


A geometric interpretation of many of the quantities involved 
in this problem may be given. 
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From B draw BB' perpendicular to OA and intersecting OA 
(produced if necessary) in C. On AC as a diameter describe a 
circle with center at O’. From P draw PM perpendicular to OA 
and intersecting the circle O’ in Q. Draw CQ and prolong AO to 
meet the circle O at A', and draw A'P. 

Now sin i = JEp - 

2 \ 2 N 2 1 N 21 


k — sin 


COS Of 

. 


n+oc 
N .21 


(the last result is also true if C falls between A and O), 


sin 5 = \Iac 5=5 N 


AM-MC _ MQ 
AC■MC ~CQ ’ 


Hence 


0 — angle OCQ — am \!~ t. 


g . , MQ 

sn sjj 1 = sm<t> = 


„ Iff f 


COS 4 > — 


and, with the aid of (3), 


t — Vi — k■■ sin 2 <p = cos 


d MA' 


since the angle PA'A is -• 

The construction is to be such that as P travels back and forth 
in its swing the point Q describes, the smaller circle in a positive 
direction and the angle cf> varies continuously from 0 to 2 it. 

7r 

As <b increases from 0 to the pendulum bob P swings from 
A to B, and t increases from 0 to K. As <f> then increases 

7T 17 

from - to 7r, P swings back to A, and t becomes 2 yl- K. Then 
« ^ 9 

as 4> increases to f rr and then to 2 j,P swings up to B' and back 

to A, and f becomes successively 3 \ - K and 4 \ j- K. 

yg yg 

Hence if we take as usual 4 T as the period of the swing, we 

haVe T ’I ,, 

T = y-K. 
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Prom (11), § 152, 

sn^|(t + 2 T) —~ sn ^1/ 

cnyjf (t + 2 T) = — cn -\Jj t, 

dn (t + 2 T) = dn -^J-1. 


( 10 ) 


These results are directly evident from the figure; for if at the 
time t the point Q is as shown in the figure, it will be at Q' when 
the time is t + T. Then MQ' — — MQ, and CM is now minus 
the cosine of the corresponding angle 4>- From (7), (8), (9) we 
may deduce (10) geometrically. 

154. Formulas of differentiation and series expansion. From 


u 


-£ 


dx 


we get 


du 

dx 


V(1 — * 2 )(1 — & 2 £ 2 ) 
_ 1 _. 

V(l-* J )(l-i¥)' 


whence, by inverting, — r ~ ~ = cn u dn u 


From 
we get 
and from 


du 

cn u = Vl — sn 2 u 

d( cn u) , 

—--= — sn u dn u. 

du 

dn u — Vl — & 2 sn 2 


u 


d(dn u) 
du 


k 2 sn u cn u. 


( 1 ) 

( 2 ) 

(3) 


From these we may get Maclaurin’s series 

3*5 

sn u — u — (1 + k 2 ) gy + (1 + 14 k 2 + A: 4 ) ~ -, (4) 

cn « = 1 — yyy + (1 + 4 A: 2 ) ~y — (1 + 44 A; 2 +16 A; 4 ) gy H— •, (5) 

dn m = 1 — A: 2 ^y + fc 2 (4 +A: 2 ) ~~ & 2 (16 + 44 A; 2 +A: 4 ) gy + • • •• (6) 

From these series follow th& formulas, which may also be 
obtained ftom the original definitions, 


sn (— 

u) = — sn u, 

(7) 

cn (— 

u) = cn u. 

(8) 

dn (— 

u) = dn u. 

(9) 
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155. Addition formulas. Suppose u and v to vary so that 

where a is a constant. u ^~ v a > 

av 

Then 


■ = - 1 . 


Si = sn u, 

dsi 
si = — 
du 

= u dn u. 


S 2 = sn r, 


— cn v dn r. 


Sj 2 = (1 - Sl 2 )(l - *V), So. 2 = (1 - S2 2 )(l - *W), 

Si = — (1 + k 2 )si + 2 k 2 s i 3 , s 2 = — (1 + k 2 )s 2 + 2 fcW, 


, .. ds i .. ds 2 

where «i = — > S 2 = — • 

du du 

Then SiS 2 — s 2 Si = 2 k 2 sis 2 (si 2 — s 2 2 ), 

Si 2 S2 2 — S 2 2 Sl 2 = (1 — k 2 Si 2 S2 2 )(S2 2 — Si 2 ), 
S1S2 — S2S1 2 k 2 Sis 2 (s\S 2 + S2S1) 
S lS 2-S 2 Sl~ 1 - jfc V *? ; 

whence log (S 1 S 2 — S 2 S 1 ) = log (1 — k 2 s 2 s 2 2 ) + C\. 

m, , • SlS 2 — S 2 Sl _ 


Thaf is ----- _ _ _ C 

1 hat IS, l-jfcVsa 2- ' 

or, written out in full, 

cn u dn u sn v -J- cn v dn v sn u 
1 — k 2 sn 2 u sn 2 v 

This is one solution of the differential equation 

du + dv — 0, 

of which another solution is evidently 

u v & a. 

Hence, by the theory of differential equations, C must be a 
function of a; that is, 

cn u dn u sn v -|~ cn v dn v sn u 

-;- n —1 -5-= /(« + v). 

1 — kr sn 2 u sn 2 v 

To see what function this is we place v — 0 and find 

sn u — f(u) ; 

therefore / is the function sn. Hence 

. , . sn u cn v dn v -f- sn v cn u dn u 

sn (« + v) =-5-T2~ 2 -2- 

1 — k 2 sn 2 u sn 2 v 


sn (« + v) 


(1) 
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From this we find that 

, . cn u cn v — sn u sn v dn u dn v 

cn (u + v) - - - —j- 2 -’ 

1 — k~ sn J u sn J v 

, , , x dn u dn v — k 2 sn u sn v cn u cn v 

dn (« + ») =--- 7~n —5- 2 - 

1 - k 2 sn 2 u sn 2 v 


By the use of (7), (8), (9), § 154, the formulas for sn (u — v), 
cn (u — v), dn (« — v) are easily written. 
j.56. The periods. We have already defined K by the formula 


From (1), 


Jo V(1 - x 2 )(l - Jfc 2 x 2 ) 

sn K = 1, cn K — 0, dn K = k', 


where k' k 2 , the real positive root being taken if k < 1. 

Using these values in the addition formulas, § 155, we have 

, , cn u 

sn (u + K) = - - > 

dn u 

cn (m + K) — — k' —^—» (3) 

dn u 

dn (m + K) = ~— 


By adding K to u in (3) and again applying (3), we get 

sn (tt -f- 2 K) = — sn u, 
cn (w -f 2 K) — — cn u, 
dn {u + 2 fl) -- dn u; 

and again, adding 2 K, 

sn (u -f 4 K) = sn u, 
cn (u + 4 K) = cn u, 
dn (u + 4 K) —■ dn u, 

in full accord with § 152. 

We define K' by the formula. 


: '=f 


V(T- t 2 )(l - k' 2 t 2 ) 


( 6 ) 
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Let us place 


V1 * Vl — k' 2 t 2 ’ 

where the sign of Vl — x 2 is fixed as in § 137, since re varies from 

1 to r as t varies from.O to 1. We have, then, 
k 

_ dtf _ v _ dt _. 

V(1 - x 2 )(l - k z x 2 ) ~ 1 V(1 -f 2 )(l - ’ 


whence 


E '~ < f 


'(1 - x 2 )(l - k 2 x 2 ) 


From (1) and (7), 


whence 


X - d “j c 

V-’)0-W) ; 

sn ( K + iK') = 7 » 


cn (K + iK') = —r~, 
dn ( K + iK') — 0, 

where the sign of cn (K + iK') is fixed as in §137. 
Theuse of the results (9) in the addition formulas gives 

sn (u + K + iK') = 

k cn u 


cn (u + K -f iK') 


dn (u + K + iK') 


kcnu 
ik' sn u 


whence we get 

sn (u + 2 K + 2 iK') = - sn u, 
cn{u + 2K + 2 iK’) = cn u, 
dn (u + 2 K + 2 %K') = - dn u. 
We may also place 

u + iK' = (u + K + iK') - K 
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and, applying the addition formula and making use of (2) and 
(10), together with (7), (8), (9), §154, we get 


sn ( u + iK') — 


cn (u + iK-') 


1 

k sn u 
i dn u 
k mu 


( 12 ) 


dn (u + iK') = — - — ; 

Ml U 


whence 

sn (u + 2 iK-) = sn u, 



cn (u + 2 iK') = — cn u, 

(13; 


dn (u + 2 iK') = — dn u, 


and 

sn (u + 4 iK') — sn u, 



cn (u + 4 iK') — cn u, 

(14) 


dn {u + 4 iK’) — dn u. 



Some of the results obtained may be summed up in the fol¬ 
lowing theorem: 

The elliptic functions sn u, cn u, dn u, are doubly periodic func¬ 
tions : the function sn u has the periods 4 K and 2 iK'; the function 
cn u has the periods 4 K and 2 K -f 2 iK'; the function dn u has 
the periods 2 K and 4 iK'. 

157. Limiting cases. Case I. If we place k = 0, we have 

r x dx 

u ~Jo 

whence sn u — sin u. cn u — cos u, dn u = 1. 


The quantity K becomes — > and the period 4 K is 2 ir. The 

La 

quantity K' becomes infinite and ceases to have a significance as 
a period. 

Case II. If we place k — 1, we have 


whence 


r x d,x 

u = nrja- 


» sn w- tanh u~- 


~ e u + 


cn u ~ 


dn u - 


-f e ~ u 

. 2 

e u + e u * 


o 
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The quantity K' — and the period 4 iK' becomes 2 in. The 

Ca 

quantity K is infinite and ceases to be of importance. 

168. Elliptic integrals in the complex plane. The periods of the 
elliptic functions may also be obtained by considering the various 
values acquired by the elliptic integral, now written as 


W 


_ dz__ 

V.(l - z 2 )7i - k 2 z l )' 


( 1 ) 


by various paths in the plane of the complex variable z — x+iy. 
The singular points of the function 


are ± 1. fc £ • 




_ 1 _ 

V(T^“z 2 )(1- IcWj 


At all other points/(z) is regular. 


( 2 ) 


By §145, any two paths of integration which do not include 
between them one or more of the 
singular points will give the same 
value of the integral. We may 
therefore examine the difference in 
the value of the integral for two 
paths which do surround one or 
more singular points, and since a 
passage around two singular points 
does not change the sign of /(z) we shall take paths surrounding 
two singular points. 

Let v\< be the value of w obtained by integration along any 
given path Ci (Fig. 124); that is, let 




_ dz 

V(1 -z 2 )(l - 


(3) 


and lei. fh be a path which, together with C\, incloses the two 
singular points 1 and — 1. The path C 2 may be deformed with¬ 
out changing the value of the integral into a portion of the axis 
of reals from 0 to 1 — r, a circle with radius r and center at z — 1, 
a portion- of the axis of reals from 1 - r to — 1 -f r, a circle of 
radius r and center at z = — 1, a portion of the axis of reals from 
— 1 t- r to 0, and the curve C\. This is shown in the dotted line 
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of the figure. The value of the integral is then equal to the sura of 
the following seven integrals, taken along these paths: 


r 


dx 


V(1 — x 2 ) (1 — k 2 x 2 ) 
dx 


-x 


dz 


- + /°r 

— r 

+ fo- 

I 


V(1 — a: 2 ) (1 — k 2 x 2 ) 
dz 


va 


x 


- z 2 )( 1 — k 2 z 2 ) 
i+r dx 


•V(T 


+ 

<cj 


z*)(l 

dz 


k 2 z 2 ) 


-f 

J~ 1 f 


dx 


k 2 x 2 ) 


V(1 — x 2 ){l ~ k 2 x 2 ) 


V(1 - z 2 )(l - k 2 z 2 ) 


(A) 


where the second and fifth integrals are taken around the respec¬ 
tive circles, and the changes of sign of the radical are due to passage 
around a singular point. Except for the integrals around the two 
small circles the sum of the integrals in (4) is dearly equal to 

*r * 


V(i-x 2 )a ^ k 2 x 2 ) 


-- f«’o- 


(5) 


To evaluate the integral around the circle with center at z 
take <j> as in Fig. 124. 

Then 1 — z = 1 — x — yi = r {cos <f> — i sin <j>), 
dz — r(sin <t> + i cos 4>)d<t>, 

x /» 2 n 

r T ( m)d4>, 


1, 


x 


V(l-Z 2 )(l-fc 2 Z 2 ) 


Jo 


where F(4>) dpes not contain rasa factor. A similar expression 
is obtained for the integral around the circle with center at 
z = — 1. 

Now let r --*■ 0. The value of the sum (4) aoes not depend upon r. 
We may therefore take the limit and 
have 

f * - = = = _ = 4K+W0. (6) 

Jo V(1 — z 2 )(l — k 2 z 2 ) 

(C.) 

But the value of z in (3) and (6) is 
the same. Hence 

sn (4 K -f wo) = sn wq. (7) 



Consider now a path Cz (Fig. 125) which, together with Ci, 
incloses the two singular points 1 and h It may be deformed into 
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the path shown by the dotted line, and by the methods just 
used we have / . z ^ 


Hence 


£ 


V(1 - z 2 )( 1 - k 2 z 2 ) 
sn (2 iK' + wo) = sn Wo. 


2 iK 1 -f- Wq. 


( 8 ) 

(9) 


Similar discussions may be applied to other paths to obtain the 
formulas of §156 and other like formulas. ^ 

Consider the path of integration (Fig. 126) 
consisting of the axis of irmrginaries from O 
to Hi, a semicircle of radius R, and-the axis 
of imagmaries from — iR to O. If R is taken 

greater than the path may be deformed 

k j 

into one along the axis of reals from 1 to - 

K 

\ and back, and therefore the value of the in¬ 
tegral along this path is 2 iK'. Along the 
semicircle place 



z — R(cos 0 + i sin 0). 


Fig. 126 


The integral around the semicircle is then of the form 


where F ! 0) remains finite as R —► °o. Hence, by the limit process 
already employed, we have 


or 



_ dz _ 

V(1 — z 2 ) (i^ ¥z 2 ) 
_ dz _ 

V(1 — z 2 ) (1 — k 2 #) 


2iK', 

iK'. 


( 10 ) 


In this demonstration the axis of imaginaries may be replaced 
by any curve running to infinity and symmetric about 0 without 
essential change, so that the path of integration in (10) need not 
be specified. 

Equation (10) gives the result 

sn {iK') — oo, 
from which cn (iK') = oo, 

dn (iK') — oo, 
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From (12), §156, and (4), §154, 

1 


sn (w + iK') 


ksn.w 


1 Ti 1 + k 2 T 

kw I 6 J 

1 . 1 +.fe 2 , 

kw + 6 k 


or, replacing w + iK ' by w, 

1 , 1 + A; 2 ’ 

sn w = 7;-r— + —7— 

A (10 — ^K') 6 A: 


(w - iK') + ■ • 


which shows that at w = iK e the function sn w has a simple pole 

with residue 7* 
k 

Similarly, the function cn u has at w = iK f a simple pole 

with residue — and the function dn w has a simple pole with 

k 

residue — i. 

159. Elliptic integrals of the second kind and of the third kind. 
We have defined n- 


rji=**dz 

Jo N 1 -* 2 


as an elliptic integral of tlie second kind. If we place 

x = sin 0, 

the integral (1) becomes ^ 


^ FAic 


7(/c, 0) = ( 


VI — A; 2 sin 2 0 d0. 


When 0 = — in ( 2 ;, the int^Sl is denoted by E; thus, 


= PVT- 

Jo 


k 2 sin 2 0 d0. 


The values both of K(/c, 0) and of E for various values of 
0 and fc may be computed by expansions into power series, or 
such values may be found in tables. 

From ( 2 ) we have 


E(k, 0 + 7 T) 


Vi — A: 2 sin 2 0 <i0 


/'* ir . __ 7 -f 7r__ 

| vT — k 2 sin 2 <t> d<t> + I VI — ft 2 sin 2 </> ( 4 ) 

0 Jn 
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Tit' first integral is evidently 2 E, and if in the last integral 
we place <p~ip + v, 

f 4 > _ 

Vl — k- sin 2 \p dip — E(k, <p). 

- u 


I lence E ( k, <t> + tt) = 2 E + E(k, <p) . (5) 

This integral occurs in the problem of finding the length of an 
arc o r Hie ellipse ' 2 


for which we readily compute 

’* Va 2 — e*x 


=1 


2rp2 


Va 2 — x 5 
?en tricity 
x = a sin 4>, 


dx, 


( 6 ) 


Va 2 — b 2 

where e =*--is the eccentricity of the ellipse. If in (6) we 

place ( 

it becomes s 




■ e 2 sin 2 cf> d<j> = aE(e, <£). 


Then aE is the length of a quarter-arc of the ellipse. 

The integral (1) may be made to depend upon the elliptic 
function sn u . For if we substitute 


x = sn u 


and denote the result by E(u), we have 


J /*u 

f dn 2 u du = 
o 


u — k 2 I sn 2 ^ cfe. 
Jo 


(7) 


This result may be expressed as a power series m n by the aid 
of §154. 

The elliptic integral of the third type has been written 


or 


r—7 ix 

Jo (x 2 — a) V(1 — x 2 )(l — k 2 x 2 ) 
'* _ d± _ 

(sin 2 4> — a) Vl — k 2 sin 2 4> 
x = mu, a = sn 2 a, 


X 


If we place ^ w ^■ — cr « 2 


( 8 ) 


this becomes 


f 


.iw 


Jo sn 2 « — sn 2 a 


(9) 


A further study of the. two integrals (1) and (2) would involve 
properties of doubly periodic functions, which lie outside the scope 
of this book. 



THE WEIERSTRASS FUNCTION 


160. The function p(u). Just as the elliptic integral of the type 
(1), §152, defines the function sn u, so the elliptic integral 

r°° dx r°° dx .... 

U= f -J= . : ■..:■ = | - ..:-■■■■' ■ == (1) 

Jx V4 x 6 — g 2 x — g 3 Jx V4(a; — ei)(x — c 2 )(x — «3> 
defines x as the function x = p(u), (2) 

which is the Weierstrass elliptic function. We note first that 
= p'( u ) — V4 p-(u) - r- 2 p(u) - g 3 , 

so that p(u) is a solution of the differential equation 

(^) 2 = 4 ^ - 92 <t> - 93. (3) 

The integral (1) may be reduced to a Legendrian integral of 
the first kind. Let us place 

x — e 3 + ^ 2 ’ (4) 

where g is to be determined later. Then, using the second form 
of the integral (1), we have 

1 r l dt 




62 — e 3 
9 2 

62 — 63 
6\ — e 3 


and if we take g 2 = e\ — e 3 and k 2 — - > (6) 

6\ — e 3 

(5) becomes u —— f — .===== == =• (7) 

« 0 Jo V(l-f 2 )(l-fc 2 * 2 ) 

If ei, e 2 , e 3 are real and e\ > e 2 > e 3 , k in (6) is positive and less 
than unity. 

We have, from (7), t — sn (gu), (8) 

apd from (2) and (4) we have a relation existing between the 
function sn u and the function pin), 


p(u) -e 3 + 


sn 2 (gu) 


K .K’ . 

Let us place 00 = —> a/ = —> where K and K' are derived 
9 9 . 

from the integral in (7). Then, from (9) and the formulas of 

§ 156, we have . , 0 , , . 

p(u + 2w) = p(u), 

p(u + 2 too') — p(u). 


( 10 ) 
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Hence the function p(u) is a doubly periodic function with the 
two periods 2 co and 2 to/. 

From (9) we obtain readily 

p («) = e 3 + g 2 = ci, 
p(co + co') = c 3 + k 2 g 2 = e 2 , 
p(co') == e 3 . 

Consequently, from (IX 

dx 


(id 


u== f 

*se s 

co+w'= r 

^ 6o 


t V4 Z 3 — 0 2 X--03 
dx 

V4 a: 3 — gf 2 * — 

8 dx 

V4 x 3 — 32 a: — <73 
and, by combining the last two, 

’*» dx 


( 12 ) 




__=• (13) 

V4 x 3 — g 2 x — g 3 

161. Applications. 1. Consider the problem of finding the length 
of the arc of a lemniscate 

r 3 = 2 a 2 cos 2 0. (1) 

( 2 ) 


We have 



Jo 

Place 

a 

r = —• 


z* 

Then 

8^_ 

II 

ooi e 

whence 

a 2 ^ 


. dz 


V4 z 3 — z 
/s\ 


(3) 

(4) 


In the elliptic integral (3), g 2 = 1, g 3 — 0, ei = §, c 2 = 0, e 3 = — f. 


r-=&—=f 

Ji V4 z 3 — z J§ 


*°' /3 2 a dr 


V4 a 4 — r 4 


which is the length of a quarter of the lemniscate, and 


co 


„ r dz _ r 

V4 z 3 — z Jo 


o V —2 2 a dr 


V4 z 3 — z 
which is obviously imaginary. 


V4 a 4 — r 4 


(5) 


(6) 
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2. Consider the motion of a spherical pendulum, defined as a 
particle of mass m constrained to move on the surface of a sphere 
under the influence of gravity. 

Using cylindrical coordinates we take the equation of the sphere 

(7) 


as 


r 2 + z 2 = a 2 . 


Then ds 2 = dr 2 + r 2 dd 2 + dz 2 ■■ 


a 


a 2 — i 2 


j dz 2 + (a* — z 2 )dd 2 . (8) 


We shall use Hamilton’s principle and the Lagrangian equa¬ 
tions with qi = z, q -2 = 6. Then 

3 

,2 


V = mgz. 

The Lagrangian equations are then 


(a 


a 2 zz 2 - o2 d ( aH \ 

2 — z 2 ) 2 z6 9 dt \a 2 — z 2 ) ~ °* 


d 

dt 


Equation (12) gives 6 ■ 


\(a 2 - z 2 )0] = 0. 
Ci 


a 2 - z 2 


(9) 

( 10 ) 

(ID 

( 12 ) 

(13) 


Using this in (11) and carrying out the indicated differentiation, 

we have _ 2 " . 2.^.2 r, 2 - 

Cl z 

, 2\2 + 9 — 0 , 


a 2 'z 


a 2 zz 2 


a 2 — z 2 (a 2 — z 2 ) 2 ' (a 2 — z 2 ) 2 
which may be written as 


d/ a 2 z 2 


~-’ + il\a‘-z‘)~ 92 ’ 


and integrating with respect to t, we have 
a 2 z 2 C 1 2 


a 2 — z 2 


a 2 - z 2 


2 gz + C 2 , 


or 


a 2 [ 


/dz 

[dt 


(C 2 — 2 gz)(a 2 — z 2 ) — C 1 2 . 


(14) 

(15) 

(16) 
(17) 


' This has a resemblance to the differential equation (3), § 160, 
satisfied by the function p(t), since the polynomial on the right 
is cubic. To reduce to the exact form of that equation we sub- 

stltute z= As + B 
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and determine A and B so that equation (17) becomes of the 
form 


(—] — 
\dt) 


4 s 3 — £fis - g 2 . 


(IS) 


This gives, by considering the coefficients of s 3 and s 2 , 



i 


whence gi and g 2 may be determined. 

The cubic polynomial in (17) has three real roots. For if z — zo, 
the initial position of the body, the cubic is +, since the velocity 
is real, and z 0 < a, since the particle is on the sphere. When 
•2 = oc, the cubic is +; when z = — a, the cubic is —; when 
z — Zo, the cubic is +; when z — a, the cubic is —. 

Hence the cubic has a root z = zi between + oo and a, a root 
z — z 2 between a and Zo, and a root z — z 2 between zo^-and — a. 
Moreover, the cubic is positive between Z 2 and z 3 and hence these 
are the extreme heights of the particle. 

Correspondingly, we may write (18) as 


i j t ) ~ 4(8 - ci)(s - e 2 )(s - e 3 ), 


Zj — B 


e 2 = 


Z2 ' 


where e\ — 
ds 

and — is real when s fs between e 2 and e 3 . 
• dt 


&3 '■ 


23 — B 


From (20) we have 


<: 


-1 


' sis 


* V4(s — «i) (s — e 2 ) (s - - e 3 ) 


C. 


( 20 ) 


( 21 ) 


To determine the constant C let us measure t from the time 
when s = e 3 . Then 

’_ ds _. 

V4(s — ei) (s — e 2 ) (s — e 3 ) 

0 _ ^ds _. 

V4(s — ex) (s — e 2 ) (s — e 3 ) 

we have, from (12), § 160, 

C — — w'. 


c “-/‘ 

and if we ta|ce u ~ J 


( 22 ) 

(23) 

(24) 



EXERCISES 385 

Then u = t + <a'; (25) 

whence s = p(u ) = p(t + co'), 

and z — Ap(t + co') + B. (26) 

When z = Z 3 , then s = e», and (21) with (24) gives 

t = (co + co') — co' = co, (27) 

so'that the half-period co is the time that it takes the particle to 
go between the extreme positions Z 2 arid Z 3 . 


EXERCISES 

1* Show that / Mr ■— where k > 1, can be reduced to a 

Vi Z k 2 sin 2 <j> 
similar integral with k < 1 . 

2. Solve the pendulum problem when the bob goes completely around 
the circle, taking the velocity at the bottom of the path as v 0 . 

3. Sohxe the pendulum problem when the bob just reaches the top 
of the swing. 

4. A skipping-rope revolves so that each element of the string has 
• constant angular velocity about an axis. Assuming that on each ele¬ 
ment there act centrifugal force and the tension of the rope (neglecting 
gravity), find the equation of the curve in which the rope swings. 

5. Show that 

K= l[ l + ©’*' + (rf) v+ (Brf)’'*• + •' ■] 

with k < 1 . 


6. Show ths| 


with k <1. 

7. Show that 




r 1 — — fo — =sn- ] (Vl - z*. k). 

J * V(1 - x 2 ) (k' z + k 2 x 2 ) 


8. Show that 


V(1 + X 2 )(l + fc'?x 2 ) 


vrr 


=»*). 

X 2 ) 


; 0 v (a 2 - x 2 )(b 2 - x 2 ) a 


1 Jx b 
: - an 1 ~ 


9. Show that 
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10. Show that 

a 

J: 


dx 


V(a* - x 2 ){x 2 - b 2 ) 


1 ,/ ja*-x* Ja 2 - b 2 \ 

TWr« m ' 'tVsn^r—T“j 

2 


11. If s is the length of the hyperbola -r — ~ = 1 and e its eccentricity, 

D 2 


show that 


a* 


b 2 


s = — F(<f), k ) — aeE(4>, k) -f cie tan 0\/l — A: 2 sin 2 0, 

(X4J 

1 , aey 

where k~~ and tan <f> — 

e o* 


12. Show that 
18. Show that 


sn ( z -f y) sn (z — y) 
* 1 


P(- m) =p(m). 

sn 2 z — sn 2 # 


1 — Psn 2 zsn 2 #* 
cn 2 x 


14. Show that sn 2 

1 4- dn 2 a: 

15. Verify the series expansion of §154. 

16. Find the formulas for sn (u — v), cn (u — v), and dn ( u —*v). 

17. Find the values of sn (2 K — v) f cn (2 K — u), and dn (2 K — u). 

z dz 

18. Discuss the difference in the values of f — = cor- 

J o 

responding to two paths which together inclose one of the points 1 or i. 


19. Discuss the difference in the values of 


r 

z 


dz 


* z V4 (z-~e.])(z — eTj(z — ez) 
corresponding to two paths which together inclose two of the points 

Zl, & 2 > € 3 . 

X OO (jljj 

““7= =r== 

- V4(z- ei)(z - e 2 )(z — € 3 ) 
corresponding to two paths which together inclose one “of the points 

&i$ &2f or €g, 

~ 1 

21. Show that the equation of a geodesic on a eatenoid formed by 

a ~ -- 

revolving the curve x = ~(e a + e a ) about the axis of z is 
2 


$ 


-i 


b dr 


V(r 2 — a 2 )(r 2 — b 2 ) 


where (r, 6) are polar coordinates on the (x, #) plane and b is a constant 
of integration. Thence show that 

(1) it b > a, r = » with k ~~; (2) if b < a, r 


: —, with k = - 
sn 0 5 

(3) if /> = n, r ~ a coth 


sn 


— * wit ii k 
. 0 a 

k 
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6. y = cic 2x -+* c 2 c" 5 * — 

7. y = ci + c 2 e" 2 * 4 - ^ x 3 — 4 x 2 4- f x. 

8. y = (ci +c 2 x 4-£x 2 )e~ x -f 

9. y = c*(ci cos x V2 -f c 2 sin x V2) 4 j x 2 + J x 4 A 

40 . y = (ci 4- c 2 x)e“ 3x 4- (4 sin 2 x - 3 cos 2 x). 
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• x 

11. y = Ci cos 3 x + c 2 sin Jx 4 - sm 3 x. 

o 


to ~t( x V3 , . xV3 \ ,o,l ix 

12. y = e 2 \Ci cos —-4 c 2 .sm J 4- 2 4- e 3X . 

3 x 2 

13. y = Ci 4- c 2 x 4- C 3 cos x 4- c 4 sin x 4- —* 

*/ xV§ xV3\ 1 

14. y = eiC”* + e 2 \€2 cos - 17 -“ 4- c 2 sin —g-y 4* £ ( C0B r shl 


15. y == ci 4- ^c 2 4*C3X 4- ^-jjs 2X + J *• 

16. y = CiX 4- C 2 X 6 — ~ x 2 . 

17. y = e ,* 3 + g - \x log * - x. 

18. y = ci 4- c 2 log x 4- c 3 (log x ) 3 4- \ x 2 . 

19. x = y = ce 2 . 


C 
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20 . x = e\e' z 1 4- cae 2 * — \ e~* — ^ sin 2 t - cos 2 t, 


y = -3 Cic~ 3 


a t _ $2 p 2 < _ 1 * - 1 . y -s- « * * 


6 e ~* + 62 sin 2 * * t| cos 25 *• 


21. x = Ci 4 c 2 e* 4* esc” 21 4- i * 2 — | U 

y = 2 ci 4- c 2 e* ~ 2 C 3 e~ 2 * — 4 * 2 4* *2 — i* 


2. y ~ ~^Vci 2 - x 2 4- sin-" 1 ~ 


4* c 2 . 


$. 1 / == CiX 3 4- c 2 . 


24. y = | log (* - a) - ^ -f Cj. 

25. (i/ 4- a) 2 =s CiX + c 2 . 

• 27. y = Ci tanh ci(x 4 c 2 ). 

x4c 2 


B. j/ = ci cosh 


Cl 


20 , |/ = ci# sin 2 x 4 c 2 x cos 2 x 4 g c 2 *. 


ci cos x 4 c 2 sin x — ~ sin 2 x 


81. y = {ciX 3 +^)e*. 


')• 


32. y = (cie x 4 c 2 e“*) cos x — \ sin 2 x, 

33. y = cie~ ( * 4 c 2 c~ 2 «* 4 1. 

84. 2/ = (ci 4 Co cos x)e?°* x — 5 — 4 cos x — cos 2 x. 

CO 

35. y = a 0 - 


( 2 «! 


0 (" 1 ) k (kx) 2: ^ (~ l)*(fcx) 2fc +* 

>i **», (2^41)! 


4 &1 


87. y = a 0 


4 <2>1 


[ *=*> 

1 + x 

1 

r 

\*+x 

L k*r 1 


n(n — 4) (n — 16) — ■ [n — (2 fc 2) 2 ] 2 * 

(2 k)\ X 


(n ~ 1) v n — 9) (n ~ 2 5) ■ - • [n — (2 fc ■ 


( 2%<4 1 )! 


:\ 


* . - ( 


(3 A: ~ 2) * 3 
(3 Jfc)! 


x 4 


2 (~d* 2 ~ 


«, 2 : 5 • 8 ■ 


Jfc = 50 


(3 fc + L)! 






X^.t 
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88. y = a fl (6 - 4 * + * 2 ) +■ :~(1 - 4 z + 6 a: 2 - 4 x* +‘3*). 


42. 


Vi' 


48. 


2 «^ 

V 3 fc" 


45.|V3lt. 


46. j(4 - VS) V?. 
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CHAPTER XIII 

Page 313 

1 . z - 7 .* = 

2 - 2=: fTI^ )+ ^ (l,) - 8.*(* 

3. z = 4>i(y) + faiy je* 1 . 9. <j>(x 

4. z = 4>iiy)e* + <f> 2 (v)e ix . 10 ,(] 

*5. z = [<^>ijr) + x<#>s(j/)]«-*. 4 ' V V 

6 . z = (friiv)*? + <h(v)e~ x — V- 11 . <k (x 

! 

18. <^x 2 +i/ 2 ,z + tair»^=0. # 
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7. z = -j2~ + x<t>i(y) + 

8. <#>(* - y, y - z) = 0. 

9. flt>(as 2 + i/ 2 , z) = 0. 

11. <fc(x + y + £, x 2 -f 2 / 2 — z 2 ) 
J4. <^0,z 2 -x^ = 0. 


^ /sin x sin 2 a? , sin 3 x sin 4 x , 
1 ~ 2 + ” 3 4~ + 

nr 2 _ . / cos a; __ cos 2x cos 3 x 
3 4 V l 2 2 2 + 3 2 


«« w 2 , /cos a; cos 2 x . cos 3 a? \ 

22 -T~ 4 VP -2* P- ]• 

oo 2 F/tt 8 6 t \ . /t 3 6 7r\ . 0 /ir 3 6 x\ . 0 

**• T LVT “ ~F ) Sln * - V2* - '¥) wn 2 * + (t ~ 8«") sm 8 * - • • 

24. f + 2 (afea + + a2g^ + •. •). 

ftc 7T 2/cosx , cos 3 a; , cos 5 a; . \ /sin a; sin 2 a; , sin 8 a; 

25 - 4-^“ + “F“ + “55~+---;-(—-r" + “3~- 


. * 2 /cos a; , cos 3 x , cos 5 x . 


sin x sin 2 a; 3 sin 3 a; sin 4 a? 


w2 ^/ CQS £ _ cos 2 a? . cos 3 a: \ 

6 V l 2 2 2 + 3 2 * * / 

+ ir[(~L" - p) sin a: - sin 2 x + (—■ - sin 3x - ~srin 4 x -f • 

88 . » - 2 (saa + 2 i^ + +5^ + • • •). 

88 .^! + 4 (£^ + co|lx + c^ + ...) 

J /sin x . 3 in 2 a: . sin 3 a; . \ 

so. 2 *■ +12 *(sp+ssO* + ss^a + ...) 

+ 4 [(^ - ^f") sin x + (^ - ^) sin 2 x + (p - sin 3 x + • 

12 /sin a; . sin 3 x . sin 5 x \ 


01 1.2 /sin x , sin 3 x . sin 5 * , 

8L 2 + * 1 “ + -T~. + — + • 

on * 4/ cos x - , cos 3 a? , c os 5 4 . 

32 - 2 ~ + “p - + __ P^ + ' 

«« 4 /sin^x . sin 3 x . sin 5 x . \ 

r\~T~ + ~3~ + ~T~ + '" 7 - 

nA v 4 /cos a? . coe 3 x , cos 5 x . 

. 17 t VT 2 " + “P~ + ~T~ + ' 
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35 ’ f [(~F ~ p) sin * ~ 2 " sin 2 * + (if - p) sin 3 a: - sin 4 * + • • -J. 
^ A __ cos 2 a; _ cos 4 a _ cos 6 a _ \ 

*\2 1-S 3 * 5 5*7 / 

4 ( 2 sin r ' 

7T \ 2 3 — 


37< 


4 /2 sin 2 a: . 4 sin 4 £ . 6 sin 6 a; 


38. ~ + <? 2 * 
r 


1 + ' 4» _ 1 


6 s - 1 


)• 


39. Ci log r 4- c 2 . 


40. ^e“** e ^ajfc cos ~ 4 * 5* sin 

41. ]^ (A* cos mx 4- 3k sin mx ) (C* cos VF — m 2 y + Dk sin Vk 2 — m 3 y)e h 2 

4 / r 3 r* c \ 

42. r sin 0 4- -g- sin 3 0 + -g sin 5 0 4 - ). 
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43. 


. « I 

c * sm — 4 - q e 
c o 


9 a'hrH q 2&cPnH 

--r— . 6 7TX . 1- ~z - 

09 Bin -h - e 09 

c 5 


. 5 tx . 
sin —— 4* * 
c 


•)• 




44. | — ~(r sin 0 4- sin 3 0 4- ^ sin 5 0 4- * 

45. ^e"“ (6a+ * ,fcS)e (Afc cos &x 4- B* sin foe). 

46. ^A* sin cos 48. y — AJ 0 ^—Jj cos wf. 

47. y = A / 0 [2 Vfc(J —x)J co&'Skgt. 49. 2 / = AJ 0 ^2 J cos nJ. 

50.2^[|.2-|.1§P 3 (cos^) ^ 

+ 1 • HF P4(cos ^ " I • FlTs 5? Pa(cos ^ + • * •} (r > °) 

— [l -F — Pi (cos <£) + r —z P* (COS *) 
a L a 2o a 

“I • iS p ^ (c0B ^ + 1 • ir|S P6(cos ^ + ‘ ‘ •} (f < o) 

where the second term is minus when $ < £ and positive when d> > 

2 2 
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1. y ~cix 4-cs. 

2 . r cos (0 — C 2 ) ~ Ci. 

3. sin (0 — C 2 ) = Ci cot 4>. 


CHAPTER XIV 

~6. $ —C 2 = y* 


cidr 


v (r 2 4 - fc a ) (r 3 4- & 3 — Ci 2 ) 


8 . Cycloid. 
Page 331 


9. 0(3 — ca) = ci^2g(y + a) — Ci 2 . 


7. rVr 2 - ci 3 d 0 = ciVl 4-/' 3 (r) dr. 

10 . Catenary. 


11 . Circle. 12. Circle. 13. Catenary. 

CHAPTER XV 


20 . 


2 t rL 

V3 Jl 


Page 364 


36. 


ma 4-2 


JL_/i 1. 

2 g 4 \ 

m / . 

37. e Videos ^ 4~ sin ~L^ 

7T 




38. 


>38.7r(cot~07r — cot dr). 

40. ^e~°. 

2a 

C 


sm ar 


ai 1 F . 

41 - 2 V 2 ' 
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(The numbers refer to pages)— 


Addition formulas, elliptic functions, 
372 

Amplitude, function, 368 
Arc, element of, 106, 125, 128 
infinitesimal, 23 
Area, curved surface, 187 
element of, 126 
line integral, 177 
vector, 209 

Argument of complex number, 334 

<0 

BernoulliVequation, 221 
Bessel functions, 275, 360 
Bessel’s equation, 275 < 

Beta function, 166 
Binormal, 119 

Calculus of variations, 317 
Cauchy's theorem, 352 
Characteristics, 293 
Circle of convergence, 355 
Circulation, 200 
Clairaut's equation, 227 
Continuity, deftned, 2 
equation of, 195 
uniform, 4 

Convergence, absolute, 39 
circle of, 355 
comparison test for, 40 
conditional, 58 
of integrals, 147, 151 
ratio test for, 41 
region of, 42 
of series, 38 

uniform, 45 ?J 149, 150, 152 
Coordinates, curvilinear, 124 
cylindrical, 129 
generalized, 329 
polar, 130 

Cosines, direction, 106 


Curl, 212 
Curvatlire, 121 
Curve, equations of, 118 
length of, 23, 107 
vector equation of, 208 

De Moivre's theorem, 55 
Del 211 

Derivative, of a complex function, 346 
defined, 5 
directional, 74 
partial, 66 

Determinant, functional, 99 
Differential, exact, 81, 185 

of function of one variable, 28 
of function of several variables, 
78 

higher, 29, 84 

Differential equation, Bessel's, 275 
complete, 253 
first degree, 21b 
first order, 216 
higher degree, 225 
higher order, 252 
Laplace's, 301, 306 
Legendre's, 268 
linear, 220, 253 
partial, 292 
reduced, 253 
second order, 264 
simultaneous, 243, 263 
Differentiation, of definite integral, 
141, 148 

of elliptic functions, 371 
partial, 65 

Direction cosines, 1J6 
Direction of a line, 108 
Dirichlet’s integrals, 1^7 
Divergence, 211 
Duhamel's theorem, 23 



INDEX 


396 

Element, of are, 106, 126, 128 
of area, 126 • 
of volume, 129, 159 
Envelope, 229 
Euler’s constant, 171 
Euler's theorem, 73 
Evolute, 233 

Expansion, asymptotic, 363 
of elliptic functions, 371 

Factor, integrating, 222, 238 
Fluid, flow of, 176, 191, 212 
Force, conservative, 84 
Forms, indeterminate, 15, 16, 18 
Fourier series, 295 
Function, 1 

analytic, 347 
Bessel, 275, 360 
Beta, 166 

complementary, 254, 259 
of a complex variable, 332, 
344 

composite, 7, 69 
conjugate, 347 
defined by power series, 45 
dominant, 57, 87 
elliptic, 366, 367 
exponential, 53, 339 
Gamma, 164 
harmonic, 310 
homogeneous, 73 
hyperbolic, 55, 341 
implicit, 91 
inverse, 343 
logarithmic, 342 
regular, 355 
of several variables, 65 
trigonometric, 53, 339 
vector, 209 

Gamma functions, 164 
Geodesics, 323, 327 
Gradient, 77, 210 
Green’s theorem, 181, 192 


Imaginary, conjugate, 333 
pure, 332 

Indicatrix, 114, 115 
Infinitesimal, 19, 22 
Integral, of a complex function, 
351 

definite, 134 

elliptic, 365, 376, 379, 381 
line, 174 
multiple, 156 
particular, 254, 261 
surface, 190 
Integrand, infinite, 151 
Integration under the integral sign, 
145, 148 
Interval, 2 
Involute, 235 

Jacobians, 99 

Lagrange’s equations, 329 
Laplace’s equation, 301, 306 
Legendre’s associated polynomial, 272 
Legendre’s equation, 268 
Legendre’s integrals, 367 
Legendre’s polynomials, 270 
Lemniscate, 382 
Length of curve, 23, 107 
L’Hospital’s rule, 16 
Limit, infinite, 146 
Line integrals, 174 
Line, contour, 76 
straight, 3 08 
Loxodrome, 133 

Maclaurin’s series, 13 
Maxima and minima, 116 
Mean, theorem of, 8 
Mercator’s projection, 133, 351 
Modulus, of complex number, 333 
of elliptic function, 367 

Normal, to plane, 111 
; principal, 120 
L to surface, 110, 127 
Number, complex, 332 


Hamilton’s principle, 328 

Heat, flow of; 303 Operations on scries, 46, 51 

Helix, 133 Operator, 257 
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Operator del, 211 
Order of infinitesimals, 19 
Orthogonality, 107, 126 
Oscillation of a function, 6 
Osgood's theorem, 23 

Parallelism, condition for, 206 
Part, principal, 20 
Path of integration, 183 
Pendulum, 330, 369 
spherical, 383 
Periods, 373 

Perpendicularity, condition for, 107, 
126, 206 
Plane, 110 

osculating, 119 
Point, elliptic, 114 
hjjgerbolic, 115 
parabolic, 116 
singular, 231 
Pole, 355 

Polynomial, Legendre's, 270 
Legendre's associated, 272 
Potential, 199, 308 
Power of complex number, 335 
Projection, Mercator's, 133, 351 
stereographic, 133, 351 

Region of convergence, 42 
Remainder, Taylor's series, 10 
Representation, conformal, 348 
Residue, 355 * 

Rolle's theorem, 7 
Roots, of Bessel functions, 279 
of complex numbers, 335 
square, 337 


Scalar product, 205 
Series, Fourier, 295 

operations on, 46, 61 
power, 38 

Simpson's rule, 139 
Solution, singular, 232 
Stokes's theorem* 197 
^urf^ce integrals, 190 
Surfaces, 109, 112 
area of, 187 
of revolution, 133 
Systems, orthogonal, 348 

Tangent line, 119 
Tangent plane, 111, 112 
Taylor's series, 10, 48, 353 
Torsion, 122 
Trajectory, 236 
Triangle, infinitesimal, 26 

Value, absolute, 333 
Variable, complex, 332 
Variation, constrained, 324 
first, 318 

Variation of constants, 255 
Variations, calculus of, 317 
Vector, 203 
Vector function, 209 
Vector product, 206 
Velocity potential, 200 
Volume, element of, 129, 159 
Vortex motion, 200, 212 

Weierstrass, 5 

Weierstrass's elliptic function, 381 
Work, 176, 200 
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